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ABSTRACT

We extend results of Campbell of the linear systems of differential equations A x + Bx = f when
A and B are rectangular, and results of Kanan of solution of a class of singular linear systems of
difference equations A x,,, + Bx, = f,, when A and B are square, to such systems of difference
equations when A and B are rectangular. Explicit solutions of the last one are derived for several cases.
One such is, when the matrix (14 + B) is one-to-one, another case is when such matrix is onto, for a

scalar A € C. Also, explicit solutions are derived for the case that A is onto, and for the case that B is
onto.
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1. INTRODUCTION
For many applications it is necessary to solve the linear systems of difference equations
Axpi1+ Bxy, = fp, n=0

when A and B are rectangular matrices, x,, is a column vector and f;, is an arbitrary function.
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The system of difference equations is called over-determined if A,B € C™*" and m > r.
This means that, more equations than unknowns. And it is called under-determined if A,B €
C™ " and r > m, this means that, more unknowns than equations.

In this paper, we extend results of Campbell on linear systems of differential equations
with singular coefficients [1], and results of Kanan [2] to the linear systems of difference
equations when the coefficients matrices are rectangular. So we will use the Moore-Penrose
generalized inverse of the matrices [3-7], and the Drazin inverse the matrices [8-10]. For some
concepts and studies of linear singular difference systems you can see [11-22].

We shall consider an important special case of each type. That is, for each case, the
general solution will be given.

We will investigate the equation A x,,,; + Bx, = f,, when the matrix 14 + B is one-to-
one and when it is onto. Also, we will consider the case when A is one-to-one and when it is
onto. The same thing for the matrix B. We give closed form solutions for the homogenous
equations and for the nonhomogeneous equation, when the matrix AA + B is one-to-one, and
when it is onto. Also, we give closed form solutions of A x,,,; + Bx, = f, for the case A is
onto, and for the case B is onto.

Throughout this paper, C™*" is the set of m X r complex matrices. The range of 4 is
denoted by R(A), the null space of A is denoted by NV (A4). A" is the transposed conjugate
complex of A. The conjugate of A is denoted by 1. The Trace of A is denoted by Tr(A4). | is an
identity matrix, O is a zero matrix such that 0° = 1.

2. PRELIMINARIES

In this section, we introduce some of basic concepts that are important to understand our
proofs in the next section.

Definition 2.1. Let A € C™ ™. The Drazin inverse of A is the unique matrix A? € ¢C™m*™
satisfies the following conditions:

(i) APAAP = AP,
(ii) AAP = APA
(iii) A*T1AP = A%,
where k = Ind(A) is called the index of A, it is the smallest non-negative integer such that
rank(4%) = rank(4**1).

Note that AP always exists, and AP = A=! for Ind(A) = 0. Properties, algorithms for
computing A? can be found in [9, 10].

Definitions 2.2. If A € C™ ", then AT € C™*™ is unique, and it is called the Moore-Penrose
generalized inverse of A if it satisfies the following condition
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(1) AATA =4,
(2) ATAAT = Af,
(3)  (AAT)* = AAT,
(4) (ATA)=ATA
Properties, algorithms for computing AT can be found in [5].
Definition 2.3. A vector ¢ € C" is called a consistent initial condition for the difference
equation A x,,1 + B x,, = f,, if the initial value problem Ax,,; +Bx, = f,, Xo = ¢,

n =1,2,.., possesses at least one solution for x,,.

Proposition 2.1. Suppose that A € C™*7.
Then

R(A) = N(4")".

Lemma 2.1. [2] The homogeneous difference equation A x,,; + B x,, = 0 is tractable if and
only if there exist a scalar 2 € C such that (14 + B) ™! exists.

Theorem 2.1. [2] Suppose that A x,,,1 + B x, = 0, with rank(4) =1 and Tr(A) # 0, is
tractable.
Then the general solution is given by

_{ —(I+K)gq, ifn=0
" (APB)g, ifn=1,23,..
where g € C™,
—(Tr (A) — aq1) aiz A1m
Tr(A) Tr(A) " Tr(A)
az1 —(Tr(4) — ayy) Aom .
= Tl m m
K= Tr(A) Tr(A) Tr(4) e C™
a;;;l _(TT(A) - amm)
a1 Qg aim
Ay=(QA+B) A= A1 d_g_z a.zfn ,
am1 amz amm

B, = (AA+ B)™'B.
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3. THE MAIN RESULTS

In this section, we extend results of Campbell [1] on linear systems of differential
equations A x + Bx = f,, inthe case A and B are rectangular matrices, and results of Kanan
[2] to the linear systems of difference equations A x,,.1 + Bx, = f,, n =0, when A and B
are rectangular.

In this section, let 4, B € C™*", so AA + B is singular. Let A is a scalar in C.
We define

P=(A+B)(AA+ B)T,
when A4 + B is one-to-one, and
P =14+ B)T(1A + B),

when 14 + B is onto, where (A4 + B)T is the Moore-Penrose generalized inverse of the matrix
AA + B.

Theorem 3.1. Suppose that A x,,,; + Bx,, =0, n = 0, where A, B € C™*".

Then A x,,,; + Bx, =0, n >0, is tractable if and only if AA + B is one-to-one for some a
scalar 1 € C.

Proof. The first direct is proven in Theorem 3.4 in [2].

Suppose now that AA + B is one-to-one for some a A € C. We know that every solution of

A Xp41 + Bx, = 0 is asolution of Ax,,; + Bx, = 0. Since A4 + B = I, the latter equation
is tractable, therefor A x,,.; + Bx, = 0 is tractable.

Theorem 3.2. Suppose AA + B is one-to-one for some a scalar A € C. Then all solutions of
Ax,,1+ Bx, =0where A,B € C™ ", are given by

x, = (=4°B)"q, n=0, )
where
A=QA+B)t4, B=QA4+B)B,
and g must satisfy
q = AAPqand [I — QA+ B)(A+ B)T) A A°(-4APB)"q =0, n > 0. 2)
Proof;SupposeAthat AA + B is one-to-one. So by Theorem 3.1 A x,,,; + Bx, = 0 istractable,
then Ax,,,; + Bx, = 0 is tractable. If x,, is a solution of A x,,; + Bx,, =0 then x, is a

solution of Ax,,, + Bx, = 0. Since AB = BA and 14 + B = I. Hence by Theorem 2.1
(replacing (I + K) by AAP ) we have
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Xn ,

_ AAPq, ifn=0
(—APB)"q, ifn=1,23,..

Xy = (—ADF?)nq, where g = AAPq.

By substitute from x,, in A x,,; + Bx, = 0 we get

or

Thus

or

But

Hence

A(-APB)"™ q + B(—APB)"AAPq = o,
(—AAPBAAP + BAAD)(—ADB)”q = 0.
(—AAPB + BAAP)(-APB)"q =0
(BA + AB)AP(-APB)"q = 0.

AB = A(AA + B)'B
=A(AA+B)T(QA+B)—A(QA+B)T14
=A—-21A (1A + B)tA
=A—(A+B)YAA+B)TA+B (14 +B)t4A
=[I-QAA+B)(14+B)t]A+BA.
(BA + AB)AP(-APB)"q
=(BA—[I-(1A+B)1A+B)t 14— B A)AP(-4APB)"q

= —[I — (A4 + B)(A + B)t |44 (-4APB)"q = 0.
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Corollary 1. If 1A+ B is one-to-one, and V' (14* + B*) = N(4*) n V(B*), then all
solutions of A x,,,; + Bx, = 0 are given by

xn = (—APB)"A4Pq.
where q is an arbitrary vector.
Proof.

R(AA + B)* = W (14" + BY)
= N (4") NV (BY).
But from Proposition 2.1
R(A) L N (A)*,

so that

R(A) € R(AA + B)*.
Thus

[l — (144 + B)(A4 + B)' 1 AAP(-APB)"q =0, n =0,

forall g € R(AAP).

Theorem 3.3. Suppose A4 + B is one-to-one, and A x,,,; + Bx, = f, is consistent. Then all
solutions of such equation are given by

xp = (—APB)"AAPq + AP ST2(—APB)" T + (1 — AAP) SHA(~ABP) B fovi , (3)
where
A= QA+ B)tA, B= 14+ B)'B, k = Ind(A), and f, = (AA + B)1f, .
Proof. Let
P=(QA+B)(AA+ BT
then A x,,1 + Bx, = f, isequivalent to
PAx,,, + PBx, = f,, (4)

(I = P)(Axpi1 + Bxp) = (I = P)fy. (5)
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But (4) is equivalent to
Axn+1 + Exn = f;u (6)

since (1A + B)TP = (14 + B)T. The equation (6) is consistent by Theorem 2.1 and uniquely
determines x,,. Thus (I — P)f;, is determined by (5).

Note that A x,,,; + Bx, = f, is consistent if and only if (5) satisfied, where x,, given by (3).
We can use (5) by several ways. For example, in Lemma 2.1 f,, was given as zero and (5) was
used to determine the consistent initial conditions. On the other hand view x, as given and use
(5) to determine the consistent f,, as in the following corollary.

Corollary 2. If 214 + B is one-to-one, and A4, B € C™*7, then there exists f,, for which A x,,., +
Bx, = f, is inconsistent.

In the following, we discuss the special cases, when A is one-to-one, and when B is one-to-one.
The next theorem gives the necessary and sufficient conditions for the solutions x,, of the initial
value problem to be unique.

Theorem 3.4. The equation

Axpy1+ Bxy, =0, xo=¢,n=1,2,... ,

has unique solutions for all x, if and only if A is one-to-one (ATA = 1) and R(B) € R(A),
(AATB = B).

Proof. Assume that A x,,.; + Bx, = 0 has unique solutions for all x,. Then by (2),
APB x, = x, for all x,. From this we get

A=A+ B4,

hence A is one-to-one. New, to prove that AATB = B. If we multiply A x,,,; + Bx, = 0 by
AAT we get

AATA x,,., + AATBx, =0,
or
A xp +AATBx, = 0.
So, every solution of Ax,.;+ Bx, =0 also satisfies Ax,,; + AATBx, =0. Thus
ATA Bx, = Bx,, for all solutions x,,. Hence ATA B = B.
Conversely, assume A is one-to-one. This means that ATA = I. Also, assume ATA B = B. Then
x,, is a solution of Ax,,; + Bx, = 0 if and only if x is a solution of A x,,, + ATBx, = 0.

However A x,.; + ATBx, = 0 has unique solutions for all x,.

Theorem 3.5. Suppose AA + B is one-to-one, where A and B are rectangular, and
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N(24" + B*) = N (A") N V' (BY).
Then A x,,1 + Bx, = f, isconsistent if and only if
[I-(QA+B)YA4+B)T]f, =0.

Proof. Suppose that A4 + B is one-to-one and N(ZA* + B*) =N(4A") N N (B*). We can see
that (14 + B)(1A + B)1 is the identity on R(14 + B). But

R(AA+B) = V(14" + B*)
= (W (A") NN (B*))* 2 R(4) UR(B).
Thus
(AA+ B)(AMA+B)TA = 4,
and
(AA+B)(A4 + B)'B = B.
Hence for any x,,, if we take f, = A x,,,1 + Bx, we get
(AA+B)QA+B)f, = f,.
We can note that,Aif (AA + BA)(AA + Ei)’ffn =Afn then Ax,., + Bx, = f, is equivalent to
Axanl + Bx, = f,. Since Ax,,, + Bx, = f, is consistent, so Ax,.4+ Bx,=f, IS
consistent.
New, we discuss the case when A4 + B is onto. Thus, note that
P =14+ B)T(1A + B),
S0 Ax,4+1 + Bx, = f, becomes
APxy,41 + BPx, = f, — A(I — P)x41 — B(I — P)xy,
or equivalently
A(QA+ B)T[(A4 + B)x,] + BAA + B)T[QA+ B)x,]1 = f, — A — P)xXpyq —
B(I — P)x,, . (7
But

A(AA + B)T[(AA + B)x,] + [B(AA + B)T] =1,
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so, (7) in terms of (AA + B)x,, is a differential equation, that it has a solution.

Theorem 3.6. Suppose A is one-to-one. Then A x,,., + Bx, = f,, is consistent if and only if
fn is of the form

fo = AAThnGB - AAT)Bgn (8)
where h,, is an arbitrary function, and
n-—1
gn = (~ATBY" + 4T Y (AtB)™ T, O
i=0

q an arbitrary consistent. Conversely, if f,, has the form (8), then g, given in (9) is general
solution of A x,,; + Bx, = f,.

Proof. Assume that A is one-to-one. Then multiplying 4 x,.;; + Bx,, = f, by AT, then by
1 — AAT we get

Xn+1 T ATan = ATfnr (10)
(I — AADBx, = (I — AADfy, (11)

s0, A x,.1 + Bx, = f; is equivalent to the last pair of equations. We can choose AATf, to be
arbitrary, we say AATh,. From (10) x, is determined uniquely in terms of ATf,. Then
(I — AAT)f,, results from substituting x,, into (11).

We can get a similar result if B is one-to-one.

Theorem 3.7. Suppose B is one-to-one. Then A x,,1 + Bx, = f, is consistent if and only if
f is of the form

fo = BB-I-hn +U - BBT)Agn+1 (12)
where h,, is arbitrary and
n-1
gn = [~(BYAPT'(BTA° (BT A)g + (BT ) [~(B* )11 BTh,
k-1 r=0
+1 = (BT (BT ) (~BTA) B hy, (13)
i=0

where k = Ind(B*A), q an arbitrary constant. Conversely, if £, has the form (12) then g,, in
(13) is the general solution.

Proof. Suppose B is one-to-one. By the similar way in Theorem 3.6 then A x,,1 + Bx, = f,
Is equivalent to the pair
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BYAxni1 + X = B'fy, (14)

and
(I = BBNAx,y = (I = BBNf,, (15)
BBTf, can be chosen arbitrary, we say BBTh,,. Then (14) uniquely determines x,, given (12).

Substituting x,, into (15) gives (I — BBT)f,.
The next theorem gives closed form solutions when A4 + B is onto, under some conditions.

Theorem 3.8. Suppose A4 + B is onto, and f,, is n-times differentiable. Let
In = fn — All = (AA+ B)T (A4 + B))hyyy — B[l — (AA + B)T(AA + B)]h,,

where h,, is an arbitrary and (n + 1)-time differentiable vector valued function. Then all
solutions of A x,,,; + Bx, = f, are given by

Xn =
n-—1

k-
(AA + B)t |(-APB)"AAPq + AP Z( —APBY" " g, + (1 - APA) z (—AB")'BP gn+i]
+[I—(A+B)T (AA0+ B)]hy =

where g an arbitrary constant vector, k = Ind(4), and

A=AQA+B),B=B1A+B)'.
The next theorem comes from Theorem 3.8 by set A = 0 and noting that B = I, and A = AB*.
Theorem 3.9. Suppose B is onto, then all solutions of A x,,,; + Bx, = f, are given by

n-1

xn = B[ (~(ABDP)"(ABN(AB")’q + (ABNY )" (~(ABH*)™ 1 g, + [1 -
=0
k-1

(ABY?(ABD)] ) (~ABY) gusi + (1 — B*B Ihy,

i=0

Theorem 3.10. Suppose A4 is onto, then all solutions of A x,,,; + Bx, = f, are given by

= AT[(=BANY'q + ) (~BAN 1 gi] + [ = ATAThy,

where h,, is an arbitrary function, and g,, = f,, — B[l — ATA]h,,.
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Proof. Assume A is onto. We can rewrite A x,,,1 + Bx, = f, as
(Axn41) + BAT(Axy) = fo — B[l — ATA]x, . (16)

Setting [I — ATA]x,, arbitrary, we can solve uniquely for Ax,,, ATAx, = x,, to get (16).

4. CONCLUSION

Our study showed the importance of the matrix AA + B in explicating the solutions of the
linear system of difference equations A x,,,, + Bx, = f,,, where A and B are rectangular. All
solutions of such system was given for the cases: AA + B is one-to-one, A4 + B is onto, A is
onto and B is onto, we hope that this study can be applied to linear systems with nonconstant
coefficients.
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