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ABSTRACT 

The fitting of a probability distribution to the lifetime and temperature of black holes existing in 

X-Ray binaries based on some generalized extreme value distributions (Weibull, Gumbel and Frechet), 

along with the Normal, Cauchy and Logistic distributions, is considered to determine the best fit in 

assessing the temperature and lifetime potential of the black holes. The calculated lifetime (in years) and 

temperature (in Kelvins) for different test black holes are obtained from Prakash et al. (2013). The 

maximum likelihood method is used to estimate the unknown parameters of the distributions. By making 

use of the Kolmogorov-Smirnov (K-S) statistic and some other information criteria, the results show 

that the lifetime data best fits into Weibull distribution while Gumbel distribution best fits the 

temperature data compared to the Normal, Cauchy and Logistic distributions. 
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1.  INTRODUCTION 

 

According to Overbye [1], the term Black Hole (BH) was coined by the famous late 

American theoretical physicist, Professor John Wheeler (July 9, 1911 – April 13, 2008) at a 

conference in New York in 1967. As pointed out by Koczan [2] and Novikov [3], a BH is a 

celestial body whose gravity is so huge that from its surroundings even light is not able to escape 

in the classical sense. Creighton and Price [4] described BHs as regions of space in which 

gravitational fields are so strong that no particle or signal can escape the pull of gravity. The 

boundary of this no-escape region is called the event horizon, since distant observers outside 

the BH cannot see (cannot get light from) events inside. Although the fundamental possibility 

of such an object exists within Newton's classical theory of gravitation, Einstein's theory of 

gravity makes BHs inevitable under some circumstances. Prior to the early 1960s, BHs seemed 

to be only an interesting theoretical concept with no astrophysical plausibility, but with the 

discovery of quasars in 1963 it became clear that very exotic astrophysical objects could exist. 

Nowadays it is taken for granted that BHs do exist in at least two different forms.  

Stellar mass BHs are the endpoint of the death of some stars, and supermassive BHs are 

the result of coalescences in the centers of most galaxies, including our own. For further details 

on BHs, the interested readers are referred to Hawking [5], Hawking [6] and Taylor et al. [7] 

among others.  

Furthermore, “X-Ray binaries (XRBs) are a class of binary stars or binary systems which 

are luminous in X-Rays and emit large amounts of X-Rays”. “An active galactic nucleus, or 

AGN, is an extremely bright central region of a galaxy that is dominated by the light emitted 

by dust and gas as it falls into a BH”. Many authors and researchers have studied the lifetime 

and temperature of the BHs existing in XRBs and AGN. For example, Narayan [8] reviewed 

the status of BH astrophysics on the basis of their masses found in XRBs and AGN. Mahto et 

al. [9] have studied the gravitational force between the BH and light particle in XRBs; 

discussing the variation of temperature of the BHs with respect to mass and also calculated the 

values of different test BHs existing only in XRBs. Recently, Mahto et al. [10] have studied the 

temperature of BHs in terms of Chandrasekhar limit, by calculating their values for different 

BHs existing in XRBs and AGN.  

Prakash et al. [11] studied the lifetime and temperature of BHs existing in XRBs and 

AGN. They explained that the BH existing in AGN is super massive; more than 4 million solar 

masses, and that the lifetime and temperature of the black holes in AGN form a transverse wave 

pattern when plotted against the mass, indicating a multimodal frequency distribution (see 

Figures 3 and 4 of Prakash et al. [11]). The distribution fitting of such scenario should be more 

appropriate using mixture models and is therefore not considered in this study but left for further 

research. On the other hand, the BHs existing in XRBs give normal values in the lifetime and 

temperature of the BHs which are linearly related to the corresponding mass, and could 

therefore fit well into an appropriate unimodal distribution. A BH has a finite lifetime as well 

as finite non-zero temperature [5]. In this paper, we consider the modeling of lifetime and 

temperature data of the BHs in XRBs fitted using maximum likelihood method to the two-
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parameter Weibull, Gumbel, Cauchy, Logistic and Normal distributions for the purpose of 

determining the possible best fit to be used for assessing the temperature and lifetime potential 

of the BHs. The organization of this paper is as follows: Section 2 contains some basic formulas 

for the calculation of the lifetime and temperature of BHs. Section 3 contains the Methodology. 

Section 4 contains the applications and discussion of findings. In Section 5, some concluding 

remarks were given. 

 

 

2.  SOME BASIC FORMULAS FOR THE LIFETIME AND TEMPERATURE OF  

     BLACK HOLES 

2. 1. Lifetime and Temperature of Black Holes  

The respective expressions for the entropy and temperature (often referred to as the 

“Hawking temperature”) of a BH given by Hawking [6] are as follows: 
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where A =  the area of the event horizon, M =  the mass, k =  Boltzmann’s constant, 
2
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= , 

(here h  is Planck’s constant), c =  the speed of light, and G =  the universal gravitational 

constant.  

The equations (2.1) and (2.2) can be used for the approximations on the thermodynamics 

of a Schwarzschild BH of mass M , which is defined as nonrotating and spherical with an event 

horizon of radius given by the following expression 
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The lifetime of a BH once it begins to evaporate is given by 
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and the Hawking temperature of a BH can be approximated from the values of the constants as 
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which is only about 7 1210 K−  above absolute zero even for the smallest stellar BHs 

(approximately 3 solar masses). Since the average temperature of the universe is about 2.7 K , 

most BHs are absorbing more energy than they emit and will not begin to evaporate for some 

time, until the universe has expanded and cooled below their temperature. Even once 

evaporation begins, by the above equation, a 3-solar-mass BH would last 7510  or 6810  years. 

More details on these can be found in Wald [12], Sargent et al. [13], Ferrarese et al. [14], 

Blandford [15], Madejski [16], Ferrarese and Ford [17] among others. 

 

2. 2. Temperature of Black Hole (Silva (2006), and Prakash et al. (2013)) 

As pointed out by Ram et al. [18], “A BH is a Bose-Einstein ensemble of quanta of mass 

equal to twice the Planck mass, confined in a sphere of radius twice the BH mass”. Further, 

according to Silva [19], “The BH entropy is proportional to the BH area A, while the BH 

temperature is proportional to its surface gravity”. Moreover, Silva [19] points out that, starting 

from the Schwarzschild solution of Einstein equations for vacuum, a nice intuitive derivation 

of the Hawking temperature is as follows: 
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or, 
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where M =  the mass, k =  Boltzmann’s constant, 
2

h


=  = Dirac constant or reduced Plank’s 

constant, ( h  being Planck’s constant), c =  the speed of light, and G =  the universal 

gravitational constant. Here, the constants and c  are restored in the right side of the equation 

(2.7). 

 

2. 3. Lifetime of Black Hole (Prakash et al., 2013) 

The lifetime of a BH as pointed out in [11] is given by the following equation: 
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where 0M =  mass of the black hole and M =  mass of the sun. 
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3.  METHODOLOGY 

 

According to Arreyndip and Joseph [20], many studies consider the Kolmogorov-

Smirnov (K-S) and Information Criteria as judgment tools to assess the goodness of fit for 

probability density functions and found that the generalized extreme value (GEV) distributions 

can describe non-normal unimodal data structures well. Most results show that the Weibull 

(GEV type III) distribution is the best distribution in modeling.  

The focus of this paper is that, since being a member of the GEV family of distributions, 

the Weibull distribution should be applied along with Gumbel (GEV type I) and Frechet (GEV 

type II) distributions to the lifetime and temperature data of BHs existing in XRBs, to determine 

their applicability and best fit to these data. The cumulative distribution function of the three 

parameter GEV distribution is given by 

 

( )
1

exp 1 ,
x

F x







−  −   
= − +   

    

                    (3.1) 

 

where ( ) :1 0 , , 0,x x    + −  −     ,−     and ( ), ,    are the 

shape, location and scale parameters respectively. The three members of the GEV family differ 

only on the value of the shape parameter  . 

The Gumbel distribution is obtained by setting 0 =  in (3.1). The probability density 

function (pdf) is given by 
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The Weibull distribution is when 0  . The pdf is given by 
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The Frechet distribution is obtained by putting 0  , with pdf given by 

 

( )
1

exp .f x
x x

 
  



+      
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       (3.4) 

 

Other popular unimodal distributions such as Cauchy, logistic and normal distributions 

were also considered. For details on these and other kind of distributions, see, for example, 

Johnson et al. [21], Shakil and Kibria [22, 23, 24], Ahsanullah et al. [25], among others. Their 

pdf and parameter description are provided in Table 3.1. 

 

 

 



World Scientific News 173 (2022) 78-93 

 

 

-83- 

Table 3.1. Continuous Distributions used in the Analysis of Black Holes Data 
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Name of the 

Distributions 
f(x) Parameters 
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The parameters are estimated by using the maximum likelihood method, and for 

comparison we use Negative Loglikelihood (−LL) values, Akaike information criterion (AIC), 

corrected Akaike information criterion (CAIC), Bayesian information criterion (BIC) and 

Hannan-Quinn information criterion (HQIC). For details on these, the interested readers are 

also referred to Emiliano et al. [26]. All calculations for these criterions are executed by the 

computational software “R”. The smaller values of these criterions for a distribution imply that 

the distribution fits better to the data.  

Moreover, K-S test, which is an important non-parametric test is used to assess the 

appropriateness of the distributions to the given data sets. The test statistic of K-S test is given 

by ( ) ( )sup ,n
x

D F x F x= −  where ( )F x  is the estimated distribution function and ( )nF x  is 

the empirical distribution function defined as ( )   ( ),1

1
,

n

n ixi
F x I x

n
−=
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  ( ) 1 ,

0 .,
iif x x

i otherwisex
I x



−
= . The best fitted distribution has the minimum K-S statistic. 

 

 

4.  APPLICATIONS 

4. 1. Application 1: Black Hole in XRBs Lifetime Data 

According to Hawking [5], BH "shines" with Hawking radiation. An escaping member 

of a virtual particle pair carries away energy from the BH, and the BH loses mass as a result. 

Eventually the BH loses all its energy, evaporates and finally dies. In this paper, the lifetime of 

test BHs existing in XRBs is presented in Table 4.1 as obtained from Prakash et al. [11] and 
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each observation in the data set is here divided by 6910  to interpret the data in Duovigintillion 

years. 

 

Table 4.1. Lifetime of test BHs in XRBs (measured in Duovigintillion years) 

 

 

0.125, 0.216, 0.343, 0.512, 0.729, 1, 1.33, 1.776, 2.197, 2.740, 3.375, 4.096, 4.913, 5.832, 6.859, 8 

 

 

 

It can be seen from Table 4.2 that the frequency distribution of the lifetime data is 

positively skewed and platykurtic since the coefficient of skewness is positive and the 

coefficient of kurtosis is negative indicating light tails (i.e., little data in the tails) compared to 

the normal distribution. Such scenario is best modeled using any member of the GEV type of 

distributions, Arreyndip and Joseph [20].  

 

Table 4.2. Summary Statistics 

 

Statistic Lifetime Temperature 

Minimum 0.125 1.9569 

Maximum 8 7.8278 

Mean 2.75269 3.70452 

Median 1.9865 3.13615 

Mode 1 2.5 

Variance 6.35719 2.9834 

Skewness 0.76592 1.07639 

Kurtosis -0.64768 0.17899 

Observations 16 16 

 

 

Table 4.3 consists of the maximum likelihood estimates, −LL, information criteria and 

K-S test statistic for the fitted distributions on the lifetime data. The K-S value for the Weibull 

distribution is the smallest among all the distributions. Since all the distributions do not have 

very large values of the K-S statistic, it is reasonable to compare their goodness-of-fit in terms 

of the information criteria and choose the best possible model for the lifetime data. For this 

purpose, the minimum values of AIC. CAIC, BIC and HQIC were also found to be in favor of 

the Weibull distribution. 
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Table 4.3. The MLEs, information criteria and K-S statistics based on lifetime  

of Black Holes in XRBs Data 

 

Model Parameters -LL AIC CAIC BIC HQIC K-S Statistics 

Cauchy 
ˆ 1.596 =  

ˆ 1.370 =  
-39.806 83.613 84.535 85.158 83.691 0.239 

Normal 
ˆ 2.753 =  

ˆ 2.441 =  
-36.983 77.967 78.889 79.512 78.045 0.157 

Logistic 
ˆ 2.474 =  

ˆ 1.425 =  
-37.360 78.719 79.643 80.265 78.799 0.161 

Weibull 
ˆ 1.016 =  

ˆ 2.771 =  
-32.198 68.396 69.319 69.942 68.475 0.087 

Gumbel 
ˆ 1.641 =  

ˆ 1.776 =  
-35.204 74.409 75.331 75.954 74.487 0.137 

 

 

Since the AIC, for example, is a relative measure and does not have a true zero, Burnham 

and Anderson [27] suggested the use of AIC differences to rank the distributions for supporting 

the given data set. The AIC differences are calculated using 
min , 1,2,...,j jAIC AIC i Q = − =  

where Q  is the number of distributions under comparison, with the best fitted model having 

min 0.j =  =  The interpretation is given in Table 4.4. 

 

Table 4.4. Range of AIC differences and interpretation 

 

j  Level of empirical support of model j  

0 2−  Substantial 

4 7−  Considerably less 

10  Essentially none 

 

 

Table 4.5 shows the AIC differences where the Weibull and Gumbel distributions rank 

the best and second best respectively, showing the suitability of the GEV distributions (GEV 

type III and I) for modeling the lifetime data. The normal distribution has rank 3, but 

approximately has no empirical support to model the data. Cauchy and logistic distributions are 

essentially not suitable for the data. The conclusion is that Weibull (GEV type III) distribution 

fits the lifetime data well. 
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Table 4.5. AIC differences based on lifetime of black holes in XRBs data 

 

Distribution AIC j  Rank 

Cauchy 83.613 15.217 5 

Normal 77.967 9.571 3 

Logistic 78.719 10.323 4 

Weibull 68.396 0 1 

Gumbel 74.409 6.013 2 

 

 

Figures 4.1 – 4.3 show the density, cdf and PP plots. These figures also show that the 

lifetime of BHs in XRBs data fit the Weibull distribution better than its competitors. 

 
Figure 4.1. Density plot based on the lifetime of black holes in XRBs data 
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Figure 4.2. cdf plot based on the lifetime of black holes in XRBs data 

 

 
Figure 4.3. PP plot based on the lifetime of black holes in XRBs data 
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4. 2. Application 2: Black Hole in XRBs Temperature Data 

The Second data set shown in Table 4.6 consists of the temperature of BHs in XRBs 

measured in Kelvins as obtained from Prakash et al. [11]. Table 4.2 shows that the frequency 

distribution of the temperature data is positively skewed having lower peak than the normal 

curve. 

 

Table 4.6. Temperature of test BHs in XRBs (measured in Kelvins) 

 

7.8278, 6.5232, 5.5913, 4.8924, 4.3488, 3.9139, 3.5581, 3.2616, 3.0107, 2.7956, 2.6092, 

2.4462, 2.3023, 2.1744, 2.0599, 1.9569 

 

 

K-S and information criteria (AIC, CAIC, BIC, HQIC) were used for assessing the 

goodness-of-fit of the distributions for the temperature data as earlier discussed using the 

lifetime data. According to the results reported in Table 4.7, the Gumbel distribution has the 

minimum value for the K-S statistic. In order to choose the best possible model, the AIC, CAIC, 

BIC and HQIC values indicate that the Gumbel distribution adequately fit the temperature data. 

 

Table 4.7. The MLEs, information criteria and K-S statistics based on temperature  

of black holes in XRBs Data 

 

Model Parameters -LL AIC CAIC BIC HQIC K-S Statistics 

Cauchy 
ˆ 2.911 =  

ˆ 0.799 =  
-32.172 68.345 69.267 69.890 68.423 0.222 

Normal 
ˆ 3.705 =  

ˆ 1.672 =  
-30.931 65.862 66.785 67.408 65.941 0.167 

Logistic 
ˆ 3.467 =  

ˆ 0.929 =  
-30.851 65.703 66.625 67.248 65.781 0.164 

Weibull 
ˆ 2.365 =  

ˆ 4.200 =  
-29.885 63.770 64.693 65.316 63.849 0.151 

Gumbel 
ˆ 2.971 =  

ˆ 1.142 =  
-28.401 60.803 61.725 62.348 60.881 0.126 

 

 

Finally, AIC differences were used to rank the fitting of the distributions. Table 4.8 shows 

the AIC differences and corresponding ranks of the distributions, indicating that the Gumbel 

distribution has a substantial empirical support for the temperature data since the AIC 

difference, ( )min 0,2j =   . Weibull distribution has rank 2 and is also a suitable choice that 

is not much different from the Gumbel.  This clearly shows that the family of the GEV 

distributions is good for modeling the temperature of BHs in XRBs data and is better than the 

normal and logistic distributions (which both have considerably less empirical support), as well 

as Cauchy distribution that essentially has no empirical support for the data. It can be concluded 
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that the Gumbel (type I GEV) distribution fits well the temperature data over the competing 

distributions. 

 

Table 4.8. AIC differences based on temperature of black holes in XRBs data 

 

Distribution AIC j  Rank 

Cauchy 68.345 7.542 5 

Normal 65.862 5.059 4 

Logistic 65.703 4.900 3 

Weibull 63.770 2.967 2 

Gumbel 60.803 0 1 

 

 

Figures 4.4 – 4.6 show the pdf, cdf and PP plots for the temperature data. These figures 

also show that the temperature of BHs in XRBs data fit the Gumbel (GEV type I) distribution 

better than its competitors. 

 

 
Figure 4.4. Density plot based on the temperature of black holes in XRBs data 
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Figure 4.5. cdf plot based on the temperature of black holes in XRBs data 

 

 
Figure 4.6. PP plot based on the temperature of black holes in XRBs data 
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The results of fitting the Frechet distribution to the two data sets used in this paper were 

not reported due to its poor performance compared to even the Cauchy, logistic and normal 

distributions. 

 

 

5.  CONCLUDING REMARKS 

 

To conclude, test black holes in X-Ray binaries lifetime data calculated in duovigintillion 

years and their temperatures measured in Kelvins were obtained and fitted into the generalized 

extreme value family of distributions (Weibull, Gumbel) as well as some other popular 

unimodal distributions (Cauchy, logistic, normal) for the purpose of determining the best 

possible distribution to use in modeling the lifetime and temperature of the black holes. Using 

the Kolmogorov-Smirnov statistic and other information criterion, the results show that the 

Weibull (GEV type III) distribution fits the lifetime data reasonably well, whereas the 

temperature is best fitted into the Gumbel (GEV type I) distribution compared to its 

competitors.  

The conclusion of this paper is restricted to the data sets that are used in this paper. For a 

definite statement, one might need to consider more data and need to fit more distributions. 

However, we sincerely believe that this study will be quite helpful in many problems of applied 

and physical science research. 
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