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ABSTRACT 

Let 𝐺 =  (𝑉(𝐺), 𝐸(𝐺)) be a graph and Let ℎ ∶  𝑉 (𝐺)  →  𝑆3 be a function. For each edge 𝑥𝑦 

assign the label r where r is the remainder when 𝑜(ℎ(𝑥)) is divided by 𝑜(ℎ(𝑦)) or 𝑜(ℎ(𝑦)) is 

divided by 𝑜(ℎ(𝑥)) according as 𝑜(ℎ(𝑥))  ≥  𝑜(ℎ(𝑦)) or 𝑜(ℎ(𝑦))  ≥  𝑜(ℎ(𝑥)). The function ℎ is 

called a group 𝑆3  cordial remainder labeling of 𝐺 if |𝑣ℎ(𝑖)  −  𝑣ℎ(𝑗)|  ≤  1 and |𝑒ℎ(1) −  𝑒ℎ(0)|  ≤  1, 

where 𝑣ℎ(𝑖) denotes the number of vertices labeled with j and 𝑒ℎ(𝑖) denotes the number of edges labeled 

with 𝑖  (𝑖 =  0, 1). A graph 𝐺 which admits a group 𝑆3 cordial remainder labeling is called a group 𝑆3 

cordial remainder graph. In this paper, we prove that duplication of each vertex by a new vertex 

in star related graph admits a group 𝑆3 cordial remainder labeling. 
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1.  INTRODUCTION 

 

All graphs considered here are finite, simple, undirected and connected. A graph G is a 

non empty set of objects called vertices together with a set of unordered pairs of distinct vertices 

of G called edges. The vertex set and the edge set of G are denoted by V(G) and E(G) so that 
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the order and siz of 𝐺  are │𝑉(𝐺) =  𝑝 and │𝐸(𝐺)│ =  𝑞 respectively. A graph of order p and 

size q is called a (p, q) - graph. If e = uv is an edge of G, we say that u and v are adjacent and 

that u and v are incident with e. 

Terms not defined here are taken from Harray [5]. Graph labeling was first introduced in 

1960’s. Most of the graph labeling trace their origin in the paper presented by Alex Rosa in 

1967[14]. 

A labeling of a graph is a map that carries the graph elements to the set of numbers, 

usually to the set of non-negative or positive integers. If the domain is the set of vertices then 

the labeling is called vertex labeling. If the domain is the set of edges then the labeling is called 

edge labeling. If the labels are assigned to both vertices and edges then the labeling is called 

total labeling. The complete survey of graph labeling is in [4]. 

Labeled graphs provide mathematical models for a broad range of applications. The 

qualitative labeling of a graph elements have been used in diverse fields such as conflict 

resolutions in social psychology, energy crises etc. Quantitative labeling of graph elements have 

been used in missile guidance codes, radar location codes, coding theory, X-ray 

crystallography, astronomy, circuit design, communication network etc. 

Cordial labeling is a weaker version of graceful labeling and harmonious labeling 

introduced by I. Cahit in [1]. Let f be a function from the vertices of G to {0,1} and for each 

edge xy assign the label │𝑓 (𝑥) −  𝑓 (𝑦) │then 𝑓 is called a cordial labeling of 𝐺 if |𝑣ℎ(𝑖)  −
 𝑣ℎ(𝑗)|  ≤  1  and |𝑒ℎ(1)  −  𝑒ℎ(0)|  ≤  1. 

Lourdusamy at al. [7] introduced the concept of group S3 cordial remainder labeling and 

they proved that path, cycle, star, bistar, complete bipartite, wheel, fan, comb and crown graphs 

are the behaviour of group S3 cordial remainder graphs. In [8-12], Lourdusamy at al. discussed 

the behaviour of group S3 cordial remainder labeling of helm, gear, sunflower, triangular snake, 

quadrilateral snake, lotus inside a circle, double fan, ladder, slanting ladder, triangular ladder, 

sub-division of star, subdivision of bistar, subdivision of wheel, subdivision of comb, 

subdivision of crown, subdivision of fan and subdivision of ladder.  

In [6], Jenifer et al. proved that shadow graph of cycle and path, splitting graph of cycle, 

armed crown, umbrella graph and dumbbell graph admit a graph S3 cordial remainder labeling. 

Also, they proved that snake related graphs are a group S3 cordial remainder graphs. For more 

information, see [2, 3, 15-20]. 

  

 

2.  PRELIMINARIES  

 

Definition 2.1. [13] Duplication of a vector 𝑣 of graph 𝐺 produces a new graph 𝐺′ by adding a 

new vertex 𝑣′ such that 𝑁[𝑣’] = 𝑁[𝑣]. In other words, a vertex 𝑣′ is said to be duplication of 𝑣 

if all the vertices which are adjacent to 𝑣 in 𝐺 are also adjacent to 𝑣′ in 𝐺′.  
 

Definition 2.2. The star graph K1,n of order n+1 is a tree on n edges with one vertex having 

degree n and other vertices having degree 1. 

 

Definition 2.3. The Bistar Bm,n is the graph obtained from K2 by joining m pendant edges to the 

one end of K2 and n pendant edges to the other end of K2. The edge of K2 is called the central 

edge of Bm,n and the vertices of K2 are called the central vertices of Bm,n. 
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Definition 2.4. Consider the symmetric group S3. Let the elements of S3 be e, a, b, c, d, f  

 

where  e = (
1 2 3
1 2 3

), a = (
1 2 3
1 3 2

), b = (
1 2 3
3 2 1

),  

 

            𝑐 = (
1 2 3
2 1 3

), d = (
1 2 3
2 3 1

), f = (
1 2 3
3 1 2

).  

 

We have 𝑜(𝑒)  =  1, 𝑜(𝑎)  =  𝑜(𝑏)  =  𝑜(𝑐)  =  2, 𝑜(𝑑)  =  𝑜(𝑓)  =  3. 

 

Definition 2.5. Let ℎ ∶  𝑉 (𝐺)  →  𝑆3 be a function. For each edge 𝑥𝑦 assign the label where 

r is the remainder when 𝑜(ℎ(𝑥)) is divided by 𝑜(ℎ(𝑦)) or 𝑜(ℎ(𝑦)) is divided by 𝑜(ℎ(𝑥)) 

according as 𝑜(ℎ(𝑥))  ≥  𝑜(ℎ(𝑦)) or 𝑜(ℎ(𝑦))  ≥  𝑜(ℎ(𝑥)). The function ℎ is called a 

group 𝑆3 cordial remainder labeling of 𝐺 if |𝑣ℎ(𝑖)  −  𝑣ℎ(𝑗)|  ≤  1  and |𝑒ℎ(1)  −  𝑒ℎ(0)|  ≤  1, 

where 𝑣ℎ(𝑗) denotes the number of vertices labeled with 𝑗 and 𝑒ℎ(𝑖) denotes the number of 

edges labeled with 𝑖 (𝑖 =  0,1). A graph 𝐺 which admits a group 𝑆3 cordial remainder labeling 

is called a group 𝑆3 cordial remainder graph. 

 

Theorem 2.6. [6] 

Star (K1,n) is a group  cordial remainder graph for every n. 

 

Theorem 2.7. [6]  

Bistar (Bn,n) is a group   cordial remainder graph for every n. 

  

 

2.  MAIN RESULTS 

 

Theorem 3.1. 

The graph which is obtained by duplicating each vertex of the star K1,n by a new vertex is a 

group 𝑆3 cordial remainder graph for every n. 

 

Proof: Let v denotes the apex vertex and u denotes the duplicated apex vertex.  

Let 𝑣1, 𝑣2, … , 𝑣𝑛 be the vertices of K1,n and let  𝑣1, 𝑣2, … , 𝑣𝑛 be the duplicating vertices of K1,n  

Let DG(K1,n) denotes the graph which is obtained  by duplicating all the vertices of K1,n .  

Suppose n ≥ 6.  

We define a function h : V( DG(K1,n))→ 𝑆3  as follows. 

The apex vertex is labeled by d and the duplicated vertex of apex vertex is labeled by a. 

 

Case – 1: Let n ≡ 0 (mod 6); Let n = 6s and s ≥1 
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Here, vh (b) = vh (c) = vh (e) = vh (f) = 2s;  

vh (a) = vh (d) = 2s+1 

eh (1) = eh (0) = 9s . 

 

Case – 2: 

Let n ≡ 1 (mod 6);   

Let n = 6s + 1  and s ≥1  

We use the method in case:1 to the vertices for 1 ≤ i ≤ 6s except the last vertex.  

v6s+1 and u6s+1 are labeled as b and c respectively. 

vh (a) = vh (b) =  vh (c) =  vh (d) = 2s+1; 

vh (e) = vh (f) = 2s 

eh (0) = 9s + 1,  

eh (1) = 9s + 2. 

 

Case - 3: 

Let n ≡ 2 (mod 6); 

Let n = 6s + 2 and s ≥1 . 

We use the method in case:1. 

We assign the remaining labels as follows. 

   

  
Here, vh (a) = vh (b) = vh (c) =  vh (d) = vh (e) = vh (f) = 2s+1. 

eh (0) = eh (1) =9s + 3. 

 

Case – 4: Let n ≡ 3 (mod 6); 

Let n = 6s + 3 and s ≥1.  

We use the method as in case:1. 

We assign the remaining labels  as follows. 
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Here, vh (a) = 2s+2, 

vh (d) = 2s+2, 

vh (b) =  vh (c) = vh (e) = vh (f) = 2s+1. 

eh (0) = 9s+4,  

eh (1) = 9s+5. 

 

Case - 5: Let n ≡ 4 (mod 6); 

Let n = 6s + 4  and s ≥1. 

We use the method as in case:1. 

We assign the remaining vertices as follows. 

 

     
 

     
 

Here, vh (a) = 2s+2, 

vh (d) = 2s+2, 

vh (e) = 2s+2, 

         vh (f) = 2s+2,  

vh (c) = 2s+1, 

vh (b) = 2s+1.  

eh (0) = eh (1) = 9s+6. 

 

Case - 6: Let n ≡ 5 (mod 6); 

Let n = 6s + 5 and s ≥1. 

We use the method as in case:1.  

We assign the remaining labels as follows. 
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Here, vh (a) = 2s+2, 

vh (b) = 2s+2, 

vh (c) = 2s+2, 

vh (d) = 2s+2, 

vh (e) = 2s+2, 

vh (f) = 2s+2, 

eh (0) = 9s+7, 

eh (1) = 9s+8. 

 

 
Figure 1. Duplicating all the vertices of K1,4 

 

 

In above six cases, it is easy to verify that |𝑣ℎ(𝑖)  − 𝑣ℎ(𝑗)| ≤ 1 for 𝑖, 𝑗 ∈ 𝑆3 and |𝑒ℎ(1)  −
𝑒ℎ(0)| ≤ 1. Hence h is a group 𝑆3 cordial remainder labeling. Thus the graph which is obtained 

by duplicating each vertex of the star K1,n by a new vertex is a group 𝑆3 cordial remainder graph 

for every n. 

 

Theorem 3.2. 

The graph which is obtained by duplicating each vertex of the Bistar (Bn,n) by a new vertex is 

a group 𝑆3cordial remainder graph for every n .  

 

Proof: Let u and v be apex vertices  

And let  &  be the vertices of K1,n.. 

Let x and y be the duplicated apex vertices. 
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And let & be the duplicated vertices of K1,n..  

Let DG (Bn,n) denotes the graph which is obtained by duplicating all  the vertices of Bn,n.  

Here DG( Bn,n ) is of order 2n+2 and 2n+1. 

 

 
 

Figure 2. Duplicating all the vertices of B4,4. 

 

 

Suppose n ≥ 6.  

We define a function h: V(DG(Bn,n))→   as follows. 

 

Case – 1: Let n ≡ 0 (mod 6); 

Let n = 6s and s ≥1 

h(u) = d ,  

h(v) = f,  

h(x) = a,  

h(y) = b. 
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Here, vh (a) = vh (b) = vh (d) = vh (f) = 4s+1; 

vh (c) = vh (e) = 4s. 

eh (1) = 18s + 2, 

eh (0) = 18s + 1. 

 

Case – 2:  

Let n ≡ 1 (mod 6); 

Let n = 6s + 1 and s ≥1  

We use the method in case:1 for the vertices 1 ≤ i ≤ 6s except the last vertex us+1 , vs+1  , xs+1  

and ys+1 is a,b,c and e respectively. 

vh (a) = vh (b) = 4s+2,  

vh (c) =  vh (d) = vh (e) = vh (f) = 4s+1 

eh (0) = 18s + 4, 

eh (1) = 18s + 5 

 

Case – 3: 

Let n ≡ 2 (mod 6); 

Let n = 6s + 2 and s ≥1 . 

We use the method in case:1 and  

We assign the remaining labels as follows. 

 

 

  

  

  

  
 

Here, vh (a) = vh (b) = vh (c) =  vh (d) =  vh (e) = vh (f) = 4s +2 

eh (1) = 18s + 8,  eh (0) = 18s + 7. 

 

Case – 4: 

Let n ≡ 3 (mod 6); 

Let n = 6s + 3 and s ≥1  

We use the method in case:1. 
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We assign the remaining labels as follows. 

 

  
 

  
 

  
 

  
 

Here , vh (a) = vh (c) =  vh (d) =  vh (e) = 4s + 3 ,  

vh (b) = vh (f) = 4s + 2 

eh (1) = 18s + 11,   

eh (0) = 18s + 10. 

 

Case - 5: 

Let n ≡ 4 (mod 6); 

Let n = 6s + 4 and s ≥1 

We use the method in case:1. 

We assign the remaining labels as follows. 
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vh (a) = vh (c) = 4s + 3,   

vh (b) =  vh (d) = vh (f) =4s + 3,   

vh (c) = vh (e)  = 4s + 4 

eh (1) = 18s + 14,   

eh (0) = 18s + 13. 

 

Case - 6:  

Let n ≡ 5 (mod 6); 

Let n = 6s + 5 and s ≥1. 

We use the method in case:1. 

We assign the remaining labels as follows. 

 

   
 

  
 

  
 

  
 

Here, vh (a) = vh (b) = vh (c) =  vh (d) = vh (e) = vh (f) = 4s + 4 

eh (0) = 18s + 16,  

eh (1) = 18s + 17. 

In the above six cases, it is easy to verify that |𝑣ℎ(𝑖)  − 𝑣ℎ(𝑗)|  ≤  1, for i,j ϵ 𝑆3 and  
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|𝑒ℎ(1)  −  𝑒ℎ(0)|  ≤  1. Hence h is a group 𝑆3 cordial remainder labeling. Thus the graph 

obtained by duplicating each vertex of the Bistar Bn,n by a new vertex is a group 𝑆3 cordial 

remainder graph for every n. 

 

 

3.  CONCLUSION 

 

In this paper, we studied about the group 𝑆3 cordial remainder labeling of duplication of 

each vertex by a new vertex in star graph and bistar graph. The results proved in this paper are 

novel. Examples are provided in each theorem for better understanding of the labeling pattern 

defined in each theorem. 
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