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ABSTRACT
The importance of modeling stand structure in forestry cannot be over emphasized as it has
become imperative for forest managers to quantify and predict the growth and yield of the forest estate.
However this requires distribution models that are useful in predicting growth and yield over the years.
Therefore this study modelled the diameter distribution of Nuclea diderrichii in Forestry Research
Institute of Nigeria. Data were collected from four different years (2011, 2012 and 2013). Two
distribution functions which include 2p weibull and Gamma distribution function were fitted to the data
set. More so, two fitting methods which include maximum likelihood and method of moment were
adopted for fitting the weibull and gamma distribution. The criteria for assessing the best fitting
procedure were based on Kolmogorov-Smirnov, Cramer-von Mises, and Anderson-Darling test. The
Kolmogorov-Smirnov, Anderson darling value of the weibull was 2.2e−16 and 2.927e−06. While the
Kolmogorov-Smirnov, Anderson darling value of the gamma distribution was 2.2e−16 and 2.930e−06
respectively. Therefore, method of moment was judged to be the best fitting procedure for estimating
both the weibull and gamma distribution in the study area. The application of the weibull and Gompertz
model provided information on average height and volume per hectare. The information provided in this
study is useful for management decisions such as prescribing silvicultural treatment to the Nuclea
diderrichii plantation.
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1. INTRODUCTION
Forest stands are often affected by a number of conditions such as mortality, competition,
anthropogenic and climatic factors. These conditions often give rise to different stand structures
which results in tree stands occupying different diameter classes. The frequency distribution of
diameter provides initial information on the structure of the forest stand (Ogana and Ekpa,
2020). The information provided by this diameter frequency distribution allows forest managers
to understand the number of trees which occupy a certain diameter class as this would assist the
manager in product specification based on management objectives.
As a result of the need to understand the progressive change in stand structure over the
years, distribution models have been developed and applied with a view of understanding the
changes in diameter class and the number of trees which occupy a particular diameter class.
These distribution models also afford the forester to estimate expected future yield from the
forest stand. The choice of a distribution depends on the following criteria including flexibility,
simplicity of estimation proportion in diameter classes and simplicity of parameter estimation
method. Ogana and Abwage in (2018) reported that the accuracy of a distribution function is
dependent on the estimation method adopted. Different estimation methods have been proposed
and used to fit distribution functions to tree diameter data including maximum likelihood,
moment, percentiles, least square estimation methods, etc. (Onafurume, 2019; Ureigho, 2017).
A number of distribution models have been used and applied by different authors to
different forest. Ogana and Abwage (2018) did a comparison of gamma, lognormal and weibull
functions for characterizing tree diameters in natural forest in Ikrigon Cross-river state. The
result of the study recommended the minimum distance estimation and percentiles methods for
fitting the functions to tree diameter data. Furthermore, Shamaki et al., (2019) estimated the
parameters of the Weibull distribution for Gmelina arborea in Nimbia forest reserve-Nigeria.
The result of the study indicated that the weibull cumulative distribution function was best for
fitting data in the study area. Ogundipe et al., (2018) also modeled the diameter distribution of
Nauclea diderrichii in Omo forest reserve using the Johnsons SB distribution and concluded
that the method of moment was best in modeling diameter distribution in the study area.
The importance of modeling stand structure cannot be over emphasized as this has proved
useful in providing valuable information concerning distribution of trees and their respective
sizes. This information allows the manager of the plantation to have a good understanding of
proportion of trees available for harvesting, the required silvicultral treatment to be applied to
the stand and the expected yield over a certain period of time. Modeling diameter distribution
requires the identification of suitable function and appropriate estimation method that will yield
the best estimate for the parameters of the candidate function (Ogana and Abwage, 2018).
Nauclea diderrichii is a dominant indigenous tree species with excellent and versatile use.
Its excellent properties, versatile nature and its eminent suitability for an array of uses such as
medicine and food are well documented. Despite its versatility, Ogundipe et al., (2018) opined
that the plantations of these species in Nigeria are not sustainably managed. Although efforts
have been made to collate data on the Nauclea diderrichii plantation at Forestry Research
Institute of Nigeria (FRIN), Ibadan however the available information on the current growth
rate and future yield expectation are still lacking.
This study was therefore tailored towards modeling the diameter distribution of Nauclea
diderrichii and model the parameters of the distribution in order to provide information of
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expected growth and yield as these would aid effective management and application of
silvicultural treatments.

2. METHODOLOGY
This study was carried out on the Nauclea diderrichii plantation located in Forestry
Research Institute of Nigeria, Ibadan Oyo state (Fig 1). It is located on latitude 3° 51' 43" and
07° 23' 18" N and longitude 03° 51' 20" and 03° 51' 43" E (Fig 2). It is characterized by dry
harmattan wind; the wet season is between April to October with occasionally strong winds and
thunderstorms. It is also characterized by a double peaked rainfall pattern (June and July and
September and October). Relative humidity is 74.6%, the mean maximum and minimum
temperature are 39°C and 24.3°C, respectively while the mean daily relative humidity is about
71.9% (FRIN, 2021). The Nauclea diderrichii plantation was established in year 2011 and three
other set (2012, 2013, and 2014) were subsequently established. For the purpose of this study
plantation year 2011, 2012 and 2013 were used (Table 1).

Figure 1. Nuclea diderrichii plantation at FRIN, Ibadan
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Figure 2. The Study Area
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Table 1. Table showing Age and Area of each age series.
Age Series

Area (Ha)

11

0.65

10

0.93

9

0.76

Total

2.34

2. 1 .Data collection
A stratified random sampling technique was adopted in laying out temporary sample plots
(TSPs) across three age series. The plantation was stratified based on their age series (3 strata).
Total enumeration was carried out across the age series. In each age series, all individual trees
were counted, diameter at the base, middle, top, and the diameter at breast height (dbh; 1.3 m
above ground) as well as total height of all trees above 10cm dbh were measured using Spiegel
Relascope The summary statistics of data used are presented in Table 2.
Table 2. Summary Statistics.

Variables

Mean

Min

Max

Standard Deviation

dbh

19.15

10.5

36

4.57

H

15.35

7.6

23

2.87

BA

0.03

0.01

0.10

0.001

Hd

17.87

15.9

21.8

1.77

N

782.75

400

1056

276.08

G

19.03

5.41

63.62

9.34

Dg

19.51

16.02

22.94

2.56

Dbh = diameter at breast height (cm), H = Stem height (m), BA, Basal Area (m2), Hd =
Dominant height (m), N = Number of stands/ha, G = Basal Area/ha and Dg = Quadratic mean

2. 2. Data Computation and Analysis
Stand variables such as dominant height (𝐻𝑑), density (N), quadratic mean diameter (𝐷𝑞 )
and mean diameter (𝑑̅ ) were computed from inventoried data.
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1. Dominant Height
The four (4) tallest trees per plot (representing the 100 tallest trees per hectare) were
selected and their heights measured. The average height of the 4 tallest trees served as the
dominant height for each plot. The dominant height is estimated by:
Plot size = 20 m × 20 m = 400 𝑚2
Plot size is converted to hectare by dividing the plot area by 10,000 𝑚2
Therefore 400 𝑚2 = 0.04 ha.
100 trees = 1ha
Xtrees = 0.04
Xtrees =

100𝑡𝑟𝑒𝑒𝑠×0.04ℎ𝑎
1ℎ𝑎

≈ 4𝑡𝑟𝑒𝑒𝑠

2. Quadratic Mean Diameter
The quadratic mean diameter is calculated using the equation
4000

𝐷𝑞 = √

𝜋

𝐺

×𝑁

[1]

where 𝐷𝑞 = quadratic mean diameter, G = basal area/ha, N = number of trees/ha and 𝜋 =
3.142.
3. Arithmetic Mean Diameter and Height
The arithmetic mean diameter and height will be calculated with the equation [2]

𝑋̅ =

1
𝑛

∑𝑛𝑖=1 𝑋𝑖

[2]

where 𝑋𝑖 = values of inventoried diameter and height; n = number of observed tree stands in
each plot.
2. 3. Model Specification
2p Weibull Distribution
The two parameter weibull distribution was fitted to the data with an assumption that the
location parameter was set at 0. The probability density function is given as:
𝛾

𝑥 𝛾−1

𝑓(𝑥) = 𝛽 {(𝛽)

𝑥 𝛾

. 𝑒𝑥𝑝 − (𝛽) }

[3]

The cumulative distribution function is given as:
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𝑥−𝛼 𝛾

𝑓(𝑥) = 1 − 𝑒𝑥𝑝 − (

𝛽

)

[4]

Gamma Distribution
The gamma probability density function is given as:
𝑥 𝑎−1

𝑓(𝑥) = 𝛽𝑎𝛾(𝑎) exp (− 𝑥⁄𝛽 )

[5]

While the gamma cumulative density function is given as:
𝐹(𝑥) =

𝛾𝑥/𝛽 (𝛼)

[6]

𝛾(𝛼)

Fitting Method
Maximum Likelihood
The estimation method used by Nanos and Montero (2002) and Gorgoso et al. (2012) to
estimate the parameters of the distribution by maximum likelihood is given as:
𝑐
∑𝑛
𝑖=1(𝑥𝑖 ) ln 𝑥𝑖
𝑐
∑𝑛
𝑖=1(𝑥𝑖 )

1

1

𝑐

𝑛

− = ∑𝑛𝑖=1(𝑥𝑖 )

[7]

1

1

𝑐
[ ∑𝑛𝑖=1(𝑥𝑖 )𝑐 ]
𝑛

𝑏=

[8]

Method of Moment
The method of moment used by Stankova and Zlatanov, (2010); Gorgoso et al. (2012)
and Ogana et al. (2015) was used to estimate the Weibull parameters.
𝑏=

𝑑̅ `

[9]

1
𝑐

𝛾(1+ )

𝜎2 =

̅̅̅̅
𝑑2
1
𝛾2 (1+ )
𝑐

2

1

[𝛾 (1 + 𝑐 ) − 𝛾 2 (1 + 𝑐 )]

[10]

The method of moment for the Gamma distribution is given as:
𝑎=
𝑏=

𝑑̅ 2

[11]

𝑠2
𝑠2
𝑑̅

[12]

Criteria for comparing the fitting method
The following goodness of fit measures was used in this study:
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Kolmogorov smirnov (K-S) test: The goodness of fit (GOF) was evaluated using the
Kolmogorov-Smirnov (K-S) test 5% significance level. This test was used to compare the
estimated cumulative frequency and the observed frequency. Anderson-Darling (A-D) and
Cramer von mises (CvM) goodness-of-fit statistics were also considered as model selection
criteria.

3. RESULTS
Diameter distribution

(a)

(b)

(c)

(d)

-254-

World Scientific News 160 (2021) 247-262

(e)
Figure 3a-e. Estimated diameter distribution by 2p Weibull and Gamma Distribution

Graphical analysis of the relative frequency and diameter distribution (Fig 3a-e) is
indicative of a plantation where larger numbers of trees occupy the middle diameter class while
a lower number occupy the lowest and highest class. Graphical analysis was carried out across
selected plots; the weibull and gamma distribution appeared to give an equal estimate of the
diameter class for Figures 3 b, c and d. However both distributions performed poorly in
estimating the middle diameter class of Figure 3a. Furthermore, the weibull distribution
appeared to have fitted the data better than the gamma distribution.
Comparison between fitting methods
The methods adopted for this study has been used in fitting the 2p weibull and Gamma
distribution and the result of the study is shown in Tables 3. The result of the study indicates a
variation in methods adopted in estimating the parameters of the distributions. Comparisons
made between maximum likelihood and moment for the 2p weibull distribution shows that the
method of moment performed best in estimating the parameters of the 2 parameter weibull
distribution because it recorded the lowest fit indices values. The indices for assessing the
suitability of the fit was based on Kolmogorov Kolmogorov-Smirnov statistics, AndersonDarling, Cramer-von Mises test. The result of the study shows that the MLE recorded a higher
K-S, A-D and CvM value (0.401, 0.5488, and 0.526 respectively). While the method of moment
recorded a K-S, A-D and CvM value of 2.2𝑒 −16 ,2.927𝑒 −06 and 2.2𝑒 −16 respectively.
Furthermore, the comparison carried out between the method of maximum likelihood and
moment for estimating the parameters of the Gamma distribution shows that the method of
moment performed best in estimating the parameters of the gamma distribution. The method of
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moment had a K-S value of2.2𝑒 −16, A-D value of 2.9271𝑒 −07 and a CvM value of 2.2𝑒 −16.
Also to note is that the best fitting method should have the lowest K-S, A-D, and CvM value.
Also the method of moment gave a more consistent parameter estimate than all other fitting
methods.
Table 3. Fit Indices for 2p Weibull and Gamma Distribution.

Distribution

Method

K-S

A-D

CvM

MLE

0.401

0.5488

0.526

MOM

2.2𝑒 −16

2.927𝑒 −06

2.2𝑒 −16

MLE

0.4994

0.5994

0.582

MOM

2.2𝑒 −16

2.930𝑒 −06

2.2𝑒 −16

2p Weibull

Gamma

Application of 2p weibull distribution in simulating stand structure at 20 and 30 years
Since the method of moment performed best in estimating the parameters of the
distribution, the parameters of the distribution were recovered for each of the plots and it was
used in simulating what the stand structure of the forest would look like in coming years (20
and 30 years). The application of this method provides a basis upon which the number of trees
in each diameter class can be known and as a result, allowing for product specification
depending on the management objective. In order to project what the stand structure would look
like in coming years, the quadratic mean and dominant height were modeled as a function of
stand variables such as dominant height (Hd) and age. Thereafter, the coefficients of quadratic
mean and dominant height were projected into different years (20 and 30). The result of the
stand structure is presented in figures 4 and 5; the result shows that in 20 years’ time, greater
number of tree stands will be concentrated between the diameter classes of 20 - 55 cm.
Furthermore, the projection made in to 30 years also shows that greater number of tree stands
will be concentrated between the diameter classes of 30 cm – 80 cm.
Models for predicting quadratic mean and dominant height are presented in equations 13
and 14:
𝐷𝑔 = 𝑎 ∗ 𝐻𝑑 𝑏 ∗ 𝐴𝑔𝑒 𝑐

[13]

𝐻𝑑 = 𝑎 + 𝑏𝐴𝑔𝑒 −1

[14]

The models were fitted to the data set and the resulting equation was:
𝐷𝑔 = 8.254 ∗ 𝐻𝑑0.548 ∗ 𝐴𝑔𝑒 −0.223

[15]

𝐻𝑑 = 3.512 − 11.386𝐴𝑔𝑒 −1

[16]
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Figure 4. Projected stand structure in
20 years

Figure 5. Projected stand structure in
30years

Application of the Weibull distribution to estimate density, height and volume by
diameter class for the Nuclea diderrichi stand
The gompertz and Sloboda H-D function was used in estimating the average tree height
for the stand. The Gompertz model gave more realistic height estimation for the stand than the
Sloboda function. Therefore the Gompertz function was used in estimating the average height
for the stand (Table 4).
Table 4. Estimated height, volume and number of trees/ha
Plot

N/ha

Height

Volume

Mean Volume/ha

5-10

1

6.95

0.014

0.014

10-15

5

8.61

0.046

0.231

15-20

25

10.43

0.107

2.680

20-25

78

12.36

0.206

16.085

25-30

179

14.34

0.353

63.143

30-35

298

16.33

0.555

165.412

35-40

333

18.28

0.819

273.055

40-45

213

20.16

1.152

245.489
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45-50

62

21.94

1.555

96.471

50-55

6

23.61

2.031

12.191

55-60

0

25.16

2.580

0

60-65

0

26.57

3.201

0

65-70

0

27.86

3.891

0

70-75

0

29.01

4.650

0

75-80

0

30.05

5.473

0

80-85

0

30.98

6.358

0

85-90

0

31.80

7.303

0

90-95

0

32.52

8.305

0

Total
Volume

874.774

Fitted Gompertz Model
𝐻 = 1.3 + 36.087 ∗ exp(−2.322 ∗ exp(−0.030 ∗ 𝑑𝑏ℎ))

[17]

Regression Models for the 2p Weibull and Gamma distribution
In modeling the parameters of the 2p weibull distribution, the parameter prediction
method was used. This involved modeling the relationship between the parameter of the
distribution and stand variables. A simple linear regression model was used in predicting the
scale parameter of the weibull distribution. An assessment of the linear relationship between
the scale parameter and the quadratic mean showed that the model was able to account for 99%
of the dependent variable (scale parameter) was explained by the predictor variable (Dg).
Moreso, a low residual standard error (0.0344) was recorded for the regression model. The
shape parameter was also modeled by relating the shape parameter quadratic mean diameter
and age.
1. Modelling the scale parameter of the weibull distribution
𝑆𝑐𝑎𝑙𝑒 = 𝑎 + 𝑏𝐷𝑞
where a and b are regression parameters and 𝐷𝑞 is quadratic mean diameter.
𝑆𝑐𝑎𝑙𝑒 = −0.343 + 1.075𝐷𝑞

[18]

𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟 = 0.0344, 𝐴𝐼𝐶 = −763.529, 𝑅 2 = 0.999
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2. Modelling the shape parameter of the Weibull distribution
𝐷𝑔

𝑆ℎ𝑎𝑝𝑒 = exp(𝑎 + 𝑏 (𝐴𝑔𝑒))

[19]

The fitted model becomes:
𝐷𝑔

𝑆ℎ𝑎𝑝𝑒 = exp(2.535 − 0.443 (𝐴𝑔𝑒))
𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟 = 0.477, 𝐴𝐼𝐶 = 282.300
3. Modelling the scale parameter of the Gamma distribution
In modeling the scale parameter of the gamma distribution, a two parameter non linear
regression model was developed in predicting the scale parameter of the distribution.
𝑆𝑐𝑎𝑙𝑒 = 𝑎 ∗ (1 − 𝑏 ∗ 𝐵𝐴)
The fitted model then becomes:
𝑆𝑐𝑎𝑙𝑒 = 0.461 ∗ (1 − (−0.001 ∗ 𝐵𝐴))

[20]

𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟 = 0.233, 𝐴𝐼𝐶 = −10.160
4. Modelling the shape parameter of the gamma distribution
In modeling the shape parameter of the gamma distribution
𝑆𝑐𝑎𝑙𝑒 = 𝑎 ∗ (1 − 𝑏 ∗ 𝐵𝐴)
The fitted equation then becomes:
𝑆𝑐𝑎𝑙𝑒 = 3.386 ∗ (1 − 0.00053 ∗ 𝐵𝐴)

[21]

𝑅𝑒𝑠𝑖𝑑𝑢𝑎𝑙 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐸𝑟𝑟𝑜𝑟 = 6.178, 𝐴𝐼𝐶 = 1332.353

3. DISCUSSION
The diameter distribution generally obtained in this study is indicative of a plantation
where larger numbers of trees occupy the middle diameter class while a lower number occupy
the lowest and highest class.This is typical of plantation forest (Husch et al., 2003; Ige and
Adesoye 2017).
3. 1. Comparison between fitting methods
The fitting methods carried out for the weibull distribution showed that the method of
moment performed better than the maximum likelihood. The result of this study contradicts the
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result obtained by Ogana and Gorgoso-Varela (2015) who reported that the method of
maximum likelihood gave a more consistent parameter estimate for the Oluwa forest reserve
than the method of moment and percentile.
This variation may be attributed to difference in data structure and location because data
for this study was applied to Nuclea diderrichii plantation and the later was applied to a natural
stand. However, Ogana (2020) also suggested that methods such as L-moment, MLE, Moment,
Rank and WLS estimators can be used to fit Weibull function to both symmetric and
asymmetric stands. It is also important to note that the most frequent and widely used estimation
methods for the weibull distribution are the maximum likelihood and method of moment.
However, the method of moment has gained more acceptances over the maximum likelihood
method and the wide acceptation of the method of moment can be attributed to simplicity in
method of estimation unlike the method of maximum likelihood that requires complex
algorithms to estimate the parameters of a distribution.
Furthermore, the methods used for fitting the Gamma distribution showed that the method
of moment also gave a more consistent parameter estimate than the maximum likelihood
method. This result agrees with the suggestion made by Ogana and Gorgoso-Varela (2015) that
fitted the Gamma distribution using the method of moment. Although the gamma distribution
gave a poor fit to the data because it was applied to a natural forest but they also suggested that
the gamma distribution would provide a more consistent parameter estimate using the method
of moment when applied to a plantation forest. Ogana and Gorgoso-Varela (2015) also opined
that minimum distance estimation (MDE) weighted by Kolmogorov-Smirnov, percentile and
maximum likelihood estimation methods are also suitable for modeling the gamma distribution.
3. 2. Comparison between weibull distribution and Gamma distribution
Comparison made between the weibull and gamma distribution showed that the weibull
distribution gave a better fit for the data. Graphical analysis of the result also showed that the
weibull and gamma distribution gave an over estimate of the lower and middle diameter class
for some of the stands. Studies detailing the use and application of weibull and gamma
distribution have shown that the weibull distribution is more suitable in describing the structure
of plantation.
Ogana and Gorgoso-Varela (2015) compared the gamma, 3p weibull and Beta
distribution in Oluwa forest reserve and found out that the weibull distribution was superior to
the other distribution. This superiority can be attributed to the flexibility of the weibull
distribution in describing various stand structures.
3. 3. Models for predicting the parameters of the distribution
In modeling the parameters of the weibull distribution, the relationship that exists
between the scale parameter and the quadratic mean diameter was used in predicting the scale
parameter. This was done by relating the scale parameter of the weibull distribution with a stand
variable (quadratic mean diameter). The Weibull distribution offers the advantage of simple but
reliable estimation procedures. One of these is the (scale) parameter β being given at a
remarkable point of the function free, i.e. independent from the shape parameter γ. Because
quadratic mean lies very close to this point, it correlates empirically very tightly with this
parameter and thus allows for a trustful simple estimation. Prediction of these parameters allows
the future characterization of diameter distribution of the stand.
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3. 4. Application of 2p weibull distribution in simulating stand structure at 20 and 30 years
The application of this method provides a basis upon which the number of trees in each
diameter class can be known and as a result, allowing for product specification depending on
the management objective. If the manager of the forest decides to harvest for pole production,
with the information provided by the stand structure the manager of the plantation would
harvest the tree stands at age 20 years. The number of tree available for harvest is also made
available. However, if the manager of the plantation is also interested in tree stands that are able
to provide timber, he would harvest at age 30. This is because, at age 30, greater number of
trees would have occupy a higher diameter class.

4. CONCLUSION AND RECOMMENDATION
Modeling stand structure is important in predicting forest growth and yield, determination
of product specification through distribution of trees into diameter class and also prescribing
silvicultural treatments such as thinning, pruning and selective harvesting. The result of this
study shows that the method of moment is suitable for modeling diameter distribution using
Weibull and Gamma distribution in Nuclea diderrichii plantation in Forestry Research Institute
of Nigeria. The application of the weibull distribution and Gompetrz model provided
information for average height of different diameter class and volume per hectare.
This information is useful in determining the amount of tree stands to be harvested and
also product specification. Therefore the weibull distribution is recommended for modeling the
diameter distribution of the stand. Furthermore, it is recommended that if the plantation is to be
harvested for pole production the recommended age is 20 years while that of timber is 30 years.
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