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ABSTRACT 

The present work discusses the conceptual and technical issues encountered in formulating a 

quantized theory of gravity, via the reconciliation of quantum mechanics and general relativity. 

Quantum effects arising in a classically defined space-time derived through a semi classical 

approximation are studied at length and the significance of the particle interpretation in quantum field 

theory in the origin of such effects is established. The contradicting nature of the quantum effects against 

classically established principles is studied by considering the Hawking effect in a Schwarzschild black 

hole space-time. Further, the limits of prominent manifestation of the quantum effects with regards to 

the black hole mass is calculated taking into consideration the cosmic microwave background and the 

lifetime of the universe. Quantum effects are established as essential in incorporating thermal physics 

and black hole mechanics in a consistent formulation. Finally, the validity of the semi classical 

approximation is studied in terms of Planck scale black holes, transplanckian problem and the 

information loss paradox and the requirement for a fully quantized theory of gravity is realized. 

 

Keywords: Hawking effect, Rindler observer, Schwarzschild black hole, event horizon, scalar 

curvature, surface gravity, Unruh effects, transplanckian problem, information loss paradox 

 

 

 

1.  INTRODUCTION 

 

Quantum mechanics (QM) and general relativity, in their own right remain the most 

fundamental and well tested theories in physics. Whilst quantum mechanics has proven 

extremely effective in explaining phenomena at microscopic levels, the theory of general 
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relativity (GRT) is by far the most successful theory of gravity as far as physics at large scales 

of matter is concerned. The GRT describes space-time as a curved, four-dimensional 

mathematical structure known as a pseudo–Riemannian manifold, meaning that space-time 

possesses a curved, non–Euclidean geometry. In this perspective, gravity is a manifestation of 

the space-time curvature and in the absence of any other force, particles follow the straightest 

possible paths, geodesics through a curved space-time. Quantum mechanics govern the 

dynamics of single particles, where all physical degrees of freedom are assumed to be quantum 

in nature [1]. Quantum field theory (QFT), leads to operator valued quantum fields by imposing 

equal-time commutation relations on the field in question and its corresponding conjugate field. 

For nearly a century efforts at a consistent reconciliation of the two, that is a fully 

quantized theory of gravity have been rather lacking in success. The two theories pose a primary 

incompatibility in their modelling of the physical world. In the GRT, events are continuous and 

deterministic, with all physical quantities possessed of definite real values. Whereas in the 

quantum mechanical viewpoint, the physical quantities are observables represented by 

operators, which when acted upon a quantum state of a system, gives a probability distribution 

over a range of values. Also, the fact that the GRT asserts gravity to be a manifestation of the 

space-time curvature, thus establishing space-time itself as not only the background, but also 

the dynamical system from which the gravitational field evolves, leads to the necessity of 

quantum mechanically formulating certain properties of space-time in achieving a fully 

quantized theory of gravity. Such a mechanism would lead to the probabilistic nature and the 

uncertainty principles set out by quantum mechanics being transferred on to the space-time 

geometry, presenting a conceptual issue in such a formulation.  

Furthermore, renormalization is a common programme in QFT that deals with 

divergences in the theory. A salient technical obstacle on the path to a quantized theory of GRT 

is the non renormalizability of such a theory [2]. This poses a serious issue as to the usability 

of such a theory especially in the high energy domain. Hence, lacking a consistent scheme for 

a fully quantized GRT, a reasonably justified scheme which could be adopted in an attempt to 

investigate the probable quantum effects in general relativity is treating the space-time metric 

classically, whilst coupled to the matter fields which are treated quantum mechanically i.e. 

quantized matter fields in a classical space-time background [3]. Such a semi classical treatment 

gives rise to interesting theoretical results that contradict certain constraints and principles 

asserted by a purely classical treatment. It is the conceptual structures of QFT and the spacetime 

geometry set about by the GRT, which contribute to such results. 

In this paper, the quantum mechanical treatment of matter fields coupled to a space-time 

geometry treated classically in accordance with the general theory of relativity was studied. The 

quantum effects arising as consequence of such a treatment were studied in terms of Unruh and 

Hawking effects. Furthermore, the back reaction of the quantum effects on the space-time 

metric of a Schwarzschild black hole was studied in terms of mass, area of event horizon, scalar 

curvature and surface gravity, in order to establish the contradicting outcomes of the quantum 

effects with regards to classically established premises as well as to observe their manifestation 

in a classically defined spacetime.  

The black hole was observed to evaporate by losing mass at an increasing rate. As the 

evaporation progresses, both the quantum effects as well as the classically defined attributes of 

the space-time geometry were observed to become prominent simultaneously. The necessity of 

the inclusion of quantum effects in achieving a formulation of black hole thermodynamics 

consistent with thermal physics was also discussed and established. The limit of effective, 
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apparent manifestation of quantum effects was also determined with relation to Hawking 

radiation in a Schwarzschild black hole. Finally, the validity of the semi classical approximation 

was investigated by considering the Planck mass limit, the Transplanckian problem and the 

information loss paradox. Possible resolutions were discussed as well, including the position of 

origin of Hawking quanta by the investigation of the outgoing stress tensor and the presence of 

soft quantum hair. The significance of a fully quantized theory of gravity was stressed upon.  

 

 

2.  QUANTUM FIELD THEORY OUTSIDE OF INERTIAL FRAMES OF 

     REFERENCE 

 

Quantum field theory gives rise to effective field theories and algebraic quantum field 

theory. Effective field theories as opposed to classical field theories are energy scale dependent. 

Therefore, this particular programme of quantum field theory leads to mechanisms whereby the 

compatibility of a certain theory being applied on a physical phenomenon depends on the 

energy scale of the same. Treating the matter fields quantum mechanically on a spacetime 

background treated classically is a reasonably justifiable scheme of approximation as long as 

the energy scales are not on a scale comparable to the Planck scale. Algebraic quantum field 

theory meanwhile, provides a significantly more mathematical approach to quantum field 

theory, through the medium of local observables, by mapping space-time regions to algebras of 

local observables defined in the same space-time regions.  

The concept of particles in quantum field theory, viewed in the perspective of algebraic 

quantum field theory is particularly noteworthy. In quantum field theory, a special Hilbert 

space, termed the Fock space, which is a state space for a system with an indefinitely variable 

number of identical particles, is defined. The Fock space asserts the indistinguishability of 

particles as opposed to the classical case. The number operator ˆ
iN , which counts the number 

of quanta in the ith eigenstate in any given eigenbase is given by †ˆ ˆ ˆ
i i iN a a  where †ˆ

ia is the 

creation operator and ˆ
ia is the annihilation operator of a particle in the ith state.  

This interpretation of particles leads to an issue per regards the uniqueness of the 

interpretation. The existence of unitary inequivalent classes of representations as the number of 

degrees of freedom approaches infinity, allows inequivalent Fock representations 

corresponding to different number operators [4]. The aforesaid phenomenon of nonuniqueness 

does not bring about a disagreement as to the particle content of a given quantum field as 

observed by two inertial observers in Minkowski space-time, the reason being that QFT in flat 

space-time is globally Lorentz invariant. Employing a unitary representation of the Poincare 

group (consequently also of the Lorentz group), the particle states will be obtained to be Lorentz 

invariant. However, the same nonuniqueness leads to interesting results in non-inertial frames 

of reference. A prime example in this regard is the Unruh effect also called the Fulling–Davies–

Unruh effect described by Unruh [5], Fulling [6] and Davies [7].  

Rindler coordinates are used to describe a uniformly accelerated frame of reference. A 

Rindler observer, an observer accelerated uniformly in Minkowski space-time will have 

constant spatial coordinate 𝜀 and trace a hyperbola in Minkowski space given by 
2 2 2 constantt x   , where the proper acceleration of the observer is 1/  . A Rindler 

observer will be stationary in Rindler space according to Rindler coordinates. These accelerated 

observers are characterised by ε = constant, that is what we mean by restframe, the observer 
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stays at a fixed value of ε and ideally such that then η is proportional to the proper time of the 

observer. The worldline of a body in hyperbolic motion having constant proper acceleration in 

the ε-direction can be given by [8]: 

 

( , ) sinh , ( , ) cosht x                                                  (1) 

 

Then, using the coordinate transformation sinh , cosh , ,t x y y z z       , 

the Rindler metric is obtained for   1c  as: 

 
2  2 2 2 2 2ds d d dy dz                                                   (2) 

 

Therefore, the Rindler coordinates cover the first quadrant x t  of Minkowski space 

and can be used as coordinates therefore. 

Let us consider a free massless scalar field   that satisfies the Klein-Gordon equation 

given by 

 

                  0g

                                                               (3) 

 

A complete set of positive frequency solutions to eqn. 3 given above forms the basis for 

the Hilbert space underlying the Fock space representation. An observer defines particles as 

positive frequency oscillations with respect to his or her proper time. Hence, for an inertial 

observer in Minkowski space-time, setting g   , in Minkowski coordinates, let  if  form 

a complete set of orthonormal positive frequency solutions. Defining annihilation and creation 

operators obeying the usual commutation relations associated with  if , in Minkowski space-

time, the field has the expansion: 

 

   * †ˆ ˆ  i ii i

i

f fa a                                                           (4) 

 

The vacuum state, the state of least energy in the corresponding Fock space is the 

Minkowski vacuum 0
M

given by ˆ 00i M
a   for all i. 

Similarly, for the Rindler observer, in Rindler coordinates, let   ig  form a complete set 

of orthonormal positive frequency solutions, associated with annihilation and creation operators 

ˆ
ib  and †ˆ

ib  respectively, obeying the usual commutation relations. Accordingly, the field   can 

also be expanded in terms of Rindler modes as: 

 

             †ˆ ˆ i i i i

i

g b g b                                                       (5) 

In the present Fock representation of the Rindler observer, a vacuum state 0
R

  is defined, 

with ˆ 0 0i R
b   for all i. The number operator for the Rindler observer is †ˆ ˆˆ R

i i iN b b . In order 

to calculate the number of particles measured by the Rindler observer in the vacuum state  

https://en.wikipedia.org/wiki/Worldline
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defined with respect to global inertial coordinates in Minkowski space 0
M

, we need to express 

ˆ
ib  , †ˆ

ib  in terms of ˆ ,ia  †ˆ
ia . Considering the completeness of  if   and  ig , for each   i if f  

and    ,i ig g there exist Bogolubov transformation coefficients 
ij  and 

ij  such that: 

 

   
*

i ij j ij j

j

g f f                   and               
* *

i ij j ij j

j

f g g                       (6) 

 

Using the Bogolubov transformation coefficients, a relation can be derived between the 

Minkowski mode operators and the Rindler mode operators [9]: 

 

           * †ˆˆ ˆ
i ij i

j

j jjab a                                                           (7) 

 

The expectation value of the number of Rindler particles as measured by a Rindler 

observer, in the Minkowski vacuum, in any given Rindler mode is given by †ˆ ˆ0 0M i i M
b b  . 

Substituting from the relation given in eqn. 7: 

 

    
2† †

,

* †ˆ ˆ ˆ ˆ ˆ ˆ0 0 0 0 0in in imM i i n n m m imM
m n m

imb b a a a a                            (8) 

 

The coefficients im  will not be zero in general. Hence, an observer uniformly accelerated 

relative to an inertial observer in Minkowski space-time will measure a non–zero spectrum of 

particle excitations in the Minkowski vacuum. This is known as the Unruh effect. 

Hence, it becomes clear how the particle interpretation set forth by QFT, viewed in 

relation to contrasting coordinate frames set up by observers differing to each other by non-

Lorentz invariant transformations, causes particle production. The GRT, possessing general 

covariance, allows more freedom in the choice of coordinates. As a result, the quantum 

mechanical treatment of a matter field coupled to a space-time background treated classically 

in accordance to the GRT brings about interesting results which contradict an otherwise purely 

classical treatment. One such prominent and important result formulated by Stephen Hawking 

is the Hawking effect in black holes [3].  

The Hawking effect, as will be discussed later, has important implications not only in the 

fields of QFT, but also in thermodynamics and points towards the necessity of a fully quantum 

theory of gravity. For a consistent understanding of the Hawking effect, including how the 

quantum effects deviate from the classical norms, a general understanding on black holes in 

accord with the classical GRT is important. 

 

 

3.  BLACK HOLES IN CLASSICAL GENERAL RELAIVITY 

 

In a vacuum, Einstein’s field equations reduce to: 

 

   0R                                                                  (9) 
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For a vacuum space-time exterior to a spherically symmetric body of mass  M and radius 

R, an exact solution, the Schwarzschild solution can be obtained by solving eqn. 9, where the 

Schwarzschild metric is given by [10, 11]: 

 

    
1

2 2 2 2 2 2 2

2 2

2 2
1 1 sin

GM GM
ds dt dr r d d

rc rc
 



  
         

  
                (10) 

 

On observation, since none of the metric components are dependent on the coordinate 𝑡, 
it becomes clear that the metric possesses a timelike Killing vector. Also, the absence of cross 

terms would indicate that the metric is not only stationary, but also static. As expected, as 

0M  , the Minkowski metric is recovered. The Schwarzschild metric is also observed to 

possess asymptotic flatness, i.e. as r  , the metric progresses towards the Minkowski 

metric. The behaviour of the metric at 0r   and 22 /r GM rc  are of interest, since at these 

particular instances, the metric coefficients apparently blow up. The apparent singularity at 
22 /r GM rc , termed as the Schwarzschild radius (say 𝑅𝑆), can be shown to be only a 

coordinate singularity which can be removed by an appropriate coordinate transformation; the 

coordinate transformation from Schwarzschild coordinates to Kruskal-Szekeres coordinates 

being one such [12]. However, 0r  does present a physical singularity, which is obvious from 

the fact that the scalar curvature at 0r  goes to infinity; scalars being coordinate-independent, 

would imply that this cannot be got rid of via a coordinate transformation.  

 

 
 

Figure1. Penrose–Carter diagram for the maximally extended Schwarzschild solution 

 

 
 

Figure 2. The worldlines of an object being thrown inwards & that of a light signal crossing 

the horizon 
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Whereas the Schwarzschild coordinates are only limited to the range SR , by 

transforming into the Kruskal-Szekeres coordinate system, the Schwarzschild solution can be 

maximally extended in the full range  0 r   [12]. Introducing an appropriate conformal 

transformation, the non-compact space-time manifold described by the maximally extended 

Schwarzschild solution may be brought to be represented by a compact region. This 

representation is given by the relevant Penrose – Carter diagram of the Schwarzschild solution 

given by Fig.1 below. The Penrose–Carter diagram is useful in understanding the causal 

structure of the space-time manifold described by the Schwarzschild solution [13]. Each point 

in the conformal structure represents a two sphere of area 24 r . Null geodesics are at ±450 to 

the vertical. Infinity is brought to a finite distance at , , ,I I   J J  and 0I . Here, the null 

surfaces 
J  and 

J  are future null infinity and past null infinity respectively. I  and I   are 

points representing future timelike infinity and past timelike infinity respectively. 0I  is the 

spatial infinity. Schwarzschild coordinates cover only region II on the maximally extended 

manifold. The world lines of observers O at fixed radii above the singularity are represented by 

hyperbolae as shown in the Figure 1.  

 

 
 

Figure 3. Possible worldlines inside Region I 

 

 

Let us consider the world line of an object thrown inwards by such an observer O as 

shown in Fig. 2 in blue. If the object were to emit a light signal just as it crosses Sr R , then 

the relevant world line could only be either one of two lines represented in red parallel to the 

null geodesics. Hence, it is seen that the signal will either fall into the singularity or reach the 

observer O only at future time-like infinity, i.e. it will stay in perpetual orbit at the 

Schwarzschild radius. Now, considering a particle at a point in region I, i.e. beyond 𝑟 = 𝑅𝑆, the 

future light cone extending from the point is as shown in Figure 3 in red. The world line of the 

particle will be contained within the future light cone. Hence, any particle within region I will 

inevitably end up at singularity and since apparently there can be no future-directed causal curve 

connecting region I with region II, would have no possible way of escaping to infinity. Thus 

region I of the Schwarzschild solution is termed a black hole and the boundary Sr R is termed 

the event horizon. 

Stars with masses exceeding the Chandrasekhar limit [14], as they run out of fuel, will 

continuously undergo gravitational collapse and as they contract, the gravitational field at the 
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surface would in turn get stronger. Eventually, the star would reach the critical Schwarzschild 

radius, at which point, the gravitational field at the surface would be so strong that not even 

light would be able to escape. The star would continue to contract into itself further, thus 

effectively giving birth to a physical black hole. The final stationary state for a thus formed 

black hole will be described by the Schwarzschild solution given in eqn.10, provided it is 

nonrotating and uncharged. Such a black hole is termed a Schwarzschild black hole and is the 

simplest type of black holes. 

 

 
 

Figure 4. Penrose–Carter diagram for a collapsing body 

 

 

However, only region I and II of the maximally extended manifold represent the interior 

and exterior of a Schwarzschild black hole respectively. Similarly constructing the appropriate 

light cones in region III, it can be shown that region III represents a region of space-time from 

which it is possible for particles to emerge, but not enter. This particular region gives the time 

reversal of the black hole and is called a white hole. Region IV is a copy of region II. 

Nonetheless, only regions I and II will be relevant for the present discussion. Considering a 

realistic black hole, formed as consequence of gravitational collapse, the Penrose–Carter 

diagram in Fig. 1 needs to be modified. Only the space-time outside the collapsing matter will 

be represented by the Schwarzschild metric, since it is derived for a vacuum. The metric inside 

the collapsing matter would be of the form: 

 

         
1

2 2 2 2 2 2 22 ( ) 2 ( )
1 1 sin

Gm r Gm r
ds dt dr r d d

r r
  



  
         

  
              (11) 

 

where is ( )m r a function of r [15]. Hence, the past of such a space-time would not contain the 

past singularity inside the white hole nor the past event horizon with the accompanying 

asymptotically flat region. Thus, the Penrose diagram can be appropriately modified by 
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Penrose–Carter diagram as shown in Figure 4 by introducing a time-like curve for the collapsing 

body. 

 

 

4.  CLASSICAL BLACK HOLE THERMODYNAMICS 
 

Hawking’s area theorem [16] which asserts that the area of the event horizon of a black 

hole cannot decrease in any process, was of great importance in encouraging a thermodynamic 

consideration of black holes. However, it is worthy to note that Hawking’s proof of the area 

theorem assumed the null energy condition and that the cosmic censorship hypothesis holds. 

However, Hawking’s area theorem indicated a possible analogy with the second law of 

thermodynamics, with the black hole horizon area being analogous to entropy.  

Following this analogy, in the 1970s, physicists were able to build an analogous 

interpretation of the four laws of thermodynamics as applicable to black holes, the parameter 

analogous to temperature being the surface gravity and that to entropy being the area of the 

event horizon of the black hole [17, 18].  

Nonetheless, although the analogy seems complete and consistent, in the purely classical 

perspective, it is justified to state that the analogy lacks context in the sense that it is impossible 

to establish the said analogy as anything transcending a mere analogy, that could be seamlessly 

incorporated into thermal physics. Chiefly, as was made clear, a particle emission from a black 

hole is classically inconceivable, and as such, the association of a nontrivial temperature to a 

black hole is undue in this sense. Moreover, although in the rudimentary analogy, the parameter 

analogous to the entropy in traditional thermodynamics is the area of the event horizon of a 

black hole, the dimensions of the two parameters are incompatible; entropy is a dimensionless 

quantity, whereas area has dimensions of length squared. Hence, it was evident that classical 

physics is insufficient in this scenario.  

Bekenstein [17] did however derive a specific expression for the analogous black hole 

entropy that was proportional to the black hole event horizon, such that the dimensional 

incompatibility was resolved. The significance of this parameter is that it includes the Planck’s 

constant, without the inclusion of which, the dimensional incompatibility is unresolved, thus 

being a strong indicator of the need for a quantum mechanical consideration. Bekenstein also 

surmised a generalized second law of thermodynamics (GSL) [19] which states that: 

 

     ( ) 0BHS S                                                         (12) 

 

where BHS  is the black hole entropy and S is the entropy exterior to the black hole. However, 

it was also understood by means of a thought experiment that classically, this could be violated.  

The thought experiment proposed involves carefully lowering a box of black body 

radiation from infinity arbitrarily close to the horizon of a black hole, allowing the radiation to 

be emitted into the black hole, and then retrieving the box at infinity. Now, according to 

classical principles, it may be shown that all of the energy in the box can be recovered as work 

at infinity [17].  

Hence, no energy is delivered to the black hole, thereby no increase in the area occurs, 

although the entropy is lost in the singularity thus violating the GSL. Therefore, in its entirety, 

the black hole thermodynamic analogy in the purely classical sense seems problematic and 

incomplete. Thus, it seems that quantum effects need to be considered in this case. 



World Scientific News 134(2) (2019) 198-219 

 

 

-207- 

5.  THE HAWKING EFFECT 

 

In 1975, by considering inequivalent Fock representations for a massless Hermitian scalar 

field in a classical general relativistic black hole space-time as depicted by the Penrose-Carter 

diagram in Fig. 4, Hawking came up with an important result. By taking into account Fock 

representations for the scalar field on past null infinity 
J  and in the domain Ƕ+ ∪ ℐ+ (future 

event horizon, future null infinity) and deriving the relevant Bogolubov coefficients, Hawking 

was able to show that quantum mechanical effects cause black holes to create and emit particles 

as if they were hot bodies with temperature 

 

2
HT

k




                                                             (13) 

 

where   is the surface gravity of the of the black hole and k is the Boltzmann’s constant [3].  

 

 
 

Figure 5. Hawking radiation 

 

 

Apart from the mathematical derivation, the Hawking effect may informally be realized 

as follows. As a consequence of the Uncertainty Principles in QM, there exist quantum 

fluctuations in any quantum field. Hence, in the vicinity of the event horizon of the black hole, 

one may visualize vacuum fluctuations in the form of creation and annihilation of pairs of 

virtual particles. Since energy is conserved one particle possessing positive energy while the 

other of negative energy. It is probable for the negative energy particle to fall inside the event 

horizon, inside which the time translation Killing vector is space-like, and become a positive 
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energy particle. This leaves the remaining particle of the free pair to escape to infinity, leading 

to a steady flux at infinity hence forming Hawking radiation.  

As the Hawking effect causes a steady flux of particles to be emitted to infinity, energy 

is carried away and in accordance with the principle of conservation of energy, the black hole 

should lose mass. Therefore, the quantum effects should cause the black hole to evaporate. The 

rate of loss of mass 𝑀 may be modelled as follows (Note that the greybody factors have not 

been taken into account). Using Stephan’s law, the power radiated away at late times by the 

black hole due to Hawking effect is, 

 

                       4  H

dE
AT

dt
                                                          (14) 

 

where 𝐴 is the black hole area given by  
2

2/A MG c . Energy E satisfy Einstein’s mass 

energy equivalence 2E Mc . For a Schwarzschild black hole, the surface gravity is given by 

[3]:  

 

               
4

 
4

c

MG



 

 
                                                          (15) 

 

Hence, mass of a black hole should decrease at a rate  

 
4

2 2
~

dM c

dt G M
                                                         (16) 

 

inversely proportional to the square of its mass, as a result of the Hawking effect. Owing to this 

inverse relation, as the black hole loses mass, that rate at which it decreases would increase with 

time.  

From eqn. 13 and 15 Hawking temperature is inversely proportional to the mass 

( 1 / )HT M therefore, as the black hole losses its mass, it would keep on increasing its 

temperature and consequently, the Hawking radiation from the black hole would become more 

prominent causing the black hole to radiate faster, as the mass is lost at an increased rate.  

The Fig. 6 depicts the Hawking temperature with time for Schwarzschild black holes in 

a range of initial masses (for the moment, the cosmic microwave background is neglected.). As 

the black hole evaporates, the temperature of Hawking radiation as observed by an observer at 

infinity at late times increases at a growing rate. The higher the initial mass of the black hole, 

lower the initial temperature of the Hawking radiation emitted from the black hole, however as 

each black hole evaporates and slowly decreases in mass, the temperature of the emitted 

radiation increases at an increasing rate. Although this Hawking temperature effect should 

theoretically hold for all black holes, the effect is only effectively prominent for small black 

holes of lower mass.  

A black hole is in a thermal bath of cosmic microwave background (CMB), which is of a 

temperature of approximately 3 K. Therefore, a black hole, in reality, would be simultaneously 

absorbing and emitting energy. Hence, any black hole with a temperature lower than the CMB 

temperature would be absorbing radiation at a rate faster than the emission due to Hawking 
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effect, and consequently would be increasing in mass. (Eventually, as the CMB temperature 

drops, mass will start to decrease, but this will take a comparatively long time.) As mass 

increased, the Hawking temperature would further decrease, hence, the absorption would be 

prominent over the emission by quantum effects.  

 

 
 

Figure 6. Hawking temperature variation with time for Schwarzschild black holes 

of varying initial mass 

 

 

 
 

Figure 7. Hawking temperature with mass and time with comparison 

to cosmic microwave background 
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Thus, for the emission by quantum effects, a critical mass can be obtained as 𝑇𝐻 = 3 ⇒
22 ~1  0  kgcriticalM . Due to the inverse relation, any mass below this critical mass would possess 

a temperature above the CMB temperature. For sufficiently low masses, the Hawking 

temperature would be high enough so that the CMB temperature would be negligible, and the 

quantum effects dominate. Fig. 7 depicts how black holes with masses below the critical value 

will eventually diverge further away from the CMB temperature at an increasing rate, thus 

prominently exhibiting radiation emission due to quantum effects, as the evaporation 

progresses. The black surface indicates the CMB temperature level. 

Considering the evaporation of the black hole due to Hawking effect, the lifetime Γ of the 

black hole can be estimated to be in the order of: 

 

             
2

3

4
 ~ 

G
M

c
                                                          (17) 

 

For a massive black hole, this yields a lifetime comparatively larger than the lifetime of 

the universe, besides, it would be even longer when radiation absorption is taken into account. 

However, the primordial black holes of mass of an order less than 1012 kg formed by density 

fluctuations of the early universe have a life time 171  0   and would have evaporated by now. 

Therefore, the quantum effects are most prominently manifested in primordial black holes of 

this nature.  

Furthermore, according to GRT, since space-time is curved according to the way mass is 

distributed in space-time, it is justified to presume that as quantum effects cause the black hole 

to lose mass, the curvature associated with the space-time metric would be consequently 

affected by this. The Ricci scalar R , also termed the scalar curvature, is an ideal candidate for 

the study of the manifestation of the quantum effects in the curvature associated with the metric. 

By considering the symmetries associated with a static, non-rotating, spherically symmetric 

mass distribution, and deriving the related Christoffel symbols, the scalar curvature in relation 

to a space time represented by the Schwarzschild metric can be calculated to be: 

 

              
2 2

4
  1

GM
R

r c r


  

 
                                                     (18)  

 

At the event horizon 2 2 /r GM c of a Schwarzschild black hole of mass M , the scalar 

curvature is: 

 
4

2 2
  ~  

c
R

G M
                                                        (19)  

 

The variation of the scalar curvature at the event horizon of a Schwarzschild black hole 

as the black hole shrinks with time, is shown in Fig. 8 (a). With the shrinking of the black hole 

the area of event horizon decreases at an increasing rate with the advancement of time due to 

quantum effects, consequently, the scalar curvature at the event horizon increases at an 

increasing rate. Since the curvature in space–time manifests gravity, the increase in curvature 

should cause a consequent variation of the gravity manifested by the black hole. In order to 
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investigate the nature of this consequent variation of gravitational effects as a result of the 

quantum effects, a suitable candidate is the surface gravity of the black hole.  

 

 
 

Figure 8 (a). The scalar curvature at the event horizon of a Schwarzschild black hole  

with time 

 

 
 

Figure 8(b). The surface gravity with scalar curvature and time for a Schwarzschild  

black hole 
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Figure 9. The surface gravity with scalar curvature and time for a group of Schwarzschild 

black holes 

 

 

The surface gravity κ is constant over the horizon and equals the force that an observer at 

infinity would have to exert in order to keep a unit mass at the horizon. The variation of the 

surface gravity of a Schwarzschild black hole as the curvature associated with the 

Schwarzschild metric changes due to quantum effects was obtained and shown in Fig. 8(b). The 

blue colour curve depicts the time evolution of a single black hole in the phase space with scalar 

curvature at event horizon along the y- axis and the surface gravity along the z- axis. Individual 

variations of the scalar curvature and surface gravity with time are also simultaneously shown 

in red and yellow respectively.  

The curvature at the event horizon increases with the evaporation of the black hole. 

Consequently, the surface gravity of the black hole also increases, as a result of the Hawking 

effect. The surface gravity increases at an increasing rate with time. The Hawking temperature 

also increases at an increasing rate with time. Hence, the observed trend is that both quantum 

effects as well as classically defined gravitational effects simultaneously become more 

prominent, fortifying each other, as the black hole evaporates away its mass due to Hawking 

effect. The surface plot depicting the time evolution of a group of Schwarzschild black holes in 

the same phase space was obtained and presented in Fig. 9. 

 

 

6.  THERMODYNAMIC VIEW 

 

With the discovery of the Hawking effect, that black holes create and emit a steady flux 

of particles at a thermal spectrum, it was possible to associate an actual non-zero physical 

temperature with the black hole, which was proportional to the surface gravity of the black hole. 



World Scientific News 134(2) (2019) 198-219 

 

 

-213- 

Thereby, from the analogous first law, the Bekenstein-Hawking entropy for a black hole 

can be obtained as: 

 

        
4

B
BH

k A
S

G
                                                            (20) 

 

Hence, the Hawking effect, derived from the quantum mechanical consideration of a 

matter field in the classical space-time background of a black hole, completes the 

thermodynamic picture of a black hole, indicating that the incorporation of quantum effects, 

had, in fact been the missing piece all along in the general relativistic understanding of black 

hole physics. However, as the quantum effects cause the black hole to lose mass and evaporate, 

it would shrink, and the area of the event horizon would have to go down.  The area of the event 

horizon of a black hole of mass M with the variation of the area of the event horizon of a 

Schwarzschild black hole with time as a result of the Hawking effect was modelled. This is 

presented in Fig. 10.  

 

 
 

Figure 10. Area of event horizon of a Schwarzschild black holes with time 

 

 

This scenario apparently violates the classical result given in Hawking’s area theorem 

that the area of the event horizon of a black hole cannot decrease in any process. But, what 

should be noted here is that Hawking’s Area theorem is proved assuming the null energy 

condition, that is,  

 

       0T k k 

                                                            (21) 

where T  is the energy–momentum tensor and k   is a future-pointing null vector field. 

Although the assumption is valid in the classical realm, in QFT, the null energy condition can 
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be violated, the reason being, in QM, energies need not necessarily always be positive. In the 

vacuum fluctuations giving rise to Hawking radiation, one of the virtual pair of particles has a 

negative energy, as not being a real particle in the region exterior to the event horizon where its 

energy as measured relative to the time translation Killing vector is negative, need not carry a 

future-pointing momentum flux across the horizon.  

However, Hawking radiation is in agreement with the GSL. In fact, the Hawking effect 

effectively validates the GSL by resolving the issue posed by the box-lowering thought 

experiment [20]. According to the Tolman law [21], a temperature gradient exists in the 

Hawking temperature surrounding the black hole. As a result, the box would experience a 

buoyancy force. At a certain distance from the horizon, the thermal radiation displaced by the 

box would be equal to the energy contained in the box and if the box is further moved inwards 

the black hole, work has to be done upon the box and energy will be acquired by the box. Hence, 

in order to optimally minimize the amount of energy delivered into the black hole, the box 

should be dropped at this floating point. Then, as the entropy of the box should necessarily be 

less than or equal to that of the thermal radiation displaced by it, it can be shown that the 

generalized entropy increases in this case. Thereby, it can be inferred that quantum effects play 

an integral part in the robust thermodynamic formulation of black holes. 

 

 

7.  VALIDITY OF THE SEMICLASSICAL THEORY 

 

A significant point of note in the consideration of the quantum effects hitherto discussed 

is that the derivation of the quantum effects is strictly semi classical in the sense that spacetime 

is classically treated according to the GRT, whereas only the matter fields coupled to the 

spacetime are quantum mechanically treated.  

Although there clearly exists a back reaction on the metric (as established in Section 3), 

spacetime is essentially treated as a fixed background, unperturbed by the propagation of the 

particle quanta created by the Hawking effect. In order for this to effectively hold, the energy 

of an emitted quanta should be significantly less than the mass of the black hole. In other words, 

the black hole mass should be of an order comparably larger than the Planck mass. This 

identifies the requirement for a fully quantized theory of gravity, viably applicable to black 

holes of masses of order comparable to the Planck mass as well; especially given the fact that 

the Hawking effect should be theoretically capable of being notably manifested in black holes 

of smaller mass.  

The Hawking temperature calculated by Hawking [3] is that observed by an observer at 

infinity. According to the GRT, the gravitational slowing of time causes the photons emitted 

from within a gravitational potential to be shifted to lower frequencies or equivalently to longer 

wavelengths creating gravitational red shift of photons to an outside observer. Therefore, the 

Hawking radiation will be continuously red shifted as it reached the observer. For the 

Schwarzschild metric, by a simple calculation, the corresponding gravitational red shift can be 

formulated in the form: 
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where λ1 is the wavelength as observed by a fixed observer at 1r  and λ2 is that observed by a 

fixed observer at 2r . The energy E of a photon of Hawking radiation is [22]: 
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                                                               (23) 

 

where 1/ /h E    is the wavelength of radiation as observed at infinity. The wavelength 

of Hawking radiation observed by a fixed observer at r can be given by 
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The effect of gravitational red shift on Hawking radiation was obtained and depicted in 

Fig. 11.  

 

 
 

Figure 11. Gravitational red shift of Hawking radiation 

 

 

The vertical blue line indicates the position of the event horizon and the horizontal red 

line indicates the wave length λ. As the event horizon is reached, the wavelength of Hawking 

radiation approaches zero, indicating a significantly high blue shift at the horizon. This is in 

agreement with the structure of Hawking’s original calculation involving highly blue shifted 

modes just outside the horizon, which are entangled with similar inside excitations, evolving to 

become the Hawking radiation [3].  

Due to the significantly prominent blue shift towards the event horizon, ultra–short 

wavelengths smaller than the Planck scale gets involved in the vicinity of the horizon, at which 

scale, the semi classical approximation should fail and no certainty is established as to the 
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validity of the known principles of physics. Known as the Transplanckian problem, this 

provides a justified cause to doubt the physical existence of the Hawking effect and the validity 

of the semi classical approximation itself. However, one can successfully argue that the 

Hawking quanta originate not at the horizon itself, but in a quantum region or atmosphere 

around the horizon with radial extent set by the horizon radius scale [23]. An expression can be 

calculated for the expectation value of the stress tensor of the outward Hawking flux T  at a 

radial distance r as follows [23]: 
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The variation of  T  with r  is presented in Fig. 12.  

 

 
 

 

Figure 12. The expectation value of the stress tensor of the outward Hawking flux with r 

 

 

The vertical line indicates the position of the event horizon. The expectation value of the 

stress tensor of the outward Hawking flux approaches zero at the horizon. Thus it is reasonable 

to say that the proper outward flux builds up within a region over a range of r ∼ R and not at 

the horizon itself, contradicting the common perception that Hawking radiation is originated at 

the horizon. Building upon this, Ramit, et al showed that Hawking quanta originate from the 

said quantum atmosphere around the black hole with energy density and fluxes maximized at 

around 4MG , running contrary to the ultra-high energy origin very close to the horizon [24]. 
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Although such formulations in the literature may point towards an eventual resolution, 

the Transplanckian problem as of yet remains unresolved in recent literature.  

Yet another much discussed issue encountered whilst considering the Hawking effect is 

the Information Loss Paradox. The quantum effects cause the black hole to emit particles and 

consequently evaporate into nothing over the course of a lifetime determined by the mass of the 

black hole. However, the Hawking temperature is dependant only on the mass of the black hole. 

Therefore, once the black hole has fully evaporated, all information on what was absorbed into 

the black hole would be lost forever. This goes against a fundamental principle in physics; the 

principle of reversibility. A more refined manner to illustrate the issue of the information 

paradox is as follows.  

The time-evolution of a quantum system is essentially unitary. Suppose a pure quantum 

state were to be absorbed by a black hole. Eventually, once the black hole has evaporated fully, 

only the thermal radiation would remain. Thermal radiation is described by mixed quantum 

states. But, a pure state cannot evolve into a mixed state via a unitary transformation. The 

evolution from a pure state to mixed states leads to information loss. One supposition forwarded 

to counter this paradox is that the thermal radiation itself may contain information in the form 

of weak correlations between quanta. Quite recently, [25] illustrated upon the presence of soft 

quantum hair on the black hole horizon and showed for soft electric hair that complete 

information about their quantum state is stored on a holographic plate at the future boundary of 

the horizon. It is certainly interesting to conjecture that this might be an integral pointer towards 

an eventual resolution of the information loss paradox. 

 

 

8.  CONCLUSIONS 

 

Despite both QM and the GRT being well tested fundamental theories in physics, a 

consistent and complete reconciliation of the two has so far been unable to achieve owing to 

technical as well as conceptual difficulties arising mainly from the contrasting basic principles 

of the two. However, a semi classical approximation where space-time is treated classically, 

alongside with quantum mechanical treatment of matter fields is an alternative justifiable to a 

reasonable extent. The interpretation of particles in QFT gives rise to inequivalent classes of 

representations, which, when considered in classically defined reference frames in the GRT, 

differing to each other by non–Lorentz transformations, cause particle creation. Two such 

prominent effects are the Unruh effect observed by a Rindler observer and Hawking radiation 

from black holes. Thus obtained quantum effects show phenomena contradicting the classically 

expected, such as black hole evaporation by Hawking radiation. The consideration of quantum 

effects is understood to be integral in the consistent and complete formulation of black hole 

thermodynamics. However, the Hawking effect is only prominently manifest in smaller black 

holes of masses of the order less than 1022 kg. Primordial black holes of mass of the order 1012 

kg or lower would have completely evaporated and disappeared due to the Hawking effect. 

Although quantum effects derived via the semi classical approximation seem valid upto 

a certain extent in the sense that they fall into place with the already discovered black hole 

thermodynamic analogy, several unresolved issues including the inapplicability for black holes 

of masses of the order of the Planck mass, the Transplanckian problem and the information loss 

paradox stress the importance of a fully quantized theory of gravity that transcends the semi 

classical approximation. 
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