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ABSTRACT 

Genome-Wide Association Studies (GWAS) consider the Linkage Disequilibrium (LD) structure 

of a genome in order to use the genetic markers more efficiently. This property of single-nucleotide 

polymorphisms (SNPs) on a neighboring part of a genomic sequence describes the degree to which an 

allele of one SNP is correlated with an allele of another SNP in a population. Mathematically, LD 

describes the genetic variation for a population over time. LD optimizes the genetic association studies 

by identifying the tag SNPs that prevents genotyping of SNPs which provide redundant information. 

Hence, accurate specification of LD structures is a crucial to enhance the genetic studies. Many measures 

of LD have been proposed. One of the most commonly used measures for LD is the pairwise-𝑟2. This 

paper provides how different LD features can be extracted from SNP genotype data using the pairwise-

𝑟2. 
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1.  INTRODUCTION 

 

Population genetics defines the Linkage Disequilibrium (LD) as the non-random 

association of alleles at different loci within a population. LD bears the concept of statistical 

correlation between alleles segregating at two or more loci. On the other hand, linkage 
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equilibrium defines the state in which the alleles at a locus are independently distributed with 

respect to the alleles at other alternative locus [1-5]. Comprehensive association studies in 

genetics usually depend on the existence of LD between genetic markers, and a disease locus 

[6-8]. These studies use the LD structure of a genome by determining the correlation between 

pairs of markers to detect susceptibility markers. For example, large-scale positional mapping 

approaches, haplotype construction, selection of tagging single-nucleotide polymorphisms 

(SNPs) heavily rely on the LD patterns [8]. 

The loci are considered in LD, if the frequency of association of various alleles is deviated 

(higher or lower) from its expected value, when the loci were independent and associated 

randomly [9-10]. Also, it refers to the non-independence of alleles at different sites and distinct 

loci [11], and has been widely employed to infer key historical population events or detect the 

effect of selection pressure [12].  

LD plays a critical role for detailed mapping of complicated disease genes in Genome-

Wide Association Studies (GWAS) [13-14]. The idea of LD is significant in GWAS because it 

allows for the identification of genetic markers that tag the actual causative variations and could 

be used to screen the entire human genome for disease loci. Similar ideas was applied to pairs 

of causative variants in genome-wide association and interaction study [15]. As the structure of 

LD is highly important in genetic studies, hence, this feature should be measured with 

meticulous precision and significant importance.  

Since, the genome structure of the population is conventionally defined from the 

differences of the allele frequencies among the different ethnicity, hence, the level of 

heterogeneity among different population typically rely on variations in allele frequencies [16-

23]. Thus, for this heterogeneity due to the allele frequencies, genome structure varies in terms 

of different patterns of LD [24] 

Different approaches for measuring statistical connection between alleles at different loci 

have been described in the literature [25]. The pairwise-𝑟2 that is the square of the loci 

correlation is one of the most widely used measure for diallelic loci [26]. It can be written as a 

function of covariances or correlations between loci [15]. The LD matrix for the pairwise-𝑟2 is 

used to construct whole genome association mapping investigations at various levels. 

Applying all of these metrics correctly and realistically is challenging, and it is a major 

challenge for deoxyribonucleic acid (DNA) sequencing data. On the other hand, the sample size 

needed to be raised by a factor of 1 𝑟2⁄  to attain the same power of detection with a marker 

locus connected to the causative polymorphism [11]. 

This paper practically demonstrates how the pairwise-𝑟2 is measured for the SNP 

genotype DNA sequencing data with suitable and realistic interpretations. The important 

features were also extracted for the gene-based LD in terms of this correlation (pairwise-𝑟2). 

 

 

2.  MATERIALS AND METHODS 

2. 1. The Pairwise-𝒓𝟐 

The frequently used LD measure 𝑟2 is the square of Pearson's correlation coefficient of 

two indicator variables. One variable indicates presence or absence of a particular allele at the 

first SNP and the other indicates presence or absence of a particular allele at the second SNP. 

The pairwise correlation coefficient is a convenient method to assess LD that is based on the 

frequencies of each haplotype (Table 1). Let us consider two diallelic SNP, where, alleles 𝐴1 
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and 𝐴2 belong to SNP1, and 𝐵1 and 𝐵2 belong to SNP2, respectively. The frequencies of each 

allele for each SNP can be computed. Let, 𝑝 and 𝑞 are the allele frequencies for SNP1 and SNP2, 

respectively. For two SNPs, four haplotypes are there: 𝐴1𝐵1, 𝐴1𝐵2, 𝐴2𝐵1, 𝐴2𝐵2 with their 

respective frequencies (Table 1).  

 

Table 1. Frequencies of haplotypes for two diallelic SNPs. 

 

Haplotypes Frequencies 

𝐴1𝐵1 𝑥11 

𝐴1𝐵2 𝑥12 

𝐴2𝐵1 𝑥21 

𝐴2𝐵2 𝑥22 

 

 

Now, the allele frequencies for the two SNPs can be further defined (Table 2) from the 

relation with the haplotype frequencies as defined in Table 1. 

 

Table 2. Frequencies of alleles from the haplotype frequencies for two 

diallelic SNPs. 

 

Alleles Frequencies 

𝐴1𝐵1 𝑥11 + 𝑥12 

𝐴1𝐵2 𝑥21 + 𝑥22 

𝐴2𝐵1 𝑥11 + 𝑥21 

𝐴2𝐵2 𝑥12 + 𝑥22 

 

 

In order to measure LD in terms of pairwise-𝑟2, a comparison between the observed and 

expected frequency of one haplotype is taken by taking the difference between these two values. 

This deviation is considered as 𝐷. Both the haplotype and allele frequencies can be expressed 

with respect to the relation with 𝐷 [27-29] (Table 3).  

 

Table 3. Haplotype and allelic frequencies with respect to the deviation. 

 

 𝐴1 𝐴2 Total 

𝐵1 𝑥11 = 𝑝1𝑞1 + 𝐷 𝑥21 = 𝑝2𝑞1 − 𝐷 𝑞1 
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𝐵2 𝑥12 = 𝑝1𝑞2 − 𝐷 𝑥22 = 𝑝2𝑞2 + 𝐷 𝑞2 

Total 𝑝1 𝑝2  

 

 

The relations as shown in Table 3, the measure of LD is calculated as, 

 

𝐷 = 𝑥11 − 𝑝1𝑞1, OR, 𝐷 = (𝑥11)(𝑥22) − (𝑥12)(𝑥21) 

 

If two SNPs are in linkage equilibrium, 𝐷 = 0, and for 𝐷 ≠ 0, the SNP pair is in LD.  

The pairwise-𝑟2 measure of LD is defined as [30], 

 

𝑟2 =
𝐷2

𝑝1𝑝2𝑞1𝑞2
                                                           (1) 

 

where, 𝑝1, 𝑝2, 𝑞1, 𝑞2 are the frequency of alleles SNP1 and SNP2 , respectively. The value of  𝑟2 

can range from 0 to 1 according to the variations of the allele frequencies. If the two SNPs are 

in completely equilibrium, 𝑟2 = 0, and if the SNP pair is in complete LD then 𝑟2 = 1. 

To find markers that may correlate with the quantitative trait loci (QTL) of interest, the 

𝑟2 is chosen as it expresses the quantity of information transferred by one location to the other 

[26]. On the other hand, the LD metric using this 𝑟2 are used to organize whole genome 

association mapping investigations at several conditions.  

Also, in order to ascertain same power of detection having a marker that is connected to 

the causative polymorphism, the sample size should be increased by a factor, which is the 

inverse of the calculated pairwise-𝑟2 [11]. Thus, 𝑟2 measure has been intensively explored in 

order to assess the capacity of trials to capture the genetic effects of causative polymorphisms 

using genotyped markers [31].  

 

2. 2. Data Generation 

The gene-based DNA sequencing SNP genotype data was generated for a case-control 

setting of 100 individuals having equal probabilities of cases and controls in R programming 

language via computer simulation. For the practical demonstration, nine genes were randomly 

selected from the genotype data. The nine selected genes have different features including 

different number of SNPs per gene (2 to 10). For each of the selected gene, the pairwise-𝑟2 was 

calculated and the features of the computed measures for each gene were examined. 

 

 

3.  RESULTS AND DISCUSSIONS 

 

The computed pairwise-𝑟2 values for nine genes having different number of SNPs (2 to 

10) are presented from Table 4 to Table 10.  

Table 4 presents pairwise-𝑟2 values for the 3 genes (GENE1 GENE2 and GENE3) having 

number of SNPs 2, 3 and 4, respectively. Various strength of LD structures were observed here. 

Differences in strength were also observed as for different structures of genes (for example,   

number of SNPs per gene). For example, the SNP pair (SNP1, SNP1) in GENE1 is in almost 
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perfect LD, whereas, this pair is showing quite weak LD pattern in GENE2 and GENE3, 

respectively. Comparing these three genes, it was also observed that the average strength of LD 

is decreasing as number of SNPs increasing (Table 4). 

In Table 4, genes having small number of SNPs were considered. For GENE1, the two 

SNPs were almost perfectly co-inherited as the pairwise 𝑟2 between them was almost close to 

1. In GENE2, the SNP pair SNP1 and SNP3 is strongly co-inherited as the pairwise-𝑟2 is strong 

and rest of them are quite weak. The SNP pairs (SNP1, SNP3) and (SNP2, SNP4) are in strong 

LD and hence strongly co-inherited.  

 

Table 4. Pairwise-𝑟2 for GENE1 GENE2 and GENE3 

 

 𝐆𝐄𝐍𝐄𝟏 

 

 𝐆𝐄𝐍𝐄𝟐 

 

𝐆𝐄𝐍𝐄𝟑 

 𝐒𝐍𝐏𝟐  𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑  𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 

𝐒𝐍𝐏𝟏 0.99963 𝐒𝐍𝐏𝟏 0.00139 0.86416 𝐒𝐍𝐏𝟏 0.00054 0.94141 0.00122 

  𝐒𝐍𝐏𝟐 - 0.00475 𝐒𝐍𝐏𝟐 - 0.00197 0.97808 

     𝐒𝐍𝐏𝟑 - - 0.03191 

 

 

Table 5. Pairwise-𝑟2 for GENE4 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 

𝐒𝐍𝐏𝟏 0.00009 0.88477 0.00049 0.90216 

𝐒𝐍𝐏𝟐 - 0.00295 0.91727 0.00119 

𝐒𝐍𝐏𝟑 - - 0.00211 0.94141 

𝐒𝐍𝐏𝟒 - - - 0.00135 

 

 

The genes with relatively large number of SNPs were considered in Tables 5, 6 and 7, 

respectively. In Table 5 (5 SNPs), the pairwise-𝑟2 for the SNP pairs (SNP1, SNP2) and (SNP1, 

SNP4) are presenting very weak LD structure as the values of the pairwise-𝑟2s are very small. 

The four pairs, SNP1 with SNP3 and SNP5, SNP2 with SNP4 and SNP3 with SNP5 are in very 

strong LD, and rest of the correlations are weak.  

Tables 6 and 7 are presenting the results for the genes with 6 and 7 SNPs, respectively. 

In these tables, most of the correlations were weak except for the pairs of (SNP1, SNP3), (SNP1, 

SNP5), (SNP2, SNP4), (SNP2, SNP6), (SNP3, SNP5) and (SNP4, SNP6) (Table 6). The SNP pairs 

(SNP1, SNP2) and (SNP3, SNP5) are in the weakest and strongest LD among all other pairs in the 

GENE6 (Table 7).  
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Table 6. Pairwise-𝑟2 for GENE5 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 𝐒𝐍𝐏𝟔 

𝐒𝐍𝐏𝟏 0.00004 0.88474 0.00031 0.90311 0.00099 

𝐒𝐍𝐏𝟐 - 0.00183 0.89497 0.00076 0.91544 

𝐒𝐍𝐏𝟑 - - 0.00359 0.94096 0.00094 

𝐒𝐍𝐏𝟒 - - - 0.00026 0.93553 

𝐒𝐍𝐏𝟓 - - - - 0.00078 

 

 

Table 7. Pairwise-𝑟2 for GENE6 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 𝐒𝐍𝐏𝟔 𝐒𝐍𝐏𝟕 

𝐒𝐍𝐏𝟏 0.00001 0.78980 0.00081 0.82667 0.00029 0.90308 

𝐒𝐍𝐏𝟐 - 0.00405 0.81416 0.00247 0.83489 0.00035 

𝐒𝐍𝐏𝟑 - - 0.00059 0.92120 0.00135 0.80832 

𝐒𝐍𝐏𝟒 - - - 0.00141 0.89369 0.00035 

𝐒𝐍𝐏𝟓 - - - - 0.00063 0.84550 

𝐒𝐍𝐏𝟔 - - - - - 0.00003 

 

 

Table 8. Pairwise-𝑟2 for GENE7 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 𝐒𝐍𝐏𝟔 𝐒𝐍𝐏𝟕 𝐒𝐍𝐏𝟖 

𝐒𝐍𝐏𝟏 0.00007 0.72066 0.00442 0.75492 0.00211 0.77348 0.00205 

𝐒𝐍𝐏𝟐 - 0.65434 0.73278 0.00387 0.81301 0.00025 0.75336 

𝐒𝐍𝐏𝟑 - - 0.00004 0.77203 0.00169 0.71830 0.00084 

𝐒𝐍𝐏𝟒 - - - 0.00139 0.83076 0.00207 0.76933 

𝐒𝐍𝐏𝟓 - - - - 0.00015 0.78993 0.00061 
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𝐒𝐍𝐏𝟔 - - - - - 0.00009 0.93552 

𝐒𝐍𝐏𝟕 - - - - - - 0.00008 

 

 

The pairwise-𝑟2s for the genes with quite large number of SNPs are shown in Tables 8, 

9 and 10, respectively. It was observed from the three tables that the 𝑟2-values for most of the 

SNP pairs are very weak for the genes having 8, 9, 10 number of SNPs. Comparing the LD 

structures of the genes shown in Tables 8, 9, and 10 with LD structures of the previous genes 

as given in Tables 4, 5, 6 and 7, it was observed that the values of pairwise-𝑟2 are decreasing 

as the number of SNPs are increasing from two to ten.  

 

Table 9. Pairwise-𝑟2 for GENE8 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 𝐒𝐍𝐏𝟔 𝐒𝐍𝐏𝟕 𝐒𝐍𝐏𝟖 𝐒𝐍𝐏𝟗 

𝐒𝐍𝐏𝟏 0.00021 0.70054 0.00042 0.73560 0.00008 0.75421 0.00193 0.70000 

𝐒𝐍𝐏𝟐 - 0.00310 0.66121 0.00122 0.79834 0.75426 0.00191 0.70002 

𝐒𝐍𝐏𝟑 - - .00001 0.73590 0.00271 0.73220 0.00141 0.91830 

𝐒𝐍𝐏𝟒 - - - 0.00042 0.77050 0.00111 0.67170 0.00041 

𝐒𝐍𝐏𝟓 - - - - 0.00132 0.75412 0.00341 0.73550 

𝐒𝐍𝐏𝟔      0.00041 0.85122 0.00211 

𝐒𝐍𝐏𝟕 - - - - - - 0.00090 0.71861 

𝐒𝐍𝐏𝟖 - - - - - - - 0.00001 

 

 

Table 10. Pairwise-𝑟2 for GENE9 

 

 𝐒𝐍𝐏𝟐 𝐒𝐍𝐏𝟑 𝐒𝐍𝐏𝟒 𝐒𝐍𝐏𝟓 𝐒𝐍𝐏𝟔 𝐒𝐍𝐏𝟕 𝐒𝐍𝐏𝟖 𝐒𝐍𝐏𝟗 𝐒𝐍𝐏𝟏𝟎 

𝐒𝐍𝐏𝟏 0.00170 0.63222 0.00071 0.66633 0.00030 0.73561 0.00281 0.61644 0.00090 

𝐒𝐍𝐏𝟐 - 0.00470 0.52500 0.00700 0.62861 0.00042 0.53930 0.00560 0.63280 

𝐒𝐍𝐏𝟑 - - 0.00051 0.59942 0.00183 0.63182 0.00152 0.78961 0.00443 

𝐒𝐍𝐏𝟒 - - - 0.00081 0.67730 0.00052 0.51120 0.00010 0.59641 

𝐒𝐍𝐏𝟓 - - - - 0.00100 0.69990 0.00310 0.64871 0.00092 
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𝐒𝐍𝐏𝟔 - - - - - 0.00111 0.77422 0.00154 0.87615 

𝐒𝐍𝐏𝟕 - - - - - - 0.00086 0.68387 0.00029 

𝐒𝐍𝐏𝟖 - - - - - - - 0.00013 0.87612 

𝐒𝐍𝐏𝟗 - - - - - - - - 0.00388 

 

 

To represent the overall LD patterns of the selected genes, the average pairwise-𝑟2 values 

per genes are presented in Figure 1. Here, the gene names are in the horizontal line and the 

average 𝑟2 values are in the vertical line. The numbers on each bar are presenting the number 

of SNPs per gene.  

 

 
 

Figure 1. Average values of pairwise-𝑟2 per gene. 
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It was also observed from Figure 1 that the average values of 𝑟2 are decreasing as number 

of SNPs are increasing in a gene. For example, the first bar on the horizontal line are presenting 

the average 𝑟2 value for the GENE1 having number of SNPs two. On the other hand, the last 

bar is for the GENE9 with relatively large number of SNPs (ten). Although, some bars in Figure 

1 are showing that the average values of 𝑟2 may remain the same as for increasing number of 

SNPs. But, the explicit investigation from Table 4 to Table 10, concludes the fact that the 

average value of 𝑟2 decreases as for increasing number of SNPs per gene.  

 

 

4.  CONCLUSIONS 

 

The understanding of LD structures are the key to understand the evolutionary genetics. 

GWAS significantly considers of the concept of LD as it allows identifying genetic markers 

that tag the actual causal variants. Determination of gene-specific LD structure aids in the 

investigation of genetic associations. Once the SNP pairs are strongly or perfectly co-inherited, 

much information are added in genetic association studies as compare to the independent SNPs. 

This paper considers the most popular LD measure, pairwise-𝑟2 to present the gene-based LD 

structures.  

Although, this research considers the simulated data, but, the analysis of LD using the 

pairwise-𝑟2 could be carried out for the real data in the same manner as shown here. 

Considering the results of this research, it was observed that, different genes have different LD 

structures in both pairwise and overall. Also, the strength of LD are varying in different pairs 

for the same gene. Hence, the human genome is heterogeneous in terms of LD patterns and 

these should be taken account for the evaluation of SNP genotype data. Proper feature 

extraction of LD pattern of a genome are expected to provide more efficient results of GWAS 

by making the efficient use of genetic markers.  
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