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ABSTRACT
Extending the operating domain of 3D geometric differential operator expands also the range of
its operations onto paired 3D dual reciprocal spaces as well as the scope of their validity into paired 3D
multispatial structures. Intraspatial duality principle for paired 3D dual reciprocal spaces is inferred from
differential operations performed on the dual reciprocal 3D spaces. The new scalar differential operator
SCovar as multiplicative inverse of the scalar gradient differential operator SGrad is proposed here to
deliver scalar components of covariant differentials in order to accommodate both the operational and
structural legitimacy of differential and integral operations performed in 3D dual reciprocal spaces.
From preliminarily formulated abstract intraspatial duality principle a generalized interspatial duality
principle is deduced and the connection of paired multispatial structures established. It is shown that the
finegrained geometric differential operator GDiff acts simultaneously in each of the paired dual
reciprocal spaces, which is its formerly unknown operational feature.
Keywords: Paired 3D dual reciprocal spaces, scalar covariant differential operator SCovar, 3D potentials
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1. INTRODUCTION
Due to operational ambiguities of the traditional nabla differential operator pointed out
and criticized by Tai [1] and by few others, I have decided to redefine differential operators in
a much more finegrained fashion in [2]. Although I am not satisfied with the preliminary
redefined differential and nondifferential operators because of structural incompleteness of 3D
vectors, which I tend to consider as maimed quaternions, it had to be done for physical
applications relying on vectorial representations of their kinematics and dynamics, including
physical concepts (such as forces) for the most part. Nevertheless, it is believed that 3D vector
fields can be viewed as, and identified with, the outcomes of differential operators [3].
David Hestenes and his collaborators have made remarkable advances contributing to the
efforts aiming at reformulation of classical mechanics in terms of multivectors in the spirit of
geometric algebra originally invented by Grassmann and then algebraized by Clifford and
eventually presented as a universal language for mathematical sciences based on the duality of
geometric products in conjunction with algebraic operations [4], [5]. The importance of
associating purely algebraic structures underlying the algebraic operations with the geometric
structures being operated on was an inspiration for me to develop my new synthetic approach
to mathematical and physical sciences.
Yet trying to use the geometric algebra for expressing some problems in higher than 4D
realistic (i.e. experimentally verifiable, not merely theoretical) situations is conceptually
problematic, to say the least. The problem is not always that certain highly prized (and often
quite successful in making experimentally verified physical predictions) theories are wrong, but
rather that they are seemingly quite right while being either incomplete or conceptually
unsatisfactory or mathematically questionable, at least in principle.
One of the best examples of such conceptual problems is the celebrated – and rightly so
– Dirac equation, which is a great achievement of quantum physics. Therefore, today almost
nobody in her right mind dares to expose its mathematical problems. Nevertheless, Dennis
Morris wrote: “Technically, an equation makes sense only if all elements in the equation are
elements of the same division algebra – you cannot multiply a frog by a duck. Technically, the
traditional Dirac equation is a nonsense in that the usual set of gamma matrices are elements of
a 16-dimensional division algebra and the Dirac spinor upon which the gamma matrices act is
8-dimensional (two pairs of complex numbers) and is not an element of a division algebra.” –
see [6] for more details. Note that the quoted statement of D. Morris does not really criticize
the achievements of Dirac but just points out the possibility that perhaps there exists a more
advanced (mathematically) physics that lays beyond the traditional Dirac equation. I do not
think that D. Morris asserts the impossibility of mating an ostrich with a lioness in order to
produce the winged lion that was the emblem of ancient Babylon, for the conceptually
incomplete traditional Dirac equation is still useful, but the critique could permit us to harness
the power of the mathematical syntheses that underscore the need for matching structures to
procedures, and vice versa – which is the essence of my new synthetic approach to mathematical
sciences – for us to clearly see the now partly veiled truths. Allowing to present such critical
assessments is crucial for understanding the physics instead of just “rote learning” of rules
which are then discarded at one’s whim as it is often the case in the mathematical and
mathematized sciences.
While the unquestionable success of the operation of exterior product  typified by Elie
Cartan in the conception of differential forms is highly praised, the noticeable absence of the
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intersection (i.e. the meet product)  that Grassmann has already recognized as the counterpart
of the exterior product, is tacitly ignored indication that the enthusiastic approach to building
up nD spaces by just stacking dimensions upon each other like bricks – as envisioned by both
Grassmann and Riemann – is untenable for n>4. The achievements of all the past
mathematicians and physicists (and especially those tackling issues of topological and settheoretical flavor, which I did not mention here on purpose, not by omission) certainly
contributed enormously to our comprehension of abstract spatiality and dimensionality and thus
remain forever enshrined in history of mathematics. But their tacitly veiled neglect of several
other quite unambiguous and unquestionable achievements, causes the – noble as they were –
efforts of Grassmann, Riemann and many of their followers to stay in the compartment labelled
as “history of mathematics”, because they cannot belong to the new mathematics that could not
afford to just ignore the – unquestionably valid and never contested – achievements of Abel,
Galois and especially that of Lagrange, to name just a few.
The ideas of Grassmann and Riemann pertaining to abstract dimensionality are backward
compatible, but their inspirational value failed to produce uncontroversial results. Keeping
silence about failures does not make them acceptable. On the contrary: it creates confusion even
among greatest mathematicians, not to mention those great physicists who blindly follow the
confused mathematicians. After all, physics is just a comment on the mathematical concepts
whose governing laws underlie physical concepts and ideas.
I could add several other names of outstanding mathematicians who offered and pursued
impressive ideas but failed to recognize the mathematical drivel that was post factum associated
with great names from the past in order to convey the message of invincibility of their ideas
just because these were built upon the ideas of the great minds.
Gauss, for one, had invented several ingenious concepts, but the validity of some of them
unrecognizably deteriorated, yet nobody was allowed to speak – not to mention write – about
their deterioration, at least I was not. The concept of Gaussian curvature, for example, should
have been deprecated as soon as the formulas of Frenet-Serret have been comprehended (even
though their implication is not really understood, judging by their usage in academic books and
scientific papers). I admit that the Gaussian curvature is often very good practical
approximation for most calculations. Yet, making deductions or just casual inferences from
approximations is doomed to create possible nonsenses. Therefore, although I still admire the
once formidable achievements of Gauss, Grassmann or Riemann, for instance, I must admit
that some of their great ideas are now virtually deprecated and thus do not belong to the
theoretical mathematics anymore, even though they will always belong in the history of the –
troublesome as lacking imagination – development of mathematical sciences.
I would not mind if someone want to erect an alter to their idols. But to fool doctoral
students or just deceive the other scientists who may not have the expertise in other than their
own specialty areas, and thus must rely on opinions of the declared experts that perpetuate
deprecated ideas as if they still were true and valid, is an intellectual fraud, to say the least.
Since the declared experts conspicuously ignored the – uncontestable, though perhaps
somewhat misunderstood and thus embarrassingly silenced – achievements of Abel and Galois,
both of whom effectively capped the dimensionality at four, I had to venture into the areas of
abstract spatiality and (higher than four) dimensionality. For polynomials, which can be seen
topologically as compacted 3D geometrical objects just as soda cans run over by a car actually
still remain 3D objects, despite being flattened into trashy 2D scrap metal, and particularly that
of Lagrange, who discovered that after attaining to the 4th degree/dimension one has to count
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down the following higher than four dimensions instead of increasing them as Riemann and
most of the other mathematicians expected – compare [7], [8].
No matter how ingenious the mathematics created by Grassmann, Riemann and all the
others was, since they ignored the aforesaid achievements of Abel, Galois and Lagrange, the
previous and subsequent rationalizations of allegedly unrestricted dimensionality must be
rectified. Higher than fourth dimensions cannot be established within single geometric space.
Their implementation requires multispatial structures. One of the methods for implementation
of the quasispatial structures is pairing of 3D spaces equipped with homogeneous algebraic
bases. However, the pairing, demands unrestricted division by zero, which evidently requires
forfeiture of the nonsensical prohibition of division by zero – see [9], [10].
The distinction I made between ‘comprehension’ and ‘understanding’ is based upon the
Richard Feynman’s famous statement that nobody really understands the two-slit experiment
at the core of quantum mechanics, yet many people can comprehend it (without understanding
it) and successfully teach the theory. In the fairly informal parlance above, comprehension is
associated with the formal term ‘intention’ that is conventionally used in most abstract
discussions of formalized theories.
Recall that meanings in formalized theories are identified with the pair
extension/intention [11] pp. 16, 46. Extensions of constructs are relative to the reference relation
when a universal is predicable of a thing [11] p. 12f. Intention is conventionally identified with
comprehension or connotation [11] pp. 22, 33. Intensions are relative to the entailment relation
like comprehension between constructs [11] p. 12f. This recapitulation is helpful for
understanding the following reformulation of the famous Gödel’s incompleteness theorem
(GIT).
The GIT “{can paradoxically be read as asserting that any theory T which is axiomatized
in predicate logic, and in which a certain minimum of arithmetic can be (syntactically) carried
out, is semantically inadequate. For if G is a formula which is true in [an intended model] N but
not provable in T, we have for any logically true formula H with the same rank as G, that
Ext N (H) ⊆ Ext N (G) but Int (G) ⊈ Int (H)

(1)

[with Ext and Int standing for Extension & Intention, respectively …] The paradox lies in that
GIT was read as proving that any such T is semantically adequate. [ … ] The GIT is, in fact,
often interpreted as proving that we must accept “non-standard” models in our semantics for
such [theories] T’s, that is, as arguing for a broader semantics for formal number theories. The
ambiguity here resides in that, within set-theoretic semantics, at least two distinct explications
of reference are possible, hence two distinct “semantics” […] GIT can also be described, in a
natural way, as proving the syntactical inadequacy of certain theories, in that not all semantical
truths of arithmetic can be captured syntactically. }” – see [11] p.24.
What I want the reader to grasp from the above interpretations of the GIT is that some
mathematical nonsenses are not the reflection of a failure of our mathematical minds, but can
emerge as a consequence of the way our thoughts regarding mathematical relationships
apparently existing in the abstract mathematical universe, are formed in our minds and then
transcribed on paper. In the sense my critique of mathematical nonsenses is not aimed at the
mathematicians that had – inadvertently or intentionally – created them. Yet nonsenses should
be rectified no matter how they were created. My critique targets the arrogance of the unduly
influential scientists who assume that, because they have solved a problem or advanced an idea,
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they have attained superior knowledge and thus are able to judge (which usually means: reject
or just censor and suppress) all the inconvenient ideas that could contradict – at least in part –
their own ideas. There are no final unimprovable ideas or theories nor allegedly absolutely valid
theorems, even if these have been meticulously proven, because they all depend on the –
inevitably changing – even if unspoken, paradigms. For changing even a single paradigm can
adversely affect the validity of some derivations.
I am not trying to discount any incomplete theories. Developing incomplete theories is
the natural way to go and it is perfectly fine with me. But the tacit suppression of constructive
critiques and of the inconvenient theories is the problem, both scientific – because even
childishly simple yet previously quite unanticipated experimental results have not been
reconciled until I had dismantled some tacitly veiled mathematical nonsenses, and in general.
2. 3D DIFFERENTIAL OPERATORS REVEAL FORMERLY UNRECOGNIZED
EXTRA MATHEMATICAL REALITY
Differential operators evaluated as multiplicative compositions of certain finegrained
fundamental threedimensional (3D) differential operations can reveal presence of – formerly
unrecognized – algebraic operational infrastructure comprising multiple 3D homogeneous
paired spaces [2]. This very result, which I had already recognized by different methods before,
convinced me to redefine the differential operators at a deeper, finegrained level.
The vector-valued finegrained geometric differential operator GDiff apparently requires
abstract pairing of dual 3D reciprocal spaces for the differential operations encapsulated in the
operator to be completely performed [2]. The envisaged quaternionic reformulation of
differential operators shall be proposed elsewhere.
The apparently required expansion of range – as well as the extension of the operational
domain subtly implied by the expansion – for the operations performed by the differential
operator GDiff to be successfully completed, demand unprecedented in mathematics paradigm
shift. In other words: the necessary conceptual shift from the traditionally unspoken single space
reality (SSR) paradigm to multispatial reality (MSR) paradigm demanded very significant
redefining of some algebraic as well as a few field-related and differential operators.
Preliminary steps to redefine the differential and a few nondifferential operators for compliance
with the forthcoming MSR paradigm have already been taken in [2].
The presentation presumes that representation of differentials takes place within moving
at a constant unit speed trihedron which constitutes Frenet frame. Local scalar potentials and
their reciprocals also are depicted relative to the virtual moving trihedron. This approach intends
to make the prospective physical predictions experimentally verifiable. Since potential energy
is a function associated with the given force field – even though its value is taken at a point
within the field – one may ask what is the projected meaning of local scalar potential within the
trihedron? Perhaps the closest mathematical analogy is supplied by string theory, which defines
potential energy as arising from the work that must be done to stretch the segments that
comprise the moving/vibrating string [12].
By the same token I view the local potential energy within the moving (and twisting
during the motion) abstract trihedron as the energy that enables the work being done to twist
the trihedron that moves through the given geometric space; it compensates for the energy spent
on the twisting. Recall that the moving trihedron is viewed mathematically as the Frenet frame
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that moves like a screw and the twist must be compensated for by the local potential energy if
the energy is to be balanced just as transfer of money is balanced in accounting. Nothing comes
(or happens) for free in the physical universe and just as money comes from somewhere and it
must go somewhere else (i.e. into another account) in order to keep it flowing, so is also the
energy that plays the role of currency in physics. Therefore, if some contributing parts of the
given force field’s potential energy were disregarded, as it routinely was the case in the past, its
balancing was not really correct.
Concise introduction to potential understood as the capacity of space or electrostatic
charge can be found in [13], [14]. Traditional mathematical approach to Newtonian potential is
found in [15], [27]. Certain aspects of the Cauchy problem were concisely discussed in
reference to local differential operators in [16], [17], and to superharmonics in [26]. The
traditional approach to potential energy and its capacity was presented in [18]. For existence
theorem for capacities see [19] p. 88, [24]. For noncommutative potential theory see [20].
Potential understood as a positive superharmonic function defined in a set that is not
harmonic function has been discussed in [21]. Gravitational potential is understood as the work
done by a test particle or as the work done by the field [22]. Conservative field is specified by
the work function or force function because derivative of the work being done [represented by
potential] determines the force [23], [25]. Potential with respect to active gravitational mass (as
the product of matter density and potential) is discussed in [28].
In the present paper, however, I prefer to view the notion of local potential as the capacity
to generate force field via the varying rate of change – which is commonly expressed by
differential – of the local field of potential energy, not as a capacity of space. In other words:
The rate of change appears as if generating an abstract charge, whereas the potential energy
field is a feature of the physical space. This method/approach is consistent with dual reciprocal
approach to spatial representation, in which case the representation becomes effectively
temporal yet with definitely geometric features within 3D spatial structures.
The temporal representation does not defy the conventional depiction of scalar potentials
as functions of geometric spaces, because it is intended for compatibility with proceduralized
operations, which are essentially temporal features of the algebraic and differential operations
that are to be sequentially launched from the operational procedures that hold the operators to
be subsequently executed/performed. Nevertheless, the traditional usage of differential
operators epitomized in the conventional nabla operator can be confusing, mainly because some
algebraic and differential operators yield identical or nearly identical expressions, sometimes
concealed due to inconsistent notations. An example of confusion present in tensor calculus due
to inconsistent notations is given in [29]. However, various equilibristic presentations of tensor
calculus are not only the outcome of the traditional mathematical disregard for truthfulness but
also of the haughty perception of aspiring adepts of mathematics by their unduly influential
tertiary teachers, who apparently consider them as idiots just to be indoctrinated or discarded if
the students would ever dare to stand up and demand candor, which they would not, of course,
for fear of reprisals.
Having said that, I must admit that some confusing mathematical inconsistencies are not
as much the result of misunderstanding of the operational mathematics itself, as that of the often
unconcealed contempt for an operationally sound and structurally constructible notion of
infinity, whose rejection disparaged the possibility of division by zero and consequently
entrenched the unjustified yet uncontested SSR paradigm as the sole foundation of almost all
pure mathematical reasonings.
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Comprehensive critique and thorough exploration of features of the differential operator
nabla was offered by Chen-to Tai in [1]; see also [30], [31], and [32]. That is why I have
proposed a few finegrained operators (both differential and nondifferential) in [2].
Implementation of reciprocal operations relies on the possibility of quite unrestricted
division by zero, the actual operational feasibility of which was demonstrated and explained in
[9], [10]. The division by zero has been implemented via reciprocal multiplication by
mathematical infinity, whose structurally sound definition demands pairing of dual reciprocal
spaces. These (and related) topics shall be further exemplified in forthcoming papers, some of
which have already been submitted for publication. Since in the case of conformal structure
infinity was avoided [19] p. 13, in the traditional approach to potential theory nonexistence of
singularity can be implied by certain expressions in Euclidean space [19] p. 32.
The methodology of my research relies on my (new) synthetic approach to mathematics.
The essence of it is matching operational procedures to the corresponding to them geometric or
quasigeometric structures. For there is no point in postulating existence of structures which
cannot be constructed. Operating on impossible to construct structures is also pointless. I am
not saying that research should disregard spaces that do not exist, such as 5D Riemann space
ℝ5 [33] but presenting them as if they were realistic makes mathematics repugnant. For
existential postulates – often disguised as definitions – are inadmissible and so is proposing of
faulty axiomatic systems that tacitly create defective theories, which then generate nonsenses,
some in the form of fake (i.e. not just false but rigged) “theorems” – see [34].
3. SUMMARY OF THE GEOMETRIC DIFFERENTIAL OPERATOR GDIFF
The vector-valued geometric differential operator GDiff that acts on a 3D scalar function
F(x,y,z) = F(P) = Fp(P) = F(P(p)) was defined in [2] on 3D Euclidean ℝ3 space P spanned over
a set of number points and equipped with an orthogonal homogeneous vectorial and algebraic
basis p=e1,e2,e3 where n=1,2,3 runs through three directional unit vectors j,k,l. It evaluates to:
𝐺𝐷𝑖𝑓𝑓 𝐹(𝑃) ≔ ∑𝑛[𝑒𝑛 ∘

𝜕𝐹𝑛 (𝑥 𝑛 )
𝜕𝑥 𝑛

= 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 + ∑𝑛 [𝐹𝑛 (𝑥 𝑛 ) ∘

𝜕𝑒

+ 𝐹𝑛 (𝑥 𝑛 ) ∘ 𝜕𝑥𝑛𝑛 ] = 𝐴𝐺𝑟𝑎𝑑 𝐹(𝑃) + ∑𝑛 [𝐹𝑛 (𝑥 𝑛 ) ∘

𝜕𝑒𝑛 1

𝑛
𝜕𝑠 𝜕𝑥

] = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 + ∑𝑛 {[𝐹𝑛 (𝑥 𝑛 ) ∘

𝑑𝑠

(−1)

= 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 (𝑃) + 𝐺𝑇𝑤𝑠𝑡 𝐹{𝑃𝑑𝑝𝑠 ∙ 𝑉𝑛

𝜕𝑒𝑛
𝜕𝑠

(−1)

] ∙ 𝑉𝑛

𝜕𝑒𝑛 𝑑𝑠
𝑑𝑠 𝜕𝑥 𝑛

]=

(𝑠)} =
(2)

(𝑠)}

which splits in an algebraic setting into the algebraic gradient operator AGrad defined as:
𝐴𝐺𝑟𝑎𝑑 𝐹(𝑃) = ∑𝑛[𝑒𝑛 ∘

𝜕𝐹𝑛 (𝑥 𝑛 )
𝜕𝑥 𝑛

(3)

]

and the locally geometric vectorial twisting differential operator GTwst that is defined as:
𝜕𝑒

𝐺𝑇𝑤𝑠𝑡 𝐹(𝑃) ≔ ∑𝑛[ 𝐹𝑛 (𝑥 𝑛 ) ∘ 𝜕𝑥𝑛𝑛] = ∑𝑛 [𝐹𝑛 (𝑥 𝑛 ) ∘
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𝜕𝑒𝑛 𝑑𝑠
𝑑𝑠 𝜕𝑥 𝑛

] = ∑𝑛 [𝐹𝑛 (𝑥 𝑛 ) ∘

𝜕𝑒𝑛 1

𝑛
𝜕𝑠 𝜕𝑥
𝑑𝑠

]=
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= ∑𝑛 {[𝐹𝑛 (𝑥 𝑛 ) ∘

𝜕𝑒𝑛
𝜕𝑠

(−1)

] ∙ 𝑉𝑛

(𝑠)} = 𝐺𝑇𝑤𝑠𝑡 {𝐹(𝑃)𝑑𝑝𝑠 ∙ 𝑉𝑛(−1) (𝑠)} =
(4)

= 𝐺𝑇𝑤𝑠𝑡 {𝐹𝑇𝑢𝑟𝑛 𝐹𝑝 (𝑃) ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠)}

where the operator GTwst, splits into two parts: FTurn and VRecip, even though the eq. (2) is
evaluated under the SSR paradigm. The light dot ∘ acts just like the bold dot that indicates scalar
multiplication of vectors; it can be applied to any vectorlike algebraic tuples, not only vectors.
The small dot ‘∙’ denotes an interspatial algebraic multiplication whose operands can belong to
distinct spaces and be cast in different bases of the same pair of dual reciprocal spaces. The
form of the differential operator GDiff resembles that of Lie derivative under the SSR paradigm.
Notice that in both prototype equations (2) and (4) the prime differentials are split by
multiplying them by the formal differential unity 1 = ds/ds which is identity always valid in
orthogonal homogeneous 3D spaces.
Nevertheless, even legitimate application of the identity must cause a split into two
geometric spaces if the required homogeneity of the algebraic basis is supposed to be intact and
thus the orthogonality too is to be preserved. Recall that truly realistic geometric space is
characterized not only by distance – as it is usually defined – but also by the possibility of
presence of multiplicatively reciprocal distances (i.e. both points and intervals, in general), even
if the reciprocals are included in certain dual reciprocal spaces associated with the primary
geometric spaces. The latter contingency was usually unmentioned.
Now I can define the single directional scalar covariant differential operator SnCovar as:
(−1)

𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) = ∑𝑛 𝑉𝑛

(𝑠) = ∑𝑛

𝑑𝑠
𝜕𝑥 𝑛

= 𝑆𝐺𝑟𝑎𝑑(𝑠) ⟹

1
𝜕𝑥𝑛
𝑑𝑠

≕ 1 / 𝑆𝑛 𝐶𝑜𝑣𝑎𝑟(𝑠)

(5)

which is the directional component (in the nth direction) of the full-fledged scalar differential
operator SCovar to be discussed in more detail later on and elsewhere.
This summary rearranges the terms and definitions and thus slightly improves over the
definitions originally proposed in [2]. But it was not quite appropriate – though not impossible
– to define the inverse scalar differential operator SCovar, which is truly covariant and inverse
with respect to the scalar gradient differential operator SGrad, to be defined before discussing
the contravariant and covariant representations in [2] without risking (unfair) accusation of
making circular definitions.
The geometric differential operator GDiff is destined for use within the moving trihedron
i.e. the Frenet frame that moves along the given trajectory curve and is codetermined by the
kinematics of the object/function comoving with the trihedron. Presence of the reciprocal term
means that the differential operator GDiff induces pairing of dual reciprocal spaces and thus
virtually reveals the – formerly unanticipated – existence of a quasigeometric multispatial
structure that is needed to accommodate the chain of operations performed by the operator
GDiff. Note that while the superscript conventionally indicates contravariant variable, the
negative superscript (-1) in parentheses denotes here and henceforth a reciprocal entity (i.e. an
inverse power), not contravariance that it commonly denotes without parentheses.
The reciprocal pseudodifferential operator is an inverted reciprocal that virtually depends
on the arclength s yet apparently is shown as vector also in yet another space equipped with a
dual reciprocal basis q, with respect to the space P with its homogeneous native orthogonal
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algebraic basis p. The pseudodifferential operator VRecip shall be further explained elsewhere
in the framework of the dual reciprocal space Q (equipped with its own algebraic native basis
q), because both the path s and the differential of basis dps with respect to the path s, are shown
above in terms of the basis p of the primary space P and thus belong in the framework of the
primary space P, not Q. The differential operator GDiff demands specific locations of the
objects that serve as its operands within the spaces, consistent with the objects’ symbolic
representations in the native algebraic basis of each space.
The differential operator FTurn means “function turn”. It acts on a function F() (in the 3D
primary space P with its native algebraic basis p) about the function’s arclength-based path s
𝐹𝑇𝑢𝑟𝑛 𝐹(𝑃) ≔ ∑𝑛 𝐹𝑝 (𝑃) ∘ 𝑑𝑝𝑠 = ∑𝑛 𝐹𝑛 (𝑥 𝑛 ) ∘

𝜕𝑒𝑛
𝜕𝑠

= ∑𝑛 𝐹𝑝 (𝑃) ∘ 𝑑𝑝𝑠 =
(6)

= 𝐴𝐹𝑢𝑛 𝐹𝑝 (𝑃) ∘ 𝐵𝑇𝑢𝑟𝑛 (𝑝)

which amounts to multiplication of the function by the base turn pseudodifferential operator
BTurn acting on the native algebraic basis p of the 3D given primary space P. The algebraic
frame-independent vectorial status of the operators refers to their relevance to the virtual
trihedron that moves and turns with the Frenet frame screw-sliding along the trajectory path.
The form of F(P)dpp is covariant; it has the form of a differential cast in the native basis p of
the primary space P. The basis turning pseudodifferential operator BTurn evaluates to:
𝐵𝑇𝑢𝑟𝑛 (𝑝) = ∑𝑛

𝜕𝑒𝑛
𝜕𝑠

(7)

= 𝑑𝑝𝑠

as both the algebraic as well as pseudodifferential operator are comoving with the (moving and
turning like a screw) virtual trihedron of the given Frenet frame.
The seemingly duplicate concepts such as BTurn (p) equated to dps shall be further
redefined elsewhere. In the future, however, their distinction is going to be handy because in
multispatial setting there may be multiple spaces equipped with quite distinct bases, whereas in
the traditional differential calculus, which was developed under the former unspoken SSR
paradigm, algebraic bases were habitually ignored by default. The VRecip(s) is also a duplicate
concept, because any single space can be paired with many dual reciprocal spaces and thus can
belong to various pairs of spaces within an overarching multispatial structure; this feature shall
also be further explained elsewhere. Once cast within the multispatial setting, the now duplicate
concepts shall become either entirely distinct or only partly overlapping. For now, they appear
as duplicate.
Since the main purpose of the present paper is to demonstrate that even starting with the
SSR paradigm, the apparent multispatiality of representations is evident. Even though often
avoided and sometimes tacitly suppressed in the past, the duplicated definitions are included on
purpose, mainly for backward compatibility with notions of the traditional mathematics.
4. LOCAL SCALAR POTENTIALS AND THEIR RECIPROCAL POTENTIALS
Since Frenet formulas pertain to the transverse components of the geometric differential
operator GDiff [35] and the extra geometric twist differential operator GTwst contains dual

-104-

World Scientific News 137 (2019) 96-118
reciprocal (i.e. inverted) abstract potentials, which are (operationally) foreign entities (if they
were depicted in the native algebraic basis of the given primary space) and thus would require
quite distinct dual reciprocal 3D space Q associated with the usual primary 3D space P, yet
equipped with its own native dual reciprocal homogeneous orthogonal algebraic basis.
Therefore, if we want to keep intact the algebraic, orthogonal homogeneous native basis
of the given primary space P, then we should consider the deployment of an extra dual
reciprocal space Q paired with the primary space with its native basis q, preferably under an
overarching umbrella of an abstract, quasigeometric multispatial hyperspace.
The usual “spatial” speed v(s)t = ds/dt is inverse/reciprocal to the – originally intended to
be reciprocal of the usual speed – dual reciprocal temporal speed v(t)s = dt/ds, which could as
well be called temporal representation of the spatial speed or even “antispeed”, and vice versa.
The inverse relation between the spatial speed v(s(t)) and the temporal speed v(t(s)) is
ds

dt

ds

1

(−1)

{𝑣(𝑠)𝑡 = 𝑑𝑡 & 𝑣(𝑡)𝑠 = 𝑑𝑠} ⟹ 𝑣(𝑠)𝑡 = 𝑑𝑡 = 𝑣(𝑡) = 𝑣(𝑡)𝑠
𝑠

dt (−1)

(8)

= (𝑑𝑠)𝑠

and the left-hand side (LHS) shown in curly braces applies also to its dual reciprocal speed
dt

1

(−1)

𝑣(𝑡)𝑠 = 𝑑𝑠 = 𝑣(𝑠) = 𝑣(𝑠)𝑡
𝑡

ds (−1)

(9)

= (𝑑𝑡)𝑡

both of which sanction the deployment of dual reciprocity of the two expressions for speed (i.e.
scalar velocity). The variables in parentheses, namely s and t signify the dependence of each
speed on the arclength (i.e. path/distance) s and on the temporal interval (i.e. elapsing time) t,
respectively, whereas the same variables used as subscripts denote the independently varying
variable (s or t) in each of the moving trihedrons, “spatial” (i.e. length-based) and temporal,
respectively. This notational association is perhaps not the preferred one, but at this stage of
our reasonings I do not have the right yet to say it differently. But this particular usage shall
become more memorable, and hopefully clearer, in what follows.
The expression (9) is formally analogous to the implication standing on the RHS of (8).
Therefore, the RHS of (8), which is implied directly by the conjunction on the LHS of (8), can
also be viewed as dual reciprocal reformulation of the expression (9), if the latter were read
backwards with the formal roles of their variables interchanged. Notice that the two formulas
for speeds: spatial v(s)t=ds/dt and temporal v(t)s = dt/ds are represented above in essentially
covariant notational convention even though it is not the tensorial one therein.
Contravariant representation of the virtual scalar potential 𝑉𝑛 (𝜕𝑥 𝑛 (𝑠)) described as scalar
function of the rate of change ds of the arclength s taken in the nth direction, where the virtual
scalar potential can be alternatively portrayed also as reciprocal or the inverse scalar potential
(−1)
𝑉𝑛 (1 / 𝜕𝑥 𝑛 (𝑠)) of the rate of change ds of the spatial arclength s. It can be shown as
(−1)

𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑠) = 𝑉𝑛

(𝑠) =

𝑑𝑠
𝜕𝑥 𝑛

= 𝑆𝐺𝑟𝑎𝑑𝑛 (𝑠) =

1
𝜕𝑥𝑛
𝑑𝑠

=

1
(−1)
𝑆𝐺𝑟𝑎𝑑𝑛 (𝑠)

=𝑉

1

𝑛
𝑛 (𝜕𝑥 (𝑠))

(10)

and by analogy to the VRecip(s) I can also offer the – corresponding to it – temporal reciprocal
component VRecip(t) by utilizing the obvious symmetry of the dual reciprocal representations
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(−1)

𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑡) = 𝑉𝑛

(𝑡) =

𝑑𝑡
𝜕𝑥 𝑛

1

= 𝑆𝐺𝑟𝑎𝑑𝑛 (𝑡) =

𝜕𝑥𝑛
𝑑𝑡

=

1
(−1)

𝑆𝐺𝑟𝑎𝑑𝑛

(𝑡)

=𝑉

1

𝑛 (𝜕𝑥

𝑛 (𝑡))

(11)

which apparently spreads in each of the three temporal directions of the 3D temporal geometric
structure Q that is paired with the usual 3D “spatial” (length-based) structure spanned over the
primary space P of distance intervals. Of course, both spaces P and Q are 3D geometric
structures corresponding to each other and related by dual reciprocity of their native algebraic
bases. The eq. (11) also suggests that in the dual reciprocal space Q(t) there should exists a
temporal rate of change dt of temporal arclength t (i.e. arclength of a certain temporal curve t)
that corresponds to the usual “spatial” arclength s, which resides inside the primary space P(s).
The spatial and temporal arcs or intervals are dual reciprocals too.
The virtual scalar potential 𝑉𝑛 (𝜕𝑥 𝑛 (𝑠)) is prototype of the scalar covariant differential
operator SCovar, which is multiplicative inverse of the scalar gradient differential operator:
𝑉𝑛 (𝜕𝑥 𝑛 (𝑠)) =
𝑉𝑛 (𝜕𝑥 𝑛 (𝑡)) =

𝜕𝑥 𝑛
𝑑𝑠
𝜕𝑥 𝑛
𝑑𝑡

(−1)

= 1 / 𝑆𝐺𝑟𝑎𝑑𝑛 (𝑠) = 𝑆𝐺𝑟𝑎𝑑𝑛

(−1)

= 1 / 𝑆𝐺𝑟𝑎𝑑𝑛 (𝑡) = 𝑆𝐺𝑟𝑎𝑑𝑛

(𝑠) ≕ 𝑆𝐶𝑜𝑣𝑎𝑟(𝜕𝑥 𝑛 (𝑠))

(12)

(𝑡) ≕ 𝑆𝐶𝑜𝑣𝑎𝑟(𝜕𝑥 𝑛 (𝑡))

(13)

for arclengths of “spatial” (i.e. length-based) and temporal (i.e. time-based) trajectory paths,
respectively. Evidently the temporal trajectory apparently spreads geometrically in a certain
temporal representation of space just as the length-based trajectory does. Here the components
of the scalar differential operator SGrad and SCovar are taken only in a single nth spatial or
temporal direction. Their geometric spread is based upon a different principle that requires
deployment of 4D spatial structures and therefore shall be further discussed elsewhere.
In traditional mathematical notation the fact that derivative DF() of a scalar function F()
at X and evaluated at Yℝn is given by the dot product of the vectors grad(F(X)) and Y() as:
𝜕𝐹

𝐷𝑋 (𝑌) = ∑𝑛𝑚=1 𝜕𝑥

𝑚

(14)

(𝑋)𝑦𝑚 = 𝑔𝑟𝑎𝑑 𝐹(𝑋)𝑌

which was shown in [36] in the SSR setting but pairing of dual reciprocal spaces adds an extra
interspatial operational symmetry to the synthetic reasonings exhibited here.
Unlike the scalar potential, which is purely radial, the reciprocal (or multiplicative
inverse) of the differential of a single directional component Vn(s) of the whole local scalar
potential V(s) with respect to the arclength s in the nth local direction of the given 3D space is
(−1)

𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑠) ≔ 𝑉𝑛

(𝑠) =

1
∂xn
𝜕𝑠

𝑑𝑠

dt 𝑑𝑠

ds 𝑑𝑡

ds

= 𝜕𝑥 𝑛 = 𝑑𝑡 𝜕𝑥 𝑛 = 𝑑𝑡 𝜕𝑥 𝑛 = 𝑑𝑡

1
∂xn
𝜕𝑡

(−1)

= 𝑣(𝑠)𝑡 ∙ 𝑉𝑛

ds

= 𝑣(𝑠)𝑡 ∙ 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑡) = 𝑣(𝑠(𝑡)) ∙ 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑡) 𝑤ℎ𝑒𝑟𝑒 𝑣(𝑠)𝑡 = 𝑣(𝑠(𝑡)) = 𝑑𝑡

(𝑡) =
(15)

which is reciprocal of the directional component Vn of a scalar local potential V(s) generating
a covariant derivative with respect to the arclength of the trajectory curve F(x n). Concise
exposition of transition between the local variables s and t is given in [37] in differentialgeometric setting, which – although restricted to just single space under the traditional SSR
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paradigm – can be fairly well used as an analogy to our reasonings presented here. Notice that
the prime differential in the prototype eq. (15) is split by multiplying it by the obvious
differential unity 1 = dt/dt that is clearly valid everywhere it may be considered. The total in
n = 3 directions would be VRecip(s) = 𝛴Vn Recip (s) = 𝛴Vn (-1) (s) of course.
The eq. (15) is not postulated (neither explicitly nor implicitly, i.e. by a clever definition
tacitly serving as an existential postulate in disguise) but is derived with the use of differential
operations. No magic is involved there. The obfuscated traditional mathematics, however, could
be called “mathemagic” because it tacitly conceals the truth that multispatiality was already
present implicitly therein, without ever being mentioned though. I was criticized for using the
term ‘mathemagic’ but I could not find a better word to express the sinister avoidance of
operational (and/or structural) hints at the truths that are resting in plain sight of the allegedly
“pure” – yet conceptually tacitly polluted – traditional mathematics. I am not denigrating the
traditional mathematics, but I am exposing its tacitly veiled duplicity.
By analogy to the “spatial” eq. (15) I can also propose its temporal equation as follows:
(−1)

𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑡) ≔ 𝑉𝑛

(𝑡) =

1
∂xn
𝜕𝑡

𝑑𝑡

ds 𝑑𝑡

dt 𝑑𝑠

dt

1

= 𝜕𝑥 𝑛 = 𝑑𝑠 𝜕𝑥 𝑛 = 𝑑𝑠 𝜕𝑥 𝑛 = 𝑑𝑠

∂xn
𝜕𝑠

(−1)

= 𝑣(𝑡)𝑠 ∙ 𝑉𝑛
dt

= 𝑣(𝑡)𝑠 ∙ 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑠) = 𝑣(𝑡(𝑠)) ∙ 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑠) 𝑤ℎ𝑒𝑟𝑒 𝑣(𝑡)𝑠 = 𝑑𝑠 = 𝑣(𝑡(𝑠))

(𝑠) =
(16)

with temporal reciprocal speed v(t)s where each directional component VnRecip(t) of the total
temporal potential VRecip(t) = 𝛴VnRecip(t) = 𝛴Vn (-1) (t) that spreads along each of the n=3
temporal directions of the moving (virtual) dual temporal trihedron. Evidently the temporal
trihedron of the reciprocal temporal potential is moving in the dual reciprocal space (of temporal
intervals) Q(t)| q with its native algebraic basis q, that is paired with the primary space (of lengthbased distances) P(s)| p equipped with its native algebraic basis p. Notice that both the usual
spatial arclength as well as the temporal arclength have definitely geometrically spatial
character, for as dual they both spread in three orthogonal dimensions.
Although chain rule is widely utilized in differential calculus irrespective of algebraic
bases, the readers who might feel confused by its seemingly “tricky” (yet quite legal) usage
may consult [38], [39], [40], [41], or some other textbooks on calculus, for its extensive
explanations; for paths see specifically [42]; for velocity see simple example in [43].
Total spatial pseudodifferential operator VRecip(s) evaluates in dual reciprocal terms to
(−1)

𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) ≔ ∑𝑛 𝑉𝑛

(𝑠) = ∑𝑛

𝑑𝑠
𝜕𝑥 𝑛

1

≕ 𝑆𝐺𝑟𝑎𝑑(𝑠)|𝑝 = ∑𝑛 ∂xn ≕ 𝑈𝑇𝑢𝑟𝑛(𝑥 𝑛 )𝑠

(17)

𝜕𝑠

where the pseudodifferential operator 𝑈𝑇𝑢𝑟𝑛(𝑥 𝑛 )𝑠 is a special case of an antigradient or
inverted generic gradient differential operator Grad-1 = 1/Grad when its operand is applied to
the generic coordinates themselves. In orthogonal basis the pseudodifferential operator
VRecip(s) can be expressed either via the scalar gradient operator SGrad(s) of the path s or as
the upside-down coordinate turning pseudodifferential operator UTurn that acts on each of the
nth spatial coordinates xn by analogy to the base turning pseudooperator BTurn with respect to
the differential ds of the spatial path interval s [2].
The total temporal dual reciprocal pseudodifferential operator VRecip(t) too evaluates to
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(−1)

𝑉𝑅𝑒𝑐𝑖𝑝(𝑡) ≔ ∑𝑛 𝑉𝑛

(𝑡) = ∑𝑛

𝑑𝑡
𝜕𝑥 𝑛

1

≕ 𝑆𝐺𝑟𝑎𝑑(𝑡)|𝑞 = ∑𝑛 ∂xn ≕ 𝑈𝑇𝑢𝑟𝑛(𝑥 𝑛 )𝑡

(18)

𝜕𝑡

and so it can be expressed either via scalar gradient differential operator SGrad(t) of the
temporal path t or as the upside-down coordinate turning pseudodifferential operator UTurn of
each of the nth spatial coordinates xn by analogy to the base turning pseudodifferential operator
BTurn with respect to the differential dt of the temporal path interval t see [2]. The operator
UTurn – as reciprocal of scalar gradient of generic trajectory path – yields covariant differential
of the path, regardless of whether the path is the spatial/length-based or temporal/time-based
one.
Since the generic reciprocal pseudodifferential operator VRecip(s) equates to the
pseudodifferential operator UTurn, whose form resembles the formula that is used for electric
capacitors connected in series [44], it is obvious that the process of multiplicative inversion is
formally equivalent to transition from inverted spatial potentials defined at single points in the
primary space P(s)|p to capacities of the potential energy that is determined by the potentials in
the dual reciprocal space Q(t)|q which is paired with the primary space.
Recall that both electric capacity C and voltage U (i.e. the potential energy of the electric
field) are reciprocal with respect to electric charge 𝛺: C = 𝛺/U ⟹U = 𝛺/C [45], [46], [47]. This
analogy to electric capacity highlights the ability of force fields to store potential energy within
the force field. For if the total energy-momentum is to be conserved so that the sum of kinetic
energy T and the scalar potential energy V of the given force field can be constant: T+V=const
[48], [49], [50], then the scalar potential energy must also be stored within the – essentially
geometric/vectorial – force field. Nonlocalization of energy in certain theories means that the
mathematics relevant to the localization of energy was nonexistent.
Just as homogeneity of [the geometric] space results in conservation of momentum [50]
p.15, homogeneity of time results in conservation of energy [50] p.13. The facts are well known,
but their mathematical consequences were routinely evaded. The virtual hint that some scalars
apparently can be considered as vectors too, demands a reliable way to implement the
requirement in the mathematical reality.
5. SOME INTRASPATIAL IMPLICATIONS OF 3D DUAL RECIPROCITY
Now we can show the total dual representations of the two 3D directional components as:
(−1)

𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) ∑𝑛 𝑉𝑛

(𝑠) = 𝑣(𝑡)(−1)
∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑡) = 𝑣(𝑠)𝑡 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑡) =
𝑠
(19)

= 𝑣(𝑠(𝑡)) ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑡)
(−1)

𝑉𝑅𝑒𝑐𝑖𝑝(𝑡) ∑𝑛 𝑉𝑛

(𝑡) = 𝑣(𝑠)(−1)
∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) = 𝑣(𝑡)𝑠 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) =
𝑡
(20)

= 𝑣(𝑡(𝑠)) ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠)

that are dual reciprocal indeed. I can also write them – in terms of all the 3D directional
components (i.e. with sigmas implicit) – in the form of dual intraspatial equivalence either as:
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(−1)

𝑣(𝑡)𝑠 ∙ 𝑉 (−1) (𝑠) = 𝑣(𝑠)𝑡

(−1)

∙ 𝑉 (−1) (𝑠) ⟺ 𝑣(𝑠)𝑡 ∙ 𝑉 (−1) (𝑡) = 𝑣(𝑡)𝑠

∙ 𝑉 (−1) (𝑡)

(21)

or, equivalently, in explicit terms of the reciprocal pseudodifferential operator VRecip as:
(−1)

𝑣(𝑡)𝑠 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝 𝑠 = 𝑣(𝑠)𝑡

(−1)

∙ 𝑉𝑅𝑒𝑐𝑖𝑝 𝑠 ⟺ 𝑣(𝑠)𝑡 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝 𝑡 = 𝑣(𝑡)𝑠

∙ 𝑉𝑅𝑒𝑐𝑖𝑝 𝑡

(22)

or, equivalently, in simple form with implicit dual terms of spatial and temporal reciprocity:
𝑣(𝑡(𝑠)) ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠) ⟺ 𝑣(𝑠(𝑡)) ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑡)

(23)

due to the fact that these two dual reciprocal spaces contain just two different views (or abstract
representations) of essentially the same geometrical object. The inverse of a differential
operator was concisely presented in [51], in the framework of the previously unspoken SSR
paradigm, however.
The right to synthetically derive the equivalence (23) is provided by the Riesz theorem
which says that there is a one-to-one correspondence in the dual vector space and vectors in the
(primary) linear vector space – see [52] for a brief explanation. Note that properly deployed
homogeneity of orthogonal 3D algebraic bases can ensure linearity.
Nevertheless, the pure-mathematical conception of linear vectors space (LVS) over a field
F that is defined as an additive group G together with the [binary] operation O: F⨯G⟶G that
produces vectors [53] is conceptually unsatisfactory for depicting the physical interplay
between vectorial forces and energy, which is usually considered as scalar magnitude. In other
words: although the concept of LVS is not inadmissible in the traditional mathematics that is
mainly concerned with proofs, it is inconsequential for those applications that hint at spatial
distribution of energy [54] even when some formerly unanticipated and unbiased physical
experiments confirm spatial accumulation of potential energy [55].
Another issue emerges when the partial differential operator nabla is defined on real nD
Euclidean space with n>2 [56] without regard for the aforementioned facts already established
by Abel, Galois, and Lagrange, but disregarded thereafter. The traditional approach to
operational mathematics lays in shambles and therefore, both structural and operational
mathematics should be rebuilt on a new, presumably multispatial foundation.
The equivalence (23) has not been postulated but inferred indirectly from differential
expressions obtained via operations of differential calculus. Conceptually, each side of the
equivalence (23) resembles the operand of the differential operator GTwst in (4) if the turning
function is identified with the speed function: FTurn (F()) = v() which is what happens in a
moving trihedron of Frenet frame. But in this case the turning in (23) is virtual for it does ensue
the transition between different representations of distinct local potentials.
Nevertheless, the equivalence is not something out of ordinary, but its derivations and
foreseeable consequences have been routinely suppressed as seemingly contrary to the
traditional mathematics. Yet they are not contrary to rules and laws of mathematics. They
challenge the tacit clampdown on truthful expressions that could put in question the validity of
some former mathematical dogmas. Tacit suppression of inconvenient truths – concerning both
the abstract mathematical reality and the corresponding to it physical reality – that permeates
the conceptually constricted traditional mathematics, is clearly on display here. I am not unable
to explain it further, but I am prevented from doing so my way by the policies in force of this
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(and other) scientific journals, to which I must adhere. Therefore these issues shall be exposed
elsewhere.
The intraspatial equivalences (21), (23), imply the fact – not so obvious under the SSR
paradigm but selfimposing under the MSR paradigm – that if the paired dual reciprocal spaces
P(s) and Q(t) are distinct dual views of the same object then the scalar potentials in each space
should be identical, even though expressed in different algebraic bases p and q, respectively:
v(t)s ∙ SGrad(P(s))|p ⟺ v(s)t ∙ SGrad(Q(t))|q

(24)

with s and t being the spatial and temporal trajectory curves or arclengths, respectively. I shall
call the abstract equivalence of formal reciprocal representations expressed in (24) the
intraspatial duality principle for future reference. Note that no principle attains to the status of
a scientific law, unless all predictions derived from the principle are confirmed by results of
unbiased experiments. Notice that the two speeds (namely the usual spatial/length-based and
the temporal) may be viewed as potentials analogous to voltage in electromagnetism.
Velocity potential was briefly discussed in the traditional manner by Sommerfeld [57].
The most noteworthy aspect of his presentation is that apparently, he realized that velocity could
be viewed as a kind of temporal gradient even though, in that particular discussion of the issue,
he did not go so far as to propose truly geometric spatial propagation of the elapsing time flow.
Had he taken seriously enough the aforementioned unquestionable achievements of Abel,
Galois and Lagrange, he or perhaps some other likeminded physicists, might have already
discovered the new mathematics that virtually permits pairing of dual reciprocal spaces and
thus allows us to perform equally imaginable yet previously unrecognizable intra- and
interspatial operations, both differential and nondifferential.
Recall that in differential geometry (DG) the parameter t does not necessarily denote
elapsing time, but as just an evenly progressing, steadily running parameter, which could be
identified with steadily elapsing (i.e. nonrelativistic) time. Concise explanation of DG can be
found in [37]. Fairly simple and nicely illustrated presentations of DG can be found in several
explanatory textbooks: [58], [59], [60], for instance.
The nexus of the new synthetic approach, which is necessary due to the multiplicative
inverse (i.e. the dual reciprocal) functions on the RHS of the chain of equations (15), is
transition (via unrestricted division by zero) from the primary 3D space P to a 3D secondary
space Q that is dual reciprocal to the primary space P.
Because of the reciprocal character of the scalar potential it needs distinct multiplication
symbol in the eqs. (3w), (3y), which has already been used for performing operations on
multispatial structures with heterogeneous algebraic basis split into two distinct homogeneous
algebraic bases in [9], [10]. The topic of formal operations on spaces having diverse algebraic
bases was very concisely discussed and exemplified by some operational examples in [61], in
the traditional SSR framework, however.
The main reason for using the arclength differential ds instead of differential dt of the
running parameter t often identified with time, is that the arclength and the elapsing time
parameters are interchangeable in purely operational 3D setting of abstract DG and also due to
the fact that varying time is usually reserved for 4D evaluations according to the traditional
special-relativistic convention commonly used in most physical applications.
If something is true, then it should be possible to get it derived in several different ways.
However, I will not be using the inverse potential as an argument for the need to embrace the
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multispatial hyperspace that is implied by the presence of this multiplicative inverse potential
shown in the evaluation of the operator GDiff, even though it would be admissible in the present
context. It is because I do not want to forcefully push the issue “down the proverbial throat” so
to say, but to merely show that the need for multispatiality was already present in the traditional
SSR setting even though previously it was not recognized as such.
Spatial flow of elapsing time was entertained by researches in physics but only within the
confines of the SSR paradigm. Evidently the possibility of presence of multispatiality was
tacitly veiled and any discussion of its (possibly embarrassing) consequences was routinely
avoided. The avoidance was needed only in order to keep the SSR paradigm intact.
Since it is pretty common to use power series expansions (as well as their inversions [62])
to evaluate functions, the eq. (15) indicates the – not so obvious under the formerly unspoken
SSR paradigm – necessity to evaluate the reciprocal potential within both: the native algebraic
basis p of the primary space P(s) of intervals and in the foreign basis q within an extra, quite
distinct secondary reciprocal space Q(t) that is dual reciprocal to the given primary space P(s).
6. GENERALIZATION OF THE 3D INTRASPATIAL DUALITY PRINCIPLE
In the sill nondescript (for 3D spaces) algebraic bases p and q, which, nevertheless, have
already been defined for 4D structures in [35], the intraspatial duality principle (24) can be
restated in an operationally equivalent but easier to accept sequence of representations as
{ v(t)s  dt/ds } ∙ SGrad(P(s))|p ⟺ { v(s)t  ds/dt } ∙ SGrad(Q(t))|q

(25)

which, after rearranging the equivalence relation, turns into equivalent ratios of like terms
{ v(t)s  dt/ds }/ SGrad(Q(t))|q ⟺ { v(s)t  ds/dt }/ SGrad(P(s))|p

(26)

which is – according to the aforedefined reciprocal gradient operator SCovar – equivalent to
{ v(t)s  dt/ds } ∙ SCovar (Q(t))|q ⟺ { v(s)t  ds/dt } ∙ SCovar (P(s))|p

(27)

when the division by the scalar gradient operator SGrad is replaced with multiplication by its
multiplicatively inverse scalar operator SCovar that is reciprocal to the scalar differential
operator SGrad in the dual multispatial setting. Notice that both operands on each side of the
equivalence (27) are covariant, which means that they do not represent a generalization of an
inner product (of the two scalar operands) but an abstract interspatial product; hence the use of
the small dot that signifies a certain abstract interspatial multiplication seems justified and is
indeed also operationally verified. Note that it is usually safer to invoke the – more general –
interspatial multiplication in the case when it is not clear whether the intended operation is
really interspatial or merely intraspatial, because the latter operation is of lower algebraic
priority of execution. Recall that an inner product <A,B> of two (vertical) vectors involves
transpose (i.e. horizontal representation) of the first operand of the product. Only under the SSR
paradigm the inner product appears as (or pretends to be) a generalization of the scalar
multiplication of vectors. Traditional mathematics was so inconsistent under the formerly
unspoken SSR paradigm that one just wants to cringe.
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The latter operational verification clearly shows that making any existential postulates,
either directly or indirectly (i.e. disguised in allegedly selfevident yet arbitrary definitions), is
highly inappropriate and therefore, is explicitly prohibited in the new abstract synthetic
approach to mathematical and physical sciences that I have emphasized. If a predefined right
up front multiplication would have been used, the abstract calculations performed above could
have resulted in a sequence of veiled conceptual and/or operational contradictions, and the
prospective axiomatic derivations might have been discarded just because of the ensuing virtual
contradictions and/or apparent inconsistencies. Evidently the reason that the traditional
mathematics could not recognize the operationally obvious presence of multispatial structures
was the former unrestricted use of arbitrary existential postulates.
Although the operands written as either (P(s))|p or (P(s)|p) are formally equivalent, the
expression SCovar(P(s))|p in (27) emphasizes the fact that the operand of the scalar differential
operator SCovar is independent of its present representation in the algebraic basis p and thus
could be cast in yet another basis of the primary space P, if needed. This nuance hints at the
feasibility of a variety of possible algebraic representations of the operand. Note that because
the 3D homogeneous algebraic bases p and q are still nondescript, no sigmas could yet appear
in the equivalence (27), which is just a raw prototype formula at this stage.
Now it is easy to see that the formula (2) is also equivalent to the following expression
𝐺𝐷𝑖𝑓𝑓𝐹(𝑃) = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 (𝑃) + 𝐺𝑇𝑤𝑠𝑡[𝐴𝐹𝑢𝑛 𝐹𝑝 (𝑃) ∘ 𝐵𝑇𝑢𝑟𝑛 𝑝 ⌿ 𝑣(𝑠)𝑡 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑡)] (28)
which means that the geometric twist operator GTwst provides a transition to the dual reciprocal
space Q(t) that is paired with the primary space P(s). An analogous prototype equation could
be written also for the (corresponding to it) temporal to “spatial” transition as:
𝐺𝐷𝑖𝑓𝑓𝐹(𝑄) = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑞 (𝑄) + 𝐺𝑇𝑤𝑠𝑡[𝐴𝐹𝑢𝑛 𝐹𝑞 (𝑄) ∘ 𝐵𝑇𝑢𝑟𝑛 𝑞 ⌿ 𝑣(𝑡)𝑠 ∙ 𝑉𝑅𝑒𝑐𝑖𝑝(𝑠)] (29)
in accordance with (24), (26) and (27) and in conjunction with (10) and (11). Here the
interspatial division ⌿ signifies division applied to objects immersed in distinct spaces each of
which is equipped with different orthogonal homogeneous algebraic basis. The interspatial
multiplication operation ∙ precedes the interspatial division ⌿, of course. Note that the
derivations were both inductive and deductive, but they have not been explicitly postulated.
Since gradient represents derivative, which is the limit of a geometrically spreading
differential of the given function F(), I can algebraically expand the compound differential
operator GDiff of the function. Evaluating (2) in terms of its constituting subcomponents, each
of which expressed in terms of the chain of their creating (differential and algebraic) operators,
and then combining (2) and (5), we can obtain the following expression of GDiff:
𝐺𝐷𝑖𝑓𝑓 𝐹(𝑃) = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 (𝑃) + {𝐺𝑇𝑤𝑠𝑡[𝐴𝐹𝑢𝑛 𝐹𝑝 (𝑃) ∘ 𝐵𝑇𝑢𝑟𝑛 (𝑝)] ⌿ 𝑆𝐶𝑜𝑣𝑎𝑟(𝑠)}

(30)

with the interspatial division ⌿and then including the relationship (15) we rewrite (30) as
𝐺𝐷𝑖𝑓𝑓 𝐹(𝑃) ∙ 𝑆𝐶𝑜𝑣𝑎𝑟 𝑠 = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑝 (𝑃) ∙ 𝑆𝐶𝑜𝑣𝑎𝑟 𝑠 + 𝐺𝑇𝑤𝑠𝑡 𝐴𝐹𝑢𝑛 𝐹𝑝 (𝑃) ∘ 𝐵𝑇𝑢𝑟𝑛 𝑝 (31)
and by analogy we can heuristically infer that for the temporal path we shall obtain
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𝐺𝐷𝑖𝑓𝑓 𝐹(𝑄) ∙ 𝑆𝐶𝑜𝑣𝑎𝑟 𝑡 = 𝐴𝐺𝑟𝑎𝑑 𝐹𝑞 (𝑄) ∙ 𝑆𝐶𝑜𝑣𝑎𝑟 𝑡 + 𝐺𝑇𝑤𝑠𝑡 𝐴𝐹𝑢𝑛 𝐹𝑞 (𝑄) ∘ 𝐵𝑇𝑢𝑟𝑛 𝑞 (32)
where the respective “spatial” and temporal scalar covariances serve as interspatial convertors
𝑆𝐶𝑜𝑣𝑎𝑟(𝑠) = 𝑣(𝑠)𝑡 ∙ ∑𝑛 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑡)

(33)

𝑆𝐶𝑜𝑣𝑎𝑟(𝑡) = 𝑣(𝑡)𝑠 ∙ ∑𝑛 𝑉𝑛 𝑅𝑒𝑐𝑖𝑝(𝑠)

(34)

so that the geometric differential operator GDiff seemingly acts simultaneously on geometric
objects represented mathematically as if they dwell in both of the mutually reciprocal spaces:
P and Q. Recall that both these dual reciprocal geometric representations actually refer to the
same single physical object that is represented in two distinct mathematical spaces. Hence the
dual reciprocal mathematical spaces P and Q are just two faces of the same physical space.
The latter remark indicates abstract presence of an extra interspatial symmetry and thus could
be of great conceptual importance for physics, wherein it is well known that tiniest
“fundamental” particles require enormous amounts of energy to split them apart. Hence one
might imagine a mathematically inspired string scanning microscope that would virtually
magnify the behavior of strings and thus allow us to see strings in action without ever having
at our disposal the huge energy that this kind of endeavor would normally require.
The dual reciprocal feature – apparently implying coexisting dual differential operations
– was not recognized in the traditional mathematics developed under the former SSR paradigm.
Since the dual path variables s and t are reciprocal, the sigma sign can now appear in (33)
without ever being postulated because the differential operator SCovar(s) in (30) that acts on s
virtually imposes it on us through the symmetry induced by the duality and for the sake of
conceptual consistency. Although eq, (31) appears as an extension of the operational
functionality of the operator GDiff, it could also be interpreted as suggesting that the GDiff
under the SSR paradigm was incomplete due to the, formerly unrecognized, multispatiality. I
would conjecture that the mathematical multispatiality is also physically implemented.
Since the main result obtained above, namely that the differential operator GDiff acts in
two dual reciprocal spaces was not unimaginable in the traditional mathematics that is
entrenched within the tenets of the former SSR paradigm, papers indicating that inference have
been rejected in the past, even though there is no operational contradiction between the
operationally selfdefined terms developed above. This means that the former mathematics is
conceptually incomplete and the shift to the MSR paradigm makes the incompleteness clear.
Whether or not the result obtained here is acceptable, is up to physical applications to decide,
of course. And its confirmation should be experimental.
The prospective transition from the 3D framework entertained in the present paper to the
4D framework used in relativistic theories and in the more abstract quaternionic approach
envisioned in purely theoretical quests, shall be pursued elsewhere. This is the advisable way
to go because so envisioned transition is perhaps not singlelinear but definitely multipronged.
The results obtained above emerged from and comply with the hint at the possibility of
multispatial representations of operations supplied by octonions and other nonassociative
algebras. The impossibility of operational associations in groupings of numbers whose sets
constitute nonassociative algebras, especially when the groupings are multiplicative, suggests
that the sets should be split. Although this suggestion was not posted in standard academic
books – insofar as I can remember – the curiosity is reported but remains unexplained to my
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satisfaction [63]. Note that two octonions associate but three or more do not [64]. Hence it is
not impossible to imagine that the nonassociativity is related to partial overlapping of 3D sets,
which feature shall be entertained elsewhere.
7. CONCLUSIONS
The most fundamental result of the present paper consists of demonstration that both the
length-based “spatial” and the temporal reciprocity are perfectly dual and seemingly appear
symmetric and interchangeable in all the three geometric dimensions, provided that the triple
homogeneous algebraic bases of the 3D paired spaces are dual reciprocal and orthogonal.
The scalar covariant differential operator SCovar has been defined for performing
legitimate differential and integral operations in three-dimensional dual reciprocal spaces. It
was used to perform transitions between paired 3D dual reciprocal spaces – as opposed to the
traditional intraspatial transformations which normally take place within single spaces.
In particular, the intraspatial duality principle of scalar local potentials remains preserved
(though is not exactly the same) if represented within the algebraic bases of the mutually paired
3D spaces, provided each of them is equipped with its own native homogeneous orthogonal
algebraic basis. Examples of both intraspatial and interspatial operations resulting from
applying the geometric differential operator GDiff have been offered for inferences by analogy
as well as for future references in upcoming discussions.
The main result of the present paper is that the geometric differential operator GDiff acts
simultaneously on objects featured in two paired 3D dual reciprocal spaces. The simultaneous
acting on two representations of the very same geometric object would not be a surprise to me
were it not for the fact that multispatial representation of paired dual reciprocal spaces was
considered impossible in the past, mainly because of the foolish prohibition of division by zero,
whose repeal is unavoidable for such representations. For unrestricted division by zero is
necessary for maintaining multispatiality. With respect to the senseless prohibition, differential
geometry inherently disregards this nonsense even though this feature was not acknowledged
in the traditional mathematics. Therefore, it is conceivable that multispatiality is the underlying
principle of realistic mathematics and it is not unimaginable that the same principle could be
manifested in physical applications if their mathematics were truly realistic.
Moreover, multispatiality – which is based upon the idea of quantized dimensionality –
calls for reevaluation of certain conclusions drawn from tensorial representations, which are
known to be inherently incomplete even under the former single space reality paradigm. Even
though the incompleteness was not always admitted the fact that some previously unanticipated
experimental results have been reconciled with the help of multispatial approach, suggests that
the approach is mathematically sound and physically quite realistic.
Furthermore, some aspects of supersymmetry may be fictitious and thus their purported
physical consequences, whose implications have never been observed in the physical reality we
live in, could be due to abstract mathematical multispatiality rather than supersymmetry.
Nevertheless, despite its intangible abstractness, the geometrical idea of multispatiality seems
far more realistic than the essentially algebraic and group-theoretical notions combined, from
which the idea of supersymmetry has arisen.
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