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ABSTRACT 

A two dimensional model under uniform resistivity was studied for incompressible plasma. The 

dynamical equations governing the time evolution of the system was derived using basic theory in 

electrodynamics and fluid mechanics. A computer code to simulate the reconnection was developed 

with an explicit finite difference method as the discretization scheme. The boundary condition for the 

plasma inflow region was implemented adhering to the global magnetic field geometry while the plasma 

was allowed to freely exit from the outflow region. The use of open conditions in the outgoing boundary 

provided simplicity and confirmation that the steady state results did not depend much on the dynamics 

in the seperatrix region. The steady state results were found to be consistent with the Sweet-Parker 

theory regardless of the starting conditions. The set of solutions for the field and velocity distributions 

across the grid are presented for a typical set of parameters. A mean reconnection rate representative 

expressed as a factor times the Sweet-Parker rate is introduced in accordance with the uniform electric 

field at steady state. Steady state rates are obtained as (1.12 ±0.02)ESP and (1.24 ±0.08)ESP for Sweet-

Parker type and Petschek type set of initial conditions respectively. If much higher reconnection rates 

were possible, they present themselves as new characteristics in solutions such as the current density. 

No characteristics deviating from the Sweet-Parker solution was observed in this study, even the initially 

set up Petschek shock structures dissolved with time. Parameter variations were done to test the 

performance of the model and optimal ranges were determined. The variations of the solution in the 

mid-plane under parameter changes were studied in detail. 

 

Keywords: Magnetic reconnection, Sweet-Parker theory, Petschek theory, separatrix region, velocity 
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1.  INTRODUCTION  

 

Astrophysical environment is filled with a fundamental state of matter named plasma, a 

mixture of positively charged ions and negatively charged electrons. Differences constituting 

the build-up of plasma make them fundamentally different from the behaviour of gases or fluids 

which make them very hard to model and predict [1]. The presence of electric and magnetic 

fields mean the laws of electrodynamics are vital, and the equations stemming from fluid 

mechanics govern the flow of plasma. The Navier-Stokes equation and the equation of 

continuity provide the major contributions from fluid theory in predicting the behaviour of 

plasma [2]. The motion of magnetic field lines ‘through’ or ‘with’ the plasma and their 

interactions with external and self-generated intense electric fields, along with viscous and 

resistive forces should all be considered when formulating mathematical models [3]. Sensitivity 

to external electromagnetic interactions should ideally mean that the arrangements of these 

magnetic fields be highly complicated in nature. Counter intuitively, observations suggest that 

it is evidently not so.  Magnetic Reconnection, a fundamental process occurring everywhere in 

space, is the underlying mechanism where these fields undergo re-arrangement. Possibly driven 

due to external disturbances, when magnetic field lines clash into each other and under certain 

conditions, these flux lines can break and reconnect. This acts as a mechanism for nature to 

relax itself, when the organization of these fields becomes relatively complicated. As this 

occurs, vast amounts of energy stored in magnetic fields are released in very short time scales. 

This energy is then converted into thermal and kinetic energy, which accelerates charged 

particles along these field lines [4]. 

Night time auroras cannot be solely explained by the effects of the sun’s magnetic 

disturbances or solar winds. Due to certain drivers from the sun, the magnetotail of the 

magnetosphere gets elongated and deformed. Parallel and anti-parallel field lines are thus 

forced into each other where they break and reconnect. The vast amounts of energy which gets 

released are converted into thermal and kinetic energies which drive charged particles towards 

the polar regions of the earth’s atmosphere. These transfer energy and excite various atoms 

which then de-excite giving off electromagnetic radiation of different wavelengths [5]. 

Reconnection also occurs in a layer called the ‘magnetosheath’ which is the boundary between 

the magnetosphere and the solar magnetic environment. The plasma unseen to the naked eye is 

extremely turbulent in this region, which calls for challenging and computationally intensive 

kinetic models [6] for behavior prediction commonly through Particle in Cell or PIC simulation.  

Recently, turbulence is also used as a possible mechanism for accelerating reconnection 

rates [7]. Reconnection is usually identified as the key mechanism which heats the solar corona. 

Much high plasma temperatures are detected in the solar corona than in the photosphere [8] and 

since the corona is dominated by magnetic fields, the most likely conversion to thermal energy 

should be the magnetic energy embedded in the fields. When a CME occurs, flux tubes are 

dragged along with the matter ejected. Due to this, oppositely oriented field lines are driven 

together which reconnect, thereby accelerating particles out into space and back into the 

surface. The radiation emitted by the particles that hit the solar surface is observed through soft 

and hard X-Ray pictures. Numerous MHD simulations too have been done to predict the 

behavior of CMEs [9]. Tokomak reactors are the foremost candidates in developing 

thermonuclear fusion power through magnetic confinement of plasma. Saw tooth relaxation is 

a periodic occurrence where the electron temperature suddenly drops and rise again due to a 

reconnection process. This process was modeled using resistive MHD theory by Kadomtsev 
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[10]. Sweet [11] and Parker [12] were among the first to introduce the concept of reconnection 

through thin sheets of current. In these models, the conventional description of energy release 

termed ‘Ohmic dissipation’ acts to change the shape or to form a curvature in the field lines in 

the vicinity of the current sheet. The increased rate of energy expulsion stems from these field 

lines reconfiguring to a relaxed state, shooting plasma out of the current sheet. This significantly 

reduces the magnetic energy which is converted into kinetic and thermal energy causing particle 

accelerations. Their formulation of the model was mainly based on three principles. Firstly, the 

plasma accelerated outwards travel roughly at the Alfven velocity, which was a direct cause of 

the aforementioned magnetic tension force. Secondly, the principle of mass conservation was 

adhered. This allowed them to formulate a connection between the incoming plasma velocity 

and the outgoing velocity. Thirdly, the Ohm’s law in MHD depicted that the electric field is 

perpendicular to plasma flow, which is a constant when the system is in the steady state. Their 

framework was within what was called “Resistive MHD”, where only the Ohmic dissipation 

term was considered for energy expulsion. A main implication of this was that the predicted 

timescales were several orders of magnitude greater than what was actually observed in say, a 

solar flare. A typically observed solar flare lasts for about ~ 15 min – 1 hour (104 s) but the 

predicted timescales from Sweet Parker is around two months, about six orders larger in 

magnitude [13]. 

Petschek [14] made the reconnection faster by reducing the length of the diffusion layer. 

This directly affected the reconnection rate and he derived a limit to the maximum rate by 

considering how small the diffusion region can be made to sustain. A characteristic of his model 

is the shock like wave structures protruding from the corners of the diffusion region, although 

he was unclear as to how they were formed in the first place. A controversy remained as 

subsequent computer simulations were not in favor of this theory of fast reconnection [15]. 

Even so to-date, these two models are required to gain a fundamental understanding on the 

mechanism of reconnection. The theory of fast reconnection by Petschek is still a topic of debate 

as it remains the only explanation which predicts timescales in the order of observable rates. 

There have been other modifications made through instabilities to increase the rate of 

reconnection. At high Lundquist numbers, the Sweet Parker current sheets are unstable and are 

prone to tearing instabilities. The formations of magnetic islands known as plasmoids have been 

observed through computer simulations [16]. Accelerations in the reconnection rates also occur 

due to these instabilities. When the thicknesses of the current sheets become lower than the ion 

skin depth, two fluid effects come into play. Also known as “collisionless reconnection”, the 

Hall effects in the Ohm’s law comes into play modulating the reconnection rates. In these 

simulations the ions and electron physics are treated separately [17]. 

Uzdensky and Kulsrud [18] have gone into great detail about the mechanics inside a 

Sweet-Parker reconnection layer. Their model could be described as a two dimensional, time 

dependent numerical simulation in incompressible resistive MHD under uniform resistivity. An 

important factor in their model was the consideration of the back pressure from the separatrix 

region onto the main layer, which had not been qualitatively presented previously. Hence for 

this, they had formulated a separate one dimensional model for the separatrix region which is 

implemented as a boundary condition onto the main layer. The most important conclusion 

obtained was that the system evolved into a state independent of the initial conditions. This 

steady state was consistent with the Sweet-Parker reconnection rate. The model developed for 

the boundary had an effect on the bulk of the main layer such that, its solution became 

independent of the position of the boundaries. This is considered as an important consequence 
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of the “back – pressure” effect. Malyshkin et al. [19] introduced a new theoretical approach to 

quantify the reconnection rate within “two and a half dimensional” incompressible, resistive 

MHD.  

 

 
 

Figure 1(a) 

 

 
 

Figure 1(b) 

 
Figure 1. (a) Sweet Parker model (left) depicting elongated current sheets, (b) Petschek model with a 

centralized diffusion layer [8] 

 



World Scientific News 165 (2022) 33-65 

 

 

-37- 

They have considered the case of anomalous resistivity, where the resistivity is a function 

of current density and spatial position. They found that under constant resistivity, the 

reconnection rate reduced to the Sweet-Parker rate confirming earlier results. Lazarian and 

Vishniac [20] have discussed the possibility of turbulent plasma as means for accelerating the 

reconnection rate. The main problem with reconnection via current sheets is that their formation 

is not understood, while the global length scales leading to very low reconnection rates. The 

above paper argues that turbulence acts in a way to merge anti-parallel field lines in a much 

shorter length scale, accelerating reconnection events. They have observed that a significant 

fraction of the magnetic energy is transferred via Alfven waves. Further subsequent studies [7] 

have found to be consistent with the former LV99 turbulent model. 

The breaking of current sheets and formation of magnetic islands known as plasmoids are 

common to a reconnecting system and have been observed in solar flares and the earth’s 

magnetotail [16, 21]. This eventually serves as a method for accelerating reconnection rates. 

The formation of plasmoids have been understood to occur due to tearing instabilities in the 

current sheets. Loureiro et al. [16] have studied the instability of these current sheets under high 

wave number perturbations. The growth rate of the instability was found in terms of Lundquist 

number (S), length scale of the sheet (L) and the Alfven velocity VA to scale as  
𝑆

1
4𝑉𝐴

𝐿
.  

The Sweet-Parker model breaks down for 410S  . Samtaney et al. [22] confirmed the 

above results from a detailed numerical study of resistive reconnection of Lundquist numbers 

in the range 4 810 10 .S   They have stated that for large systems, plasmoid dominated current 

layers are an important factor to attain fast reconnection. Their numerical simulations confirm 

the linear scaling theory, where instability grows as 1/4S and the number of plasmoids grows as 
3/8.S  A limitation in their study was that their simulations were stopped once these plasmoid 

widths exceeded the Sweet-Parker width of the current sheet. This makes it impossible to 

determine the extent of the growth and its effect on the reconnection rate.  

When the Sweet-Parker thickness of the current sheet is less than the ion skin depth, the 

Hall term in the Ohm’s law become important. This is known as Hall reconnection. A different 

point of view in specifying the importance of the Hall term is when the length of the current 

sheet becomes comparable to the mean free path of electrons. Due to this reasoning, the process 

is synonymously termed as ‘collisionless reconnection’. In these formulations the relative drift 

velocity between ions and electrons become quite large and the two has to be treated separately 

[6]. Thus, the Ohm’s law can be written in a form of unequal drift velocities of electrons ( eV ) 

and ions ( iV ).  

Using a two and half dimensional hybrid code where ions are treated as macro particles 

and electrons as a massless resistive fluid Mandt et al. [23] demonstrated that when ions become 

demagnetized, the reconnection process is driven by whistler waves instead of the previously 

speculated Alfven waves. In this regime, the reconnection rate was found to be higher than in 

single fluid MHD theory and was insensitive to resistivity. Ma and Bhattacharjee [24], in a 

semi-collisionless compressible plasma simulation driven reconnection governed by the 

generalized Ohm’s law showed that there is a profound change in the geometry of the 

reconnection region where the Y-structured points in the current sheet shrunk rapidly forming 

a structure resembling the X point. As a result of this they observed a rapid enhancement in the 

reconnection rate. Biskamp et al. [25] found that in cases of high plasma pressure, reconnection 

is driven by whistler modes which lead to de-coupling of ions from electrons.  
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However, their theoretical framework had a number of restrictions that simplified their 

equations. Assumptions such as quasi-neutrality (electron and ion densities being equal), 

isotropic nature of the electron and ion pressure tensors, homogeneity across the average 

pressure and density profiles are among them. They too have concluded from their results that 

reconnection is much faster with the Hall term. More recent publications [26, 27] too have 

considered the importance of Hall effects mainly due to the low density astrophysical plasmas 

present in the magnetopause and the magnetotail. They reported higher reconnection rates due 

to the Hall term and the observance of thinner current sheets. Computations on the reconnection 

rates were done as a function of time and the increase in the reconnection rates were evaluated 

as a function of the Hall parameter. Hall effects in theoretical models and their subsequent 

findings on the impact to the reconnection rate suggest the importance of adding new physics 

and detail into mathematical models. However in doing so, certain complexities in carrying 

computational simulations are to be expected. 

The main objective of this work is to comprehensively study and simulate the 

fundamentals of a reconnection model under resistive MHD for incompressible plasma. The 

time evolution of the system is followed using equations derived from basic MHD theory. A 

computer code is designed independently for simulation purposes. The distributions of dynamic 

variables will be studied focusing on their transient and steady state behaviour. The built model 

will be tested by parameter variations for the purpose of establishing a valid range of 

performance. 

 

 

2.  NUMERICAL MODEL 

 

Dynamic equations for the time evolution of magnetic flux and velocity can be derived 

in reduced scalar form. These equations can be used to follow the true time evolution of the 

system until a steady state solution is reached. The magnetic field B  and the velocity field V
can be represented by two scalar functions, the magnetic flux function ψ and the stream 

function   [27]:  

                                                                  ˆ =B z× ψ                                                            (1) 

    

                                                                 ˆ V = z                                                             (2) 

 

Substituting the scalar form of magnetic field B   in the Ampere’s law in Maxwell’s 

equation:  

 

        ∇⃑⃑  × (�̂�  × ∇⃑⃑ 𝜓) =  𝜇𝐽                                                        (3) 

 

                        

ˆ ˆˆ ˆ ˆ
 

    
 

ψ ψ
B z × ψ z i z j

x y
=                                               (4) 

 

Resolving Eqn. 4, the components of vector B  can be obtained in terms of scalar   
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ˆ ˆ ˆ ˆ 
  

 
x y

ψ ψ
B = B i +B j i j

y x
                                              (5) 

 

where xB  and yB   are the x and y components of B  while the z-component of the current 

density zJ  is like the Laplacian of the scalar magnetic flux function: 

 

                        2 zμJ ψ                                                               (6)  

     

Substituting to the electric field in the Faraday’s law from the resistive form of Ohm’s 

law and replacing B  by the form of Eqn. 1: 

  

                             ˆ ˆ( )V J
t

  


     


z z                                        (7) 

 

Using a bit of vector manipulation and simplifying the above equation: 

 

                          
ˆ( )

ˆ( )V J
t


 


      



z
z                                        (8) 

 

To remove the curl of Eqn. 8, an arbitrary scalar function χ of the gradient form is 

introduced: 

 

                         
ˆ( )

ˆ( )V J
t


  


     



z
z                                           (9) 

 

Eqn. 9 can be written as a scalar equation: 

 

                        . z
z

V J
t


  


     


                                             (10)  

 

Considering the current density in Eqn. 6 and rescaling of resistivity in the order of  1, 

but introducing an artificial resistivity in the y direction (𝜂𝑦) allows Eqn. 10 to be written in the 

following forms: 

 

                           
2 2

2 2
. yV

t y x

  
 

  
    

  
                                            (11) 

 

Eqns. 10 and 11 represent the time evolution of the flux function similar to flux evolution 

equations in literature [15, 18]. Taking the Y-component of the momentum equation in MHD: 

 

                                       2( . ) ( )
y

y y y

V P
V V v V J B

t y

 
       

 
                                    (12) 
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A simple vector manipulation involving the form of �⃑�  in Eqn. 1 and a rescaling 

approximation, rewriting in a leading non-trivial manner enables to simplify [18]: 

 

              ( )
y

y x z x

B
J B B J B

x


  


                                             (13)  

 

Taking the pressure balance across the current sheet one can write [18]: 

 

                  

2

0
2

yB
P

x

 
     

                                                        (14) 

 

                                  

2 2

,0( ) ( , )
( , )

2

y yB y B x y
P x y


                                               (15) 

 

where 𝐵𝑦,0
2 (𝑦) is a function representing the variation of magnetic field outside the reconnection 

layer. This function is the constant with respect to x giving Eqn. 14. Taking the y derivative of 

Eqn. 15 with simple vector manipulations Eqn. 12 can be written in the form: 

 

                         

2

,0 2
( )1

.( ) .( )
2

y y

y y y

V B y
VV v V BB

t y

 
     

 
                          (16) 

  

Eqn. 16 gives the time evolution of the y-component of the velocity. The x-component of 

the velocity field can be found revoking the incompressibility condition:  

 

                                             
0

x
y

x

V
V dx

y





                                                         (17) 

 

The steady state electric field can be determined from the z-component of Ohm’s law 

keeping only the resistive term. 

A rescaling procedure, the lengths in the y direction rescaled using the typical length scale 

of the reconnection layer (L), distances and velocities in the x direction using the small scale 

parameter 0 representing the width of the reconnection layer was used [18]. An explicit finite 

difference Euler scheme accurate up to second order was used as the solver. Simpson’s method 

was used for numerical integration and MATLAB R2015a software for programming as it 

provided easy debugging procedures. Fig. 2 shows the computational grid and four boundaries. 

Upper and right boundary corresponds to the inlet and outflow of plasma. The left and lower 

boundaries are derived from the symmetrical nature of the system. Only the positive quadrant 

of the reconnection layer is depicted. 

Explicit one sided finite differencing schemes with first order accuracy was used as the 

discretization form for the time derivative. First order and second order accurate finite 

difference was applied as necessary to implement the spatial derivatives. 
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1, 1, , 1 , 1
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, ,

1, , 1, , 1 , , 1
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2 2

2 2

i j i j

n n n n

i j i j i j i jn n

x y

n n

i j i jn n n n n n

i j i j i j i j i j i j

y

V V
h h

dt

h h

   

 
     



   



   

     
        
    

  
       

        
    

              (18) 

 

Where 𝑛 denotes the time step index and 𝑖, 𝑗 denotes the spatial indices. Eqn.18 gives the 

time evolution of the magnetic flux. The time evolution of velocity equation can be written 

similarly:  

 

               

1, 1, , 1 , 1

, ,

1, 1, , 1 , 1

, ,

, 11, , 1,

1

,

( )
2 2

2 2

2
+

2

i j i j i j i j

i j i j

i j i j i j i j

i j i j i j

i ji j i j i j

n n n n

y y y yn n

x y

n n n n

y y y yn n n

y x y

nn n n

yy y y

y

V V V V
V V F j

h h

B B B B
V dt B B

h h

VV V V
v v

h

   

   

 



    
     
   
   

    
     
   
   

  
 
 
 

,

, , 1
2

2

i j

i j i j

n

y

n n

y y

V

V V

h



 
 
 
 
 

 
 
 

   
    
  

            (19) 

 

where 
2

,0 0( ) ( 1) ( 1)( 1) / 1 (( 1) )yF j B j h B j h j h         is the discrete form of the 

derivative of function 
2

,0( )yB y /2. The term 𝑗 indicates the index position in the grid towards y 

direction. Eqn.19 gives the discrete form of the time evolution of y-component of velocity. All 

other variables 𝐵𝑥, 𝐵𝑦, 𝑉𝑥 can be determined once these two variables are calculated at a new 

time step. 

The global geometry sets the boundary conditions and the set of initial conditions should 

agree with the former. The two sets of initial conditions defined as Sweet-Parker type and 

Petschek type were used as described by Uzdensky & Kulsrud (2000) [18]. The positive 

quadrant of the simulation grid and four boundaries are shown in Fig. 2(a). Boundary 1 or the 

plasma inflow boundary of the simulation grid is described by the outside magnetic field 

geometry. Boundaries 2 and 3 are considering the top-bottom and left-right symmetries of the 

simulation grid [18].  

The boundary 4 or the plasma outflow boundary used here is an open boundary condition 

where the plasma is freely let out of the grid without any effect back onto the layer: 

 

                         

22

2 2
0; 0

yV

y y

 
 

 
                                                  (20) 

 

The discrete forms of the implemented boundary conditions are: 

 

Boundary 1(Inflow 
fi x ):      1, 1, ,0 , 1 , , 12 ( ); ( ) 2( ) ( )n n n n n

i j i j y y i j y i j y i jhB y V V V         

Boundary 2 (L-R ij y ):          , 1 , 1 ,; 0n n

i j i j i jV     
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Boundary 3 (U-D ii x ):           
1, 1, 1, 1, ,; ( ) ( ) ; 0n n n n

i j i j y i j y i j i jV V V        

Boundary 4 (Outflow
fj y ):    

, 1 , , 1 , 1 , , 12 ; ( ) 2( ) ( )n n n n n n

i j i j i j y i j y i j y i jV V V                     (21)  

 

 
 

Figure 2(a). The positive quadrant of the simulation grid and four boundaries 

 

 

 
 

Figure 2(b). Representation of the simulation grid with ghost cell padding 

 

 

Figure  :    Representation of the simulation grid with ghost cell padding 
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Representation of the simulation grid with ghost cell padding is shown in Fig. 2(b). 

Subroutines were written to implement the boundary conditions at each time step and to 

calculate the ,x yB B  components from the scalar flux (𝜓). Velocity component 𝑉𝑥 is computed 

from the incompressibility condition. Simpson’s algorithm was used for implementing 

numerical integration where needed. 

 

 

3.  ELECTRIC AND MAGNETIC FIELDS 

 

The time evolution and the behavior of the plasma and electro-magnetic fields are 

governed by the set of equations derived previously. Simulations were run for the parameters 

tabulated in Table 1. Natural unit of time is the Alfven time ( /A Aa V   where 𝑎 denotes the 

length scale of the system and 𝑉𝐴 is the Alfven velocity). The time step is much smaller than 

spatial step to ensure convergence of the solution. Parameters used for simulation grid are 

tabulated in Table 2. 

 

Table 1. Parameters for set of initial conditions 

Parameter Value (Non-dimensional) 

Outside Electric field ( 𝐸0) 1.0 

Outside Magnetic field (𝐵0) 0.2 

Viscosity (ν) 0.02 

Artificial resistivity ( 𝜂𝑦) 0.01 

Artificial viscosity ( 𝜈𝑦) 0.01 

Initial Sweet-Parker rate (𝑀) 2.0 

 

 

Table 2. Parameters for simulation grid 

Parameter Value 

Plasma inflow boundary (x-limit) 4.0 -5.0 

Plasma outflow boundary (y-limit) 0.9 

Time stepping (∆𝑡) 
410 A
  

Spatial stepping (h) 0.02 

Number of time iterations 40,000 – 50,000 time steps 
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Figure 3(a) 

 

 

 
 

Figure 3(b) 

 

Figure 3. The z-component of the electric field on the upstream boundary for (a) Sweet 

Parker initial and (b) Petschek initial conditions 
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Figure 4(a) 

 

 

 
 

Figure 4(b) 

 

Figure 4. The surface electric field across the grid for (a) Sweet-Parker and (b) Petschek type 

initial conditions at 0t   
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The z-component of the electric field variation on the upstream boundary is presented in 

Fig. 3(a) for Sweet Parker initial conditions and Fig. 3(b) for Petschek initial conditions. The 

initial transient phase gradually dies out and a steady state nature is observed within 4-5 Alfven 

times. Both figures show a quite drastic variation in the upper boundary specifically near the 

point 4, 0.9x y  . According to theory, the equilibrium electric field should be uniform 

across the computational grid. However, even though the electric field becomes constant with 

time, some spatial variation is observed in the results. Initial conditions corresponding to the 

Sweet-Parker and Petschek type schemes both display this behavior as was verified through 

computational runs. 

For both types of initial conditions when the electric field zE  were obtained for a single 

point, in both cases independent of the starting electric field magnitude, the field dropped to 

about 1.2 - 1.3 in magnitude after about 4-5 Alfven times. This corresponds to about 40,000-

50,000 iterations for a time step of 410 .t    The time in-variation of the electric field 

component is a good measure of the steady state approach of the system. The reconnection rate 

is represented by the magnitude of the uniform electric field component. Due to the spatial 

variation, an average reconnection rate is specified by taking the mean across the grid. The 

computed rates for Sweet-Parker and Petschek initial conditions are (1.12 ±0.02)ESP and (1.24 

±0.08)ESP respectively. ESP is the typical SP reconnection rate
1/2

,0(0),SP A yE V B  a result 

stemming from the Sweet-Parker rescaling procedure and S is the Lundquist number.  

The surface electric field configurations for both types of initial conditions at 0t   are 

presented in Fig. 4. A clear variation across the grid can be observed. For the Sweet-Parker type 

initial condition set, a rise in the initial field can be observed in the mid plane 0x   at the edge 

of y axis ( 0.9)y  .  

 

 
 

Figure 5(a) 
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Figure 5(b) 

 

Figure 5. The electric field for (a) Sweet Parker and (b) Petschek conditions at steady state 

 

 

 
 

Figure 6(a). 2.0M   
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Figure 6(b). 1.2M   

 

 

 
 

Figure 6(c). 2.5M   

 

Figure 6. The current density (JZ) in Petschek set of conditions corresponds to (a) 2.0M  , 

(b) 1.2M  and (c) 2.5M   
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Fig. 5 shows the surface plots of steady state electric field after about 40,000 time 

iterations for a time step of 410 A
  (4 Alfven times) for both initial condition types. Simulation 

is stopped after about 4-5 Alfven times. The electric field becomes almost spatially constant 

independent of the initial conditions.  

The surface plots of the current density zJ  simulated for a Petschek type initial 

configuration are presented in Fig. 6(a) for 2.0M   and in Fig. 6(b) and Fig. 6(c) for 

1,2, 2.5M   respectively. The characteristic X-type structure protrudes like a shock ‘wing’ 

structures were from the centralized diffusion region, a small area where the current density is 

maximum. The simulation is then made to run where the motion of the fields and the plasma 

are governed by the set of derived equations. The X-Y view of the current density clearly shows 

the centralized diffusion region.  

The parameter M changes the strength of the shocks, the peak sharpening with increasing 

M. This is qualitatively different from Sweet-Parker theory and gives much higher reconnection 

rates. Under uniform resistivity, a crucial observation is that the initially set up Petschek 

structure collapses into the Sweet-Parker result at the steady state of 5 At  . The shock like 

‘wing’ structures are absent at the steady state density plot. A fundamentally important result 

in the simulation is that it shows that the Petschek type structure cannot be sustained under 

uniform resistivity. The use of open BC in the plasma outflow region shows that this conversion 

is independent of any dynamics occurring in the seperatrix region. 

 

 
 

Figure 7. The current density across the 2D grid at steady state for both types of initial 

conditions 
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The steady state current density distribution across the 2D grid for both Sweet-Parker and 

Petschek type initial conditions are shown in Fig. 7. The current variation which peaks across 

the mid-plane 0x    is typically known as a SP current sheet. This conversion process shows 

that the shock structures cannot be sustained if the resistivity is not at least spatially varied. This 

observation agrees with the simulations done by previous studies [18]. Under the set of 

dynamical equations rescaled under constant resistivity (SP rescaling where the resistivity is 

rescaled as unity), independent of the initial conditions the steady state result is always 

confirmed as the Sweet-Parker solution.  

     

 
 

                               Figure 8(a)                                                  Figure 8(b)  

 

 

 
 

Figure 8(c) 

Figure 8. The magnetic flux across the grid for (a) Sweet-Parker, (b) Petschek initial ( 0)t   

conditions and (c) The steady state ( 5 )At   flux distribution for both initial conditions 
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The magnetic flux configuration across the grid of the system for Sweet-Parker and 

Petschek initial conditions at ( 0)t   and at steady state ( 5 )At  were obtained and presented 

in Fig. 8. This solution is obtained even if the specified initial conditions were Sweet-Parker or 

Petschek. Considerable difference is observed inside the enclosed region marked in red and 

some variation from the expected Sweet-Parker configuration specially, near the mid-plane

0x  . The steady state result is always the SP solution under uniform resistivity. 

 

..  

Figure 9(a) 

 

 

..  

 

Figure 9(b) 

 

Figure 9. Contour plots starting configuration (left) and steady state (right) for (a) x -

component (b) y-component of magnetic field for Petschek initial condition 
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The time evolution of the x-component of the magnetic field (Bx) from initial state to 

steady state corresponding to Sweet-Parker conditions ( 0 to 5 )At t    and Petschek 

conditions ( 0 to 4 )At t    in the mid plane x = 0 were obtained. For both cases diffusion in 

magnetic field component can be observed. The magnitude drops significantly in fractions of 

Alfven times with increase in time [18]. For the Petschek shock structures to exist, it is vital for 

the 𝐵𝑥 component to maintain a larger value.  

The heavy diffusion seen is a strong case against the existence of Petschek type solution 

in a uniformly resistive environment. The contour plots for x-component of magnetic Bx field 

and y component of the magnetic field By depicting the starting configuration and the 

corresponding steady state solution for Petschek type condition are presented in Fig. 9(a) and 

Fig. 9(b) respectively. The steady state solution is always the SP solution independent of the 

starting conditions. 

 

 

4.  PLASMA VELOCITY AND PRESSURE 

 

For Petschek configuration y component of plasma velocity was obtained. At steady state, 

particularly high values of the y-component at 0x   plane is observed and this value drops 

significantly as we move up towards the inflow boundary near 5x  .  

Fig. 10 shows surface plot of velocity at the initial stage and the steady state. In both 

cases, the magnitude is the highest at the outflow boundaries near the mid-plane. The Petschek 

distribution however varies qualitatively where a larger fraction of the grid is distributed with 

high velocities (larger magnitudes are depicted by yellow color). As we follow the true time 

evolution of the system, the resulting equilibrium solution turns out to be the Sweet-Parker 

solution across almost all variables.  

The variation of 𝑉𝑦 in the initial Petschek configuration is essentially non-linear, rises 

significantly in the range y = 0 to y = 0.4 and then onwards reaches a limiting value. In the 

steady state, this variation is almost perfectly linear, a direct consequence of the collapse into 

the Sweet-Parker solution.  

This linear behavior is predicted in previous studies along with the linearity of the 

transverse magnetic field in the mid-plane [18]. Plasma velocity at the centre of grid is shown 

in Fig. 11. Plasma enters through the upper and lower boundaries. The outflow regions are on 

either sides.  

The scalar pressure at the reconnection layer for Petschek and Sweet-Parker conditions 

were obtained and these are presented in Fig. 12 for initial and steady state conditions. Both 

times show a high plasma pressure concentrated at the center of the grid.  

Initially, for the Petschek type configuration this high pressure is concentrated onto a 

narrower region which can be observed as the centralized diffusion region with high current 

density.  

The steady state solution is similar to the Sweet-Parker type set of conditions re-iterating 

the fact that at steady state, it is the only stable configuration. 
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Figure 10(a) 

 

 

 
 

Figure 10(b) 

 

Figure 10. y-component of velocity for (a) initial Petschek condition (b) and steady state for 

SP and Petschek conditions 
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Figure 11. A snapshot of the velocity flow at centre of the grid  

 

 

.. 

 

Figure 12(a) 
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Figure 12(b) 

 

Figure 12(a,b). The pressure variation for Petschek type configuration at 0t   (left), and  

the steady state solution corresponding to the Sweet-Parker solution (right) 

 

 

5.  EFFECT OF THE OTHER PARAMETERS OF PETSCHEK STRUCTURE 

 

To investigate the effect of varying the viscosity parameter, all the other parameters 

mentioned in Tables 1 and 2 were kept constant while varying the viscosity term only. Due to 

the importance of the geometry of the mid-plane transverse magnetic field, it’s variation with 

the viscosity parameter was obtained and shown in Fig. 13. The viscosity parameter was varied 

such that its magnitude is of the order of resistivity (which is rescaled to unity) or less. The 

viscosity variation effect on the transverse magnetic component along the mid-plane for steady 

state is shown in Fig. 13(a).  

This variation along the component is a crucial element in determining the final geometry 

of the reconnection layer. There is no visible change in the shape of the curve of xB  along the 

mid-plane ( 0)x   for steady state. The curves tend to shift upwards with increasing viscosity, 

suggesting a decreased effect of diffusion. In other words, increasing the viscosity term acts as 

to reduce the depletion of the field in the mid-plane, as long as this model is concerned. Fig. 

13(b) illustrates the variation of the mid-plane y-component velocity with the viscosity 

parameter. The linear nature is preserved. However, there is a slight increment in the gradient 

with vanishing viscosity.  
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Figure 13(a) 

 

 

 
 

Figure 13(b) 
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Figure 13(c) 

 

Figure 13. The variation of (a) Bx , (b) Vy  and  (c) Ez with viscosity (0.005, 0.03, 0.05, 0.09, 

0.5) for Petschek steady state configuration 

 

 

 
 

Figure 13(d). Mean reconnection rate with viscosity parameter. 
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The passing of the transient phase and the onset of steady state at the point 4, 0.9x y   

for varying values of viscosity is shown in Fig. 13(c). The steady value changes only a slight 

amount even for a larger variation of the parameter. Throughout the transient behavior there is 

little variation when viscosity changes from 0.005 to 0.5. 

The variation of the mean reconnection rate with viscosity parameter is shown in Fig 

13(d).  The rate is plotted as a factor of the Sweet-Parker rate (ESP). After 0.1 value of viscosity, 

almost a linear increase in the rate can be observed. Even such, this increase is not much of a 

considerable difference. The red line represents the theoretical Sweet-Parker rate which is 1.0 

factor of ESP. The rate representative is quite stable as it varies only about 5.36% when viscosity 

is changed from 0.02 to 0.50 (if we neglect 0.005 as it is almost vanishing). The deviation from 

the theoretical rate (red line) is not significant as we expect higher multiples if a qualitatively 

different configuration from Sweet-Parker is observed. 

The artificial resistivity term is included in the governing equations for the main purpose 

of numerical stability.  

Nonetheless, its effect on the mid-plane characteristics and the reconnection rate was 

investigated by varying only that parameter and keeping all others constant as mentioned in 

Table 1. Fig. 14(a) illustrates the mid-plane characteristics for the transverse magnetic field in 

variation with the artificial resistivity parameter. In the range 0.01- 0.025 much deviation cannot 

be observed. However in the limit 𝜂𝑦 → 0 a larger variation can be observed.  

This divergence can also be spotted in the variation of the mean reconnection rate with 

the artificial resistivity parameter illustrated in Fig. 14(b). This rate is plotted as a factor of the 

Sweet-Parker rate (ESP).  

 

 
 

Figure 14(a) 

 



World Scientific News 165 (2022) 33-65 

 

 

-59- 

 
 

Figure 14(b) 

 

Figure 14. (a) The transverse magnetic component along the mid-plane and (b) mean 

reconnection rate with artificial resistivity of 0.005, 0.010, 0.015, 0.020, 0.025 

 

 

 

The red solid line represents the theoretical Sweet-Parker rate which is 1.0 factor of ESP. 

The errors corresponding to the mean reconnection rate shows an increase with increasing 

magnitude of the parameter. It is necessary to keep the artificial resistivity parameter within the 

range (0.01 – 0.02) due to the divergence in the vanishing limit and larger errors in upper limits. 

More number of runs may be needed for higher parameter values to achieve steady state and 

for reducing errors. 

The variation of the mid-plane transverse magnetic field Bx with respect to the outside 

magnetic field parameter B0 are presented in Fig. 15(a). The value 0 0.3B   has a large 

deviation. Compared with the typical B0 value of 0.2 used in most simulations presented, the Bx 

behavior corresponding to 0 0B   and 0 0.05B   have a much more linear nature as expected 

in a typical Sweet-Parker solution. The mid-plane geometry of the transverse magnetic field Bx 

is known to impact the formation of current sheets [28]. Variation of Bx along 0x    was found 

to be linear in a Sweet-Parker result by Uzdensky & Kulsrud [28] as opposed to a cubic behavior 

predicted earlier [18, 28, 29]. However, in regard with the parameter changes done, the mid-

plane variation approached the linear behavior as 0 0.05B  . This subtle variation might be 

attributed to the open boundary conditions used in the outflow region. 
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The variation of y-component of velocity with respect to outside magnetic field parameter 

B0 has no considerable deviation and is linear. Fig. 15(b) presents the variation of the mean 

reconnection rate as a factor of the Sweet-Parker rate (ESP) with outside magnetic field 

parameter. The red line represents the theoretical Sweet-Parker rate which is 1.0 factor of ESP. 

The heavy diffusion of the Bx component is expected in a Sweet-Parker solution due to 

the destruction of the Petschek shock structures. Geometry of Bx  for 0 0.2B   in the mid-plane 

was the only area of deviation encountered in comparison with previous results. Even so, this 

did not affect the steady state current density variation noticeably, and the end result agreed 

with Uzdensky and Kulsrud [18] 

The mean rate representative becomes exceptionally close to the 1.0 ESP factor for low 

values of B0. This may be the reason we also notice the critical linear Bx behavior in the mid-

plane at those values. At higher B0 values the error gets considerably noticeable which mean 

the system may need longer runs to achieve higher accuracy. Keeping B0 within 0.1 to 0.2 is 

suitable for this model. 

Mid-plane transverse magnetic field and mean rate with different values of the parameter 

M are presented in Fig. 16(a) and 16(b). In contrast to initiating from a Sweet-Parker type 

condition, a steady state 𝐸-field approaching from a Petschek type initial configuration has 

higher errors. The rates are stable with 7.3% variation when M goes from 1.0 to 3.0 (almost 3 

times). Unlike other parameters there is no clear variation in Bx towards any direction as M is 

increased from 1.0 to 3.0. Heavy diffusion can be noticed as the initially high magnitude 

2.0xB   near 0.8y    drops to 0.3 0.15 . Higher reconnection rates represented by the uniform 

electric field fall and lower rates rise for a point in the incoming boundary. Fig. 16(c) shows Ez 

going through transient phase and achieving almost steady nature at point 4, 0.9x y   (inflow 

boundary) for various values of M parameter. The 40,000 time steps correspond to about 4 A  . 

 

 
 

Figure 15(a) 
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Figure 15(b) 

 

Figure 15. (a) The transverse magnetic component along the mid-plane and (b) mean 

reconnection rate with outside magnetic field of 0.0, 0.05, 0.1, 0.2, 0.25, 0.3 

 

 

 
 

Figure 16(a) 
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Figure 16(b) 

 

Figure 16. (a) The transverse magnetic component along the mid-plane and (b) mean 

reconnection rate with parameter M of 1.0, 1.5, 2.0, 2.5, 2.75, 3.0 

 

 

 
 

Figure 16(c) 

 

Figure 16(c). Ez going through transient phase and achieving almost steady nature at inflow 

boundary for M parameter values of 1.0, 1.5, 2.0, 2.5, 2.75, 3.0 
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6.  CONCLUSIONS 

 

The simulated model in this study can be considered under the framework of uniform 

resistivity where the plasma was considered to be incompressible. The equations governing the 

time evolution were derived from basic theory and an explicit finite difference scheme accurate 

up to first and second order was used as the implementation mechanism. A free plasma outflow 

boundary was used where the effect from the seperatrix region was neglected for simplicity.  

The steady state results involving the field and velocity distributions were presented 

initially for a typical set of parameters. These solutions were consistent with the Sweet-Parker 

theory re-iterating the fact that the steady state solution under uniform resistivity is always the 

Sweet-Parker result independent of the initial conditions used. Any effect from the separatrix 

region does not have a major contribution for this process. A mean reconnection rate 

representative was introduced where the steady state reconnection was found to be

(1.12 0.02) SPE  and (1.24 0.08) SPE  for the two sets of initial conditions. These are very 

similar to the Sweet-Parker result (1.0 ESP) and deviations are owing to the accumulated errors 

in the numerical scheme.  

The mean rate showed little variation (about 5.3%) as physical viscosity was varied from 

0.02 to 0.5. Mid-plane behavior of 𝐵𝑥 was observed to diffuse less when viscosity was 

increased. The rate representative was relatively stable for artificial resistivity with only 2.6% 

variation for a range of 0.01 to 0.02. Artificial parameters are usually kept in a low value so the 

stated range is most suited. Mid-plane 𝐵𝑥 showed heavy diffusion with increasing value of said 

parameter in contrast to viscosity.  

The model showed quite high sensitivity for parameter 𝐵0 (representing external field) 

with rate increase by a factor of 1.6 for a range of 0 to 0.3. Limiting behavior of 𝐵𝑥 became 

linear as 𝐵0 was reduced. Keeping the parameter value at 0.1 to 0.2 is ideal to avoid distortions 

in the solution. The rate representative was relatively stable with 7.3% variation as parameter 

M was increased from 1.0 to 3.0.  Having obtained the steady state results, no characteristic 

formations deviating from the Sweet-Parker solution was observed from the studied model 

under typical performance.  

 

 

References 

 

[1] Adhikari, B. and Khanal, R., Introduction to the Plasma State of Matter. Himalayan 

Physics 4 (2013) 60-64 

[2] Haverkort, J. W., & Peeters, T. W. J. Magnetohydrodynamics of insulating spheres. 

Magnetohydrodynamics, 45(1) (2009) 111-126 

[3] Loureiro, N. F., Stanislav B. Collisionless Reconnection in Magnetohydrodynamic and 

Kinetic Turbulence. The Astrophysical Journal 850(2) (2017) 182.  

[4] Yamada, M., Kulsrud, R. and Ji, H., Magnetic reconnection. Reviews of Modern 

Physics, 82(1) (2010) 603-664 

[5] Torbert, R. B. et.al, Electron-scale dynamics of the diffusion region during symmetric 

magnetic reconnection in space. Science, 362( 6421) (2018) 1391-1395 



World Scientific News 165 (2022) 33-65 

 

 

-64- 

[6] Schmitz, H. and Grauer, R., Kinetic Vlasov simulations of collisionless magnetic 

reconnection. Physics of Plasmas, 13(9) (2006) 092309 

[7] Lazarian, A. et al., Fast magnetic reconnection and energetic particle acceleration. 

Planetary and Space Science, 59(7) (2011) 537-546 

[8] Yamada, M., Kulsrud, R. and Ji, H. Magnetic reconnection. Reviews of Modern Physics, 

82(1) (2010) 603-664 

[9] Wu, S. et al. The Role of Magnetic Reconnection in CME Acceleration. Space Science 

Reviews, 121(1-4) (2005) 33-47 

[10] Kadomtsev, B. B., Tokamaks and dimensional analysis. Sov. J. Plasma Phys. (Engl. 

Transl.); (United States), 1:4, (1975) 531-535 

[11] Sweet, P. The Neutral Point Theory of Solar Flares. Electromagnetic Phenomena in 

Cosmical Physics, 6 (1958) 123 

[12] Parker, E., Acceleration of Cosmic Rays in Solar Flares. Phys. Rev. 107(3) (1957) 830-

836 

[13] Loureiro, N. and Uzdensky, D., Magnetic reconnection: from the Sweet–Parker model 

to stochastic plasmoid chains. Plasma Physics and Controlled Fusion, 58(1) (2015) 

014021 

[14] Petschek, H., (1964) Magnetic Field Annihilation AGNETIC FIELD ANNIHILATION, 

DTIC. Available at: https://apps.dtic.mil/sti/citations/AD0425751 (Accessed: 5 January 

2021) 

[15] Biskamp, D., Magnetic reconnection via current sheets. Physics of Fluids, 29(5) (1986) 

1520 

[16] Loureiro, N., Schekochihin, A. and Cowley, S., Instability of current sheets and 

formation of plasmoid chains. Physics of Plasmas, 14(10) (2007) 100703 

[17] Mandt, M., Denton, R. and Drake, J., Transition to whistler mediated magnetic 

reconnection. Geophysical Research Letters, 21(1) (1994) 73-76 

[18] Uzdensky, D. and Kulsrud, R., Two-dimensional numerical simulation of the resistive 

reconnection layer. Physics of Plasmas 7(10) (2000) 4018 

[19] Malyshkin, L., Linde, T. and Kulsrud, R., Magnetic reconnection with anomalous 

resistivity in two-and-a-half dimensions. I. Quasistationary case. Physics of Plasmas 

12(10) (2005) 102902 

[20] Lazarian, A. and Vishniac, E., Reconnection in a Weakly Stochastic Field. 

Astrophysical Journal, 517(2) (1999) 700-718 

[21] Pongkitiwanichakul, P., Makwana, K. and Ruffolo, D., Driving reconnection in sheared 

magnetic configurations with forced fluctuations. Physics of Plasmas, 25(2) (2018) 

022114 

[22] Samtaney, R., Loureiro, N. F., Uzdensky, D. A.,  Schekochihin, A. A. and Cowley, S. 

C. Formation of Plasmoid Chains in Magnetic Reconnection. Physical Review Letters, 

103(10) (2009) 105004 



World Scientific News 165 (2022) 33-65 

 

 

-65- 

[23] Mandt, M., Denton, R. and Drake, J., Transition to whistler mediated magnetic 

reconnection. Geophysical Research Letters 21(1) (1994) 73-76 

[24] Ma, Z., Bhattacharjee, A., Fast impulsive reconnection and current sheet intensification 

due to electron pressure gradients in semi-collisional plasmas. Geophysical Research 

Letters, 23(13) (1996) 1673-1676 

[25] Biskamp, D., Schwarz, E. and Drake, J., Two-fluid theory of collisionless magnetic 

reconnection. Physics of Plasmas, 4(4) (1997) 1002-1009 

[26] Morales, L. et al., The role of Hall currents on incompressible magnetic reconnection, 

Advances in Space Research, 37(7) (2006) 1287-1291 

[27] Nakamura, T. et al., Hall magnetohydrodynamic effects for three-dimensional magnetic 

reconnection with finite width along the direction of the current, Journal of Geophysical 

Research: Space Physics, 117(A3) (2012) 

[28] Uzdensky, D. and Kulsrud, R. (1998). On the viscous boundary layer near the center of 

the resistive reconnection region. Physics of Plasmas, 5(9), pp. 3249-3256. doi: 

10.1063/1.872992 

[29] Priest E.R. and Cowley S. W. H., Some comments on magnetic field reconnection. 

Journal of Plasma Physics 14(02) (1975) 271-282 


