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ABSTRACT 

This paper investigates the presence of long memory both in mean and volatility of Naira per 

Dollar exchange rate series, using models of autoregressive fractionally integrated moving average 

(ARFIMA), generalized autoregressive conditional heteroscedastic (GARCH) and fractionally 

integrated generalized autoregressive conditional heteroscedastic (FIGARCH) origins. Long memory 

tests are carried out both for the returns and volatility series. The ARFIMA model with error following 

either GARCH or FIGARCH process were fitted to the exchange rate data and the results of GPH 

estimator indicate the existence of long memory in both the conditional mean and volatility. At the end, 

the forecasting performance of the fitted models were carried out in terms of RMSE and the residuals 

are also examined to check adequacy of the fitted models. ARFIMA-GARCH model demonstrates a 

better performance. 
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1.  INTRODUCTION 

 

Analysis and modeling of time-series is very important to capture the salient features of 

observations recorded over time. In recent years modeling and forecasting of conditional mean 

and volatility concerning the long range dependence or long memory is an emerging area of 

time series research. According to Guegan [1], the presence of long memory in conditional 

mean and volatility implies that there is a strong association between the observations widely 

separated in time. Granger and Joyeux [2] and Hosking [3] proposed the ARFIMA model and 

showed that fractionally integrated series could produce long memory property. The ARFIMA 

model is based on the assumptions of linearity, stationarity and homogeneous variance 

(homoscedasticity). Under these assumptions it is quite impossible to deal with series exhibiting 

high volatility or periods of instability that is commonly characterized with exchange rate series. 

ARFIMA model is widely used in the study of long memory processes but it is not suitable for 

series exhibiting high periods of volatility. 

Many economic series show periods of stability followed by the periods of instability in 

volatility. To take care this, Autoregressive conditional heteroscedastic (ARCH) model was 

developed. A parsimonious generalization of the ARCH model is GARCH, which is proposed 

by Bollerslev [4] and applied by Tasi’u et al. [5] in the study of conditional variance of Nigerian 

Naira exchange rate. Yet, neither the ARCH nor GARCH can handle the presence of long 

memory in volatility. For modeling time series with long memory in volatility, Fractionally 

Integrated GARCH (FIGARCH) model is generally used. Baillie et al. [6] studied the effect of 

long range dependence in modeling and forecasting inflation series using the FIGARCH model. 

Paul et al. [7] have studied long memory in conditional variance and applied FIGARCH model 

to forecast the volatility of spot price series in Delhi market, India.  Although long-memory 

models have become increasingly popular for modeling macroeconomic variables, not so many 

studies have explored the possibility of long-range dependence in Naira exchange rate. Shittu 

and Yaya [8] have explored the possibility of long-range dependence in UK Pound per US 

Dollar exchange rate where the presence of long memory was revealed. A recent contribution 

by Wiri and Tuaneh [9] examined the monthly exchange rate of Naira per Dollar using the 

ARFIMA method. The presence of a long memory structure was also revealed in the series and 

ARFIMA (1, 0.0868, 1) was found to be appropriate on a monthly forecasting horizon. 

Nevertheless, according to Cheung [10] the forecasting ability of time series models is strongly 

tied to the time period under evaluation, so this study utilizes daily rather than monthly series 

because it is a relevant horizon for exchange rate practitioners. 

 

 

2.  MATERIALS AND METHOD 

2. 1. Long memory process and ARFIMA model 

A process , 1,...,tX t T=  which has lag k autocorrelations ( k ) is a long memory process 

if lim | |
n

k
n

k n


→

=−

 
 
 
  is non-finite. For any stationary long-memory process the ACF decays at an 

hyperbolic rate. Granger and Joyeux [2] introduced the filter ( )1
d

B− for 0 1d   in 

Autoregressive Integrated Moving Average (ARIMA) setting, where d is the fractional 

integration (long memory) parameter.  
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The filter is responsible for fractionally differencing the process tX , resulting to 

Autoregressive Fractionally Integrated Moving Average (ARFIMA) model. The ARFIMA (p, 

d, q) model is defined in terms of backward shift operator as 

 

( )( ) ( ) ( )1
d

t tB B X B  − − =                                                                                             (1) 

where ( ) 2

1 21 ... P

pB B B B   = − − − −   and ( ) 2

1 21 ... q

qB B B B   = − − − −  and t  is 

distributed as white noise process. The roots of ( )B  and ( )B  must lie outside the unit-root 

circle.  

The fractional integration (long memory) parameter d can be estimated using the Geweke 

and Porter-Hudak (GPH) semi parametric method. The GPH estimator is based on regression 

equation using the periodogram function as an estimate of the spectral density, see Geweke and 

Porter-Hudak [11] for detailed derivation. 

 

2. 2. GARCH Model 

The process  t  is ARCH(q) if its conditional distribution given the available 

information ( )1t−  is 1|t t −  which follows ( )0, tN h  such that 1 2

t t th = , where t  is a white 

noise process. In Generalized ARCH (GARCH) model, the conditional variance is a linear 

function of its own lags and past squared residuals. The GARCH model was defined by 

Bollerslev [4] as 

 

2

0

1 1

p q

t i t i j t j

i j

h h   − −

= =

= + +  ,                                                                 (2) 

 

where  

th   is the volatility with respect to time t, ,i 0j  ; ( ) 1i j +  1,...,i p =   

      and 1,...,j q=  

2

t j −
 = squared innovation at ith lag time. 

t ih −  = the volatility with respect to time t i− . 

Testing for ARCH effects  

Checking the possible presence of the conditional heteroscedasticity in the squared 

residual series  2

t  is known as the test for ARCH effects. The most common test available in 

the literature for testing the possible presence of ARCH effect is by using the Ljung-Box 

statistic where the null hypothesis is to test the absence of autocorrelation in the  2

t series, 

which is set up as follows  

 

0 1 2: ... 0kH   = = =  (residual is white noise) 
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1 : at least one 0, for 1,2,...,iH i k  =  (residual is not white noise). 

 

2. 3. ARFIMA-GARCH Model 

In the ARFIMA-GARCH setting, the long-term dynamics of the volatility would be 

accounted for by the fractional integration parameter d, while the short-term dynamics are 

modeled via the classical GARCH parameters. The general ARFIMA(p, d, q)-GARCH(P, Q) 

process defined by Baillie et al. [6]  has the assumption that the time-dependent 

heteroskedasticity th  follows the GARCH(P, Q) model defined in equation (2) above. The 

ARFIMA(p, d, q)-GARCH(P, Q) model is given by 

 

( )( ) ( ) ( )1
d

t tB B y B  − − =  ,             (3) 

2

0

1 1

p q

t i t i j t j

i j

h h   − −

= =

= + +  , 

where ty  is a covariance-stationary process,   is the mean of the process,  

1|t t −  ~ ( )0, tD h  

( ) 2

1 21 ... ,P

pB B B B   = − − − −  ( ) 2

1 21 ... q

qB B B B   = − − − − and all the roots of 

( )B , ( )B  must lie outside the unit-root circle. The error terms are assumed to follow a 

conditional density ,D  which is either Normal or Student t depending on the degree of kurtosis 

in the data.  

The ARFIMA-GARCH model specification gives a more flexible class of process for the 

conditional variance in explaining and representing the observed temporal dependencies of 

exchange rate volatility in a better way than the ordinary GARCH model does. Details on 

hybridization of different conditional variance models with ARFIMA errors in the mean part 

can be found in Danielson [12], Kumar [13] and Ambach and Schmid [14].  

 

2. 4. FIGARCH Model 

Engle and Bollerslev [15] proposed a particular class of GARCH model referred to as 

integrated GARCH (IGARCH) model whose unconditional variance does not exist given that 

1i j + =  in Eq.(2) above. The IGARCH model implies infinite persistence of the conditional 

variance to a shock in squared returns and can be written as  

 

( )( ) ( )21 1t tB B B v   − = + −                          (4) 

 

The FIGARCH (p, d, q) model of Baillie et al. [16] was proposed by replacing the first 

difference operator ( )1 B−  in Eq.(4) with the fractional differencing operator ( )1
d

B− used in 

Eq.(1). The FIGARCH model in terms of backward shift operator is  

 

( )( ) ( )21 1
d

t tB B B v   − = + −                                                          (5) 
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where 
2

t t tv h= − .   

The 
tv  is a process that can be interpreted as innovations of the volatility with zero mean 

serially uncorrelated. To warrant covariance-stationarity, the roots of ( )B  and 1 ( )B− are 

controlled to lie outside the unit-root circle. The FIGARCH model offers better flexibility for 

modeling volatility by enforcing an ARFIMA structure on 
2

t , leading to the hybrid ARFIMA-

FIGARCH model.  

The ARFIMA(p, d, q)-FIGARCH(P, D, Q) process is defined in the same manner the 

ARFIMA(p, d, q)-GARCH(P, Q) process was defined. The only difference is that the 

conditional time-dependent variance of the process ( th ) is specified by the FIGARCH model 

defined in equation (5). In this setting, the long-term dynamics of the volatility would be 

accounted for by two fractional integration parameters d  and .D  The parameters of the fitted 

ARFIMA-GARCH and ARFIMA-FIGARCH models are estimated by using the rugarch 

package of R software in this study. 

 

 

3.  RESULTS AND DISCUSSION 

3. 1. Data description 

In the present study, a daily data ranging from 20th October, 2008 to April 6th, 2021 of 

Nigerian Naira per US Dollar exchange rate is used, a total of 3252 observations. Data were 

taken from Central Bank of Nigeria. An exploratory model selection procedure is adopted using 

Akaike Information Criterion (AIC) while fixing AR and MA terms at the maximum of 3 for 

parsimony. This procedure has been adopted by many researchers including Ali et al. [17] in 

the selection of long memory models. 

Table 1 provides a summary statistics of the exchange rate series. The standard deviation 

is 81.54 and the coefficient of variation is 36.18 indicating the presence of period of instability 

(i.e. volatility) in the original data. The series is positively skewed and platykurtic, indicating 

light tails as compared to normal distribution. The excess kurtosis, which is the difference 

between a given distribution’s kurtosis and the kurtosis of a normal distribution is found to be 

-1.25, indicating small risk a trader of exchange rate should expect in the Nigerian exchange 

rate market. In other words, the platykurtic distribution here shows that the exchange rate series 

won’t be very extreme, which is great for investors who don’t want to take a lot of risk. 

 

Table 1. Descriptive Statistics for the Daily NGNUSDER 

 

Variable Min. Max. Mean SD Skewness Ex. Kurtosis 

NGNUSDE 117.69 403.97 225.4 81.54 0.58 -1.25 

 

 

3. 2. Test for stationarity 

The exchange rate series at level is non-stationary which is evident in the graph displayed 

in Figure 1 that exhibits deterministic trend behavior and evidence of the presence of unit root. 
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After taking fractional difference, the Augmented Dickey-Fuller (ADF) test is carried out 

and the results were found significant at 1% level of significance. 

 

Table 2. Results of stationarity test 

 

First difference Fractional difference 

ADF (with constant) 
-8.7800 

(0.000) 
ADF (with constant) 

-4.3338 

(0.0004) 

ADF (with constant and 

trend) 

-8.7807 

(0.000) 

ADF (with constant and 

trend) 

-4.6841 

(0.0007) 

 

 

 
 

Figure 1. Plot of Daily Time Series of NGNUSDER. 

 

 

3. 3. Autocorrelation function 

The Correlogram (ACF and PACF) of the level exchange rate series are shown in Figure 

2. The autocorrelations in Figure 2(a) indicate a slow decay in ACF which is evidence of long 

memory process. Similarly, time series data that show this type of behavior can produce 

fractional difference value in the interval 0<d<1.  

After taking fractional difference, the slow decay in the autocorrelations in Figure 2(a) 

disappeared, indicating the strength of fractional differencing in tackling long memory in the 

series. The ACF and PACF of the return and volatility series are studied to investigate the 

distributional characteristic of the exchange rate series. The ACF and PACF plots are shown in 

Figures 3 and 4. 
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Figure 2. ACF and PACF for the Exchange rate series 
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Figure 3. ACF and PACF plots of the return series 
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Figure 4. ACF and PACF plots of Daily Volatility of NGN per USD Exchange Rate 

 

 

Since the autocorrelation and partial autocorrelation functions are significant at distant 

lags, there is a clear indication of long memory in both the return and volatility series. The 

dotted lines in the ACF and PACF plots represent the 95% critical values of the test statistic. 
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3. 4. Long memory test 

After visualizing the ACF and PACF of the return and volatility series, long memory 

parameter is estimated using GPH estimator. In order to test for the presence of long memory, 

Hurst statistic is used and the results are provided in Table 3. For finite variance process, 

fractional difference parameter d  has a closed relation with the Hurst parameter H  given in 

equation (6). 

 

1 2d H= −                                      (6) 

 

Table 3. Results of Long memory test 

 

 Differenced series Volatility 

d  0.012 0.048 

SE  

H  

0.087 

0.512 

0.065 

0.548 

 

 

Judging from Table 3, all the Hurst values for testing the incidence of long memory lie in 

the interval 0.5 < H < 1, further indicating the presence of long memory in the exchange rate 

series.  

 

3. 5. Fitting of ARFIMA-GARCH and ARFIMA-FIGARCH Models 

The plot in Figure 5 shows evidence of volatility clustering indicating that the exchange 

rate series is volatile. The observed volatility shows that GARCH is a candidate model. Again, 

the significant correlation for many lags in figure 2 indicates evidence of long memory in the 

series. Therefore, both the long memory and volatility observed in the original series indicate 

that the hybrid ARFIMA-GARCH model is a better candidate to simultaneously study the long 

memory and volatility in the series. While ARFIMA-GARCH model uses a single difference 

parameter to tackle the long memory existing in conditional mean and variance, ARFIMA-

FIGARCH model utilizes two difference parameters to account for the dual long memory 

property. 

ARFIMA-GARCH and ARFIMA-FIGARCH models are fitted to the exchange rate series 

and the results are reported in table 4. The models were selected using the AIC values while 

fixing AR and MA at the maximum of 3, but only the results of models with the minimum AIC 

values are reported. The models having minimum AIC values were ARFIMA(2, d, 1)-

GARCH(1,1) and ARFIMA(3, d, 3)-FIGARCH(1,1) and can therefore be regarded to be the 

best in tackling the long-memory process in the series. 

As shown in Table 4, the parameter d (i.e. d-Arfima) is significant at 5% level of 

significance, revealing the presence of long memory in the mean exchange rate. For the 

volatility component, the long memory parameter D (i.e. d-Figarch) is also significant at 5% 

significance level, indicating the long-range memory phenomenon for volatilities. Since all 

these long memory parameters lie between 0 and 0.5, there is significant presence of stationary 
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long memory both in mean and volatility. The existence of long memory in both mean and 

volatility supports the application of the hybrid models with which the future mean and 

volatility values of the exchange rate series are predictable. The parameters of the hybrid 

ARFIMA-GARCH and ARFIMA-FIGARCH models in Table 4 were also found significant, 

indicating the goodness-of-fit of the hybrid models to the exchange rate series. 

 

 
Figure 5. The return series showing volatilities with extensive amplitudes from the year 2016 

 

 

Table 4. Estimation results of the ARFIMA-GARCH and ARFIMA-FIGARCH models. 

 

ARFIMA(2,d,1)-GARCH(1,1) ARFIMA(3,d,3)-FIGARCH(1,D,1) 

Coefficient Estimate SE Coefficient Estimate p-values 

Mean equation   Mean Equation   
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d-ARFIMA 0.012* 0.08700 d-ARFIMA 0.012* 0.08700 

AR(1) 0.9816** 0.00054 AR(1) 1.5453** 0.00032 

AR(2) 0.0085** 0.00006 AR(2) -0.1871** 0.00013 

MA(1) -0.9318** 0.00378 AR(3) -0.3594** 0.00014 

   MA(1) -1.6077** 0.00001 

   MA(2) 0.2578** 0.00002 

   MA(3) 0.3528** 0.00002 

Variance equation Variance equation 

ARCH (alpha1) 0.1048** 0.00215 d-FIGARCH 0.048* 0.06500 

   ARCH (alpha1) 0.1931** 0.00450 

GARCH (beta1) 0.8928** 0.00037 GARCH (beta1) 0.9030** 0.00103 

   DELTA 1.0000** 0.00002 

      

ln(L) -3223.199  ln(L) -4800.936  

Portmanteau test 0.000321 0.9857 Portmanteau test 0.001679 0.9673 

ARCH-LM test 0.000308 0.9860 ARCH-LM test 0.000910 0.9759 

**Represents significance at 1% level of significance level and * represents significance at 5% 

level of significance level. 

 

 

3. 6. Residual Analysis 

The fitted hybrid models are verified by plotting the autocorrelations at various lags of 

the residuals obtained from the fitted ARFIMA(2, d, 1)-GARCH(1, 1) model as well as 

ARFIMA(3, d, 3)-FIGARCH(1, 1) model. The ACF plots of residuals for the two models are 

given in the figures 6 and 7 respectively. Since all the autocorrelations are insignificant, it has 

been proved that the selected ARFIMA-GARCH and ARFIMA-FIGARCH models were 

appropriate models for capturing dual long memory and volatility present in the exchange rate 

data. 
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Figure 6. ACF of standardized residuals of ARFIMA(2,d,1)-GARCH(1,1) model 

 

 

 
Figure 7. ACF of standardized residuals of ARFIMA(3,d,3)-FIGARCH(1,1) model 
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3. 7. Model Performance Analysis 

One-step ahead forecast results for the exchange rate from 7th April 2021 to 16th April 

2021 were obtained using the fitted hybrid ARFIMA-GARCH and ARFIMA-FIGARCH 

models. The accuracy of the fitted models is measured in terms of root mean square error 

(RMSE) using the formulae defined in equation (7). 

 

2

1

1 n

t

t

RMSE MSE
n


=

= =                (7) 

 

Table 5. Forecast for exchange rate using the fitted ARFIMA-GARCH and  

ARFIMA-FIGARCH Models 

 

Days 
ARFIMA(2,d,1)-GARCH(1,1) ARFIMA(3,d,3)-FIGARCH(1,D,1) 

NGNUSDER VOLATILITY NGNUSDER VOLATILITY 

7th April, 2021 402.8 1.579 403.4 1.692 

8th April, 2021 402.8 1.867 403.7 1.915 

9th April, 2021 402.8 2.009 404 2.043 

10th April, 2021 402.8 2.101 404.3 2.131 

11th April, 2021 402.8 2.166 404.7 2.195 

12th April, 2021 402.8 2.215 405.0 2.245 

13th April, 2021 402.8 2.252 405.4 2.284 

14th April, 2021 402.8 2.283 405.7 2.317 

15th April, 2021 402.8 2.307 406.1 2.343 

16th April, 2021 402.8 2.325 406.4 2.364 

 

 

Compared to the other candidate hybrid model, the ARFIMA (1, 0.012, 0)-GARCH(1, 1) 

model produces a better forecast with minimum RMSE. 

  

Table 6. Forecast Accuracy Measures for Hybrid Models 

 

Models RMSE 

ARFIMA(2, d, 1)-GARCH(1, 1) 0.8672 

ARFIMA(3, d, 3)-FIGARCH(1, 1) 0.8881 
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4.  CONCLUDING REMARK 

 

In the present study, the relevance of capturing long-range dependence pattern in 

modeling and forecasting of daily exchange rate of Nigerian Naira per United States Dollar is 

investigated. The results show that even though some series may appear to be stationary through 

integer or non-fractional differencing and supported by ADF test, they could still exhibit the 

characteristics of long memory process as indicated in the result of this study. It is therefore 

recommended that efficient data exploratory exercise is very crucial before carrying out time 

series data analysis of any kind. This would reveal all the hidden characteristics of the series 

which could assist in the choice of the appropriate model that would yield optimal forecast 

values. 
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