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ABSTRACT
According to Louis de Broglie, wave-particle duality can imply presence of a single entity also
known as wavicle. Hence, instead of the double solution he proposed to explain the duality, I depict the
6D wavicle in a multispatial mathematical entity represented in two 4D quasigeometric heterogeneous
structures comprising two paired 3D dual reciprocal spaces, one of which represents the particle and the
other the wave that was supposed to guide the particle in his pilot wave theory. The operational nature
of the (2⨯4)D = 8D biquaternionic quasigeometric structure of the wavicle is synthesized from twin
operations performed over paired 3D homogeneous dual reciprocal spaces, each of which is immersed
in a pair of two 4D asymmetrically overlapping heterogeneous quasigeometric (3+1)D = 4D spatial
structures.
Keywords: Wave-particle duality, wavicle, multispatial mathematical reality of physics

1. INTRODUCTION
Mathematicians tend to ascribe great importance to the elegance of their methods and to
the beauty of their results. This cosmetic strive is justified by efficiency of mathematics, for it
apparently benefits the economy of thinking [1] among other reasons of lesser importance.
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Their emphasis is on abstract thinking about physical reality instead of on truthful
depiction of the reality. The truthfulness is implicitly presumed as naturally emerging from their
artlike reasonings. But history of development of mathematical ides, theories and methods is
littered by conceptual failures due to misapprehension of the Nature caused by almost statutory
and arrogant disregard for feedback provided by curious results of formerly quite unanticipated
experiments. The disregard affected not only the perfunctory pure mathematics but created
obstacles also to prospective development of physical theories in search for scientific truths.
For Poincaré, geometric space is just a form of our understanding [2] p. 11f, and thus the
form could already exist before the geometric substance could fill the form, whereas for
Helmholtz and Lie, for instance, the structural substance should exist before the form [2] p. 60.
For Poincaré, therefore, scientific laws of Nature are not imposed on us by the Nature herself
but are imposed by us on [our purported understanding of] the Nature [2] p. 20. Hence pure
mathematics could have created an elegant abstract mathematical reality, which may not be
able to actually exist in the real physical world we live in. That is what happened with some
abstract mathematical concepts that ignore feedback from physical experiments, indeed.
Perhaps we should devise abstract mathematical notions based upon suggestions hinted
at by formerly unanticipated yet unbiased curious experimental results, if we want to keep
mathematics in sync with how the Nature seems to actually work. For inability to predict (or
just to anticipate) curious experimental results can be seen as indicative of inappropriateness of
the former mathematics that somewhat diverged from the ways the Nature apparently operates.
Moreover, if our mathematical operations do not fit the structures hinted at by what the Nature
reveals in the unanticipated experimental results, then perhaps her structural features may also
have been somewhat misunderstood. If mathematics should predict natural phenomena found
in the physical reality we live in [3], [4] then algebraic operations should fit the geometric
structures we want to operate on, and vice versa.
Both these views could be complementary, i.e. right, even though not always complete or
not quite correct. Hence the thoughts of Poincaré and of Helmholtz-Lie could both be helpful
indeed, though perhaps on quite different stages of development of mathematical or physical
theories. Since we created our theoretical notions by observing natural phenomena [5], [6] and
the forms in terms of which we can much better describe the observed natural phenomena and
then make predictions, which then could be tested – whether physically or perhaps just
theoretically – and after that, by refining both the terms and the forms we may develop even
better, or just more comprehensive, theories. Then the envisioned process of incremental
improvement could be subsequently repeated on next higher conceptual levels. For the
[structural] pure mathematics results from physical geometries by deinterpretation [7]. Recall
that before variables can be interpreted as [ones representing] ‘objects’, the domain of the
interpretation is to be the domain of objects over which the variables are going to range [8]. I
should not axiomatize any properties before I am able to unambiguously classify and identify
major objects under investigation. This approach runs contrary to the usual prescription for
fixing/defining them right up front via axioms, with all features of the objects involved.
Axiomatic approach worked fine with trivial objects. But for conceptually complicated
objects, such as energy, potentials and their respective host-spaces – not just abstract sets – the
Euclid-like axiomatization may not always work, for it is prone to quite inadvertent “creation”
of nonexistent objects, or perhaps even “proving” existence of some impossible to exist, hence
illusionary, abstract objects. Some authors go so far as to claim that the mathematical reality of
existential problems is either profoundly real or absurdly surreal [9].
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No matter how abstract it is designed to be, the reasonable conceptual mathematics should
always be in sync and comply with the actual, experienced workings of the Nature.
In 1939 MacLane [in his own words] has attempted to characterize algebra as the study
of structure of systems defined by suitable postulates placed on rational operations, but in 1963
that attempt appeared to him “naive and somewhat limited” [10]. Thus even some categorizing
algebraists honestly admitted that postulating existence of abstract algebraic structures via
suitably concocted axioms is an exercise in futility, once they grew up mathematically. I am
not against theory of categories but am aware of some of its – too simplistic to be true in general,
i.e. regardless of the espoused underlying structural paradigms – conclusions. Since the
fundamental object of mathematics is not a set composed of some elements, but a sheaf of
functions on some nonspecified space or locale [11], then perhaps we should first synthesize
properties of the space itself from the sheafs’ behavior instead of investigating the
predetermined geometrical objects placed in an already predefined space endowed with already
fixed properties, which approach cannot guarantee any completeness of such an investigation.
Furthermore, perhaps it would be desirable to establish geometry from mirror reflection without
specifying a certain dimension [12].
Imprecise assertions can confuse even mathematicians who, sometimes unwittingly, start
investigating the contents of their own perplexed minds [13], [14], [15] p. 144, for qualitative
mathematical relationships are not only the results of an abstract power of the mind, but also of
human activities [16]. Thinking about an object can alter the object’s perceived attributes or
even add a few nonexistent attributes during the process of idealization [17], when – on a higher
level of abstraction – one begins to invent fictional linguistic entities [18]. Therefore, we must
avoid making any existential postulates – whether these are made explicitly or are disguised as
allegedly innocent “definitions” – for they are absolutely inadmissible (as tacitly supplying
often imperceptibly destructive additions) in constructive mathematical reasonings.
Only through matching of operations to the – corresponding to them – geometric or
quasigeometric structures one can ensure the viability of existence of both, which then could
be confirmed in some experiments conducted preferably outside of the purely mathematical
framework in which they were created. For some internal inconsistencies of mathematics can
be buried so deep that it could take a few centuries to uncover them [19].
However, because mathematical objects exist as essentially normative systems [20],
mathematics – conceived as an abstract formalized calculus – could indeed be developed freely
[i.e. quite independently of the real world], according to its own internal rules/laws [21].
Nevertheless, even if underdefined on purpose, operational/algebraic procedures as well as
geometric and quasigeometric structures/objects need a definite frame of reference such as an
algebraic or geometric basis or both, in which these objects could be unambiguously
represented. Although there is no a priori restriction on the character of any algebraic basis, it
is clear that only homogeneous basis could ensure unambiguity of representations, even though
most physically meaningful situations involve various objects of different kinds and thus
require heterogeneous bases. Hence without denying the need for deployment of heterogeneous
bases in the world we live in, synthetic approach to mathematics prefers the use of
homogeneous subbases, which could then be combined into a heterogeneous basis. The latter,
in turn, demands multispatial approach to geometric and/or quasigeometric structures. Thus,
synthetic mathematics compels us to use multispatial approach in physics too.
The multispatial synthetic approach to mathematical and physical theories relies on quite
distinct and conceptually different set of paradigms underlying the prospective new synthetic
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mathematics. It is vitally important to realize that interpretation of the same set of axioms and
primitive notions could be affected by the – oftentimes unmentioned – paradigms. Traditional
mathematics routinely disregarded the influence of paradigms on interpretations, however.
Now the other reason for distinguishing homogeneous from heterogeneous bases is that
under the usually unspoken single-space reality (SSR) paradigm, which tacitly assumes that
everything happens in a kind of mathematical universe that resembles a single set-point space,
there was no absolute necessity to assign bases to spaces as well as to representations. In the
new synthetic approach to mathematics that emphasizes the need to see spaces as entirely
distinct views of the same underlying reality, each of these views (and thus also the spaces)
require its own native basis, whether it is an algebraic or a geometric or a quasigeometric one.
Bases of vector spaces were discussed in both set-theoretical and an algebraic setting in [22].
Homogeneous coordinates were discussed in classical geometric setting in [23]. Abstract
representations in homogeneous spaces were discussed in [24].
My new synthetic approach to mathematics and physics was influenced not as much by
philosophy as by René Thom who realized that at the foundations of all major scientific
disciplines one finds some phantasmagories or fundamental oppositions [25], which may
appear as illusions or just apparitions to some, but they can also have a certain conceptual or at
least inspirational value/merit. Volatility of their merits arises not because our thinking is
always inherently faulty, but rather because it is always framed in (and often constrained by)
our ever-changing paradigms even if their continuous change is imperceptible. My critique is
focused on synthesizing various merits rather than on enthroning one view/merit/value at the
expense of other views. None of the presently cherished views is final. It is only a matter of
time for a better idea to emerge and change the game by subduing the now prized ideas. Truth
is not electable. We cannot afford to discard the inconvenient ideas we do not yet fully grasp.
The synthetic approach to mathematics entails matching of procedures, i.e. differential
and algebraic operations, to constructions of the corresponding to them geometric or
quasigeometric structures, the latter resembling operational procedures.
Algebraic constructions and their extensions were discussed in [26] and differential
operators on algebraic varieties in [27]. This new synthetic approach demands acceptance of a
multispatial reality (MSR) paradigm, which should replace the old SSR paradigm. However,
implementation of the MSR paradigm requires more finegrained defined operators, both
algebraic/nondifferential and differential, for these kinds of operators are not always exclusive.
Even the differential operator nabla is not a self-contained entity, for its effect depends on its
usage [28]. Comprehensive critique of the nabla operator was given in [29] – compare also the
so-called “second fundamental confusion of calculus” [30] p. 189. This is the chief reason for
redefining the operators in more detail, which shall be done elsewhere.

2. HETEROGENEOUS BASES
While vectorial evaluations can simplify calculations involving differentials, Tait already
remarked that quaternions have slight advantage over vectors, for unlike vector product of
vectors, quaternions retain associativity, for j  (k  k) = 0  (j  k)  k = - j in the (j,k,l) basis
frame [31]. The usual imaginary unit i shall be used as an algebraic operator henceforth.
However, most physical situations involve quantities of distinct nature which may require
deployment of definitely heterogenous bases. This is often unavoidable not only for the sake of
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unambiguous structural representations but also for performing successful operations on
independently varying physical magnitudes, which may not always be treated as parameters
housed in a single homogeneous space. Yet because operating on objects depicted in a
heterogenous basis can yield questionable results, I prefer – wherever it is possible – to split the
heterogenous operating procedures into homogeneous suboperations performed over multiple
spaces or quasispatial structures, each of which must be equipped with homogeneous basis,
whether it is algebraic or geometric one. The main reason for doing this splitting of operations
is to preserve their orthogonality which can be ensured within homogeneous bases. Since
numbers used to be treated as entities interchangeable with their values – even though their
value is just one of several attributes of the entities called numbers – there was no conceptually
consistent approach to spaces viewed as geometric or quasigeometric structures as opposed to
mere sets that are treated as arbitrary agglomerations of number-points.
Hausdorff initiated foundations of cleavability of sets and defined also the (settheoretical) notion of coherence based upon mappings of point-sets, which although useful [32],
could cast a shadow of distrust on the idea of separable spaces (which he regrettably called
“incoherent”) due not only to the unfortunate connotation of the latter qualifier but also because
of their misperceptions present in set theory itself.
Mappings are acceptable under the SSR paradigm but treating multispatial structures in
terms of mappings could be ambiguous. Since mappings map structurally defined domain
into/onto (often operationally defined) range, interspatial mappings could destroy the
homogeneity of representations. I am not against mappings but am aware of oversimplifications
due to tacit existential postulates the mappings could introduce. I am also for correctness of
operations and clarity of concepts.
Another reason for splitting heterogenous basis into chained homogeneous bases is that
polynomials of degree higher than 4th are in general unsolvable by radicals (per Galois and
Abel) [33]. Some simple practical aspects of algebraic solutions by radicals were briefly
explained in [34]. Methods using resolvents, some of which can appear as supplying viable
solutions [35], can make the solutions even more difficult rather than simpler for higher than
4th degrees [33], gave me yet another reason for seeking the paradigm shift from SSR to MSR
because reasonable geometric dimensionality is not only capped at 4D but also permits presence
of overlapping quasigeometric multispatial structures [33], [36]. By “reasonable” approach to
dimensionality I mean such that matches operational procedures to constructible geometric or
quasigeometric structures, for postulating existence of structures that cannot be constructed or
operational procedures that cannot be solved makes no sense.
The other issue that is related to maintaining homogeneity of representations (including
that in differentials) and thus constrains the formal representations of polynomials, is the
number of variables known as Hesse’s theorem, which was briefly mentioned and discussed in
[37]. Various topological aspects of the unsolvability and nonrepresentability were discussed
in [38].
Some topics of algebraic and geometric bases are discussed in terms of Clifford/geometric
algebra in [39] p. 39, and in algebraic/hypercomplex setting in [40] pp. 20,24. Clifford algebras
were discussed in abstract terms in [41] and also compared to Grassmann algebras in [42].
Orthonormal bases were well compared with nonorthonormal bases in [43].
Splitting of heterogeneous operations into homogeneous operations require multispatial
approach to geometrical and quasigeometrical structures. However, the implementation of
multispatial approach is contingent upon feasibility of performing unrestricted algebraic
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operations, including division by zero, which can be implemented in dual reciprocal spaces
[44], [45]. Uninhibited division by zero is necessary also for operations performed in 4D
spacetime [46].
The notions of duality and reciprocity (viewed as multiplicative inverse) are operationally
related. Generalized geometric duality for hyperspaces Sn interchange points and hyperplanes
[47-56]. Global duality was discussed in abstract terms in [57]. Note that S-duality not only
interchanges the electric and magnetic roles but implies reciprocity too [58].
However, the MSR paradigm may require also some nonlinear relations/equations.
Diagram of linear and nonlinear differential equations is shown in [59]. Reciprocal spaces as
inverses of “regular” (or “real”) spaces, are often used in solid state physics, especially in
crystallography, mainly because the value of wave vector |k| = k = 1/λ is expressed in inverse
units of length for it is reciprocal to intervals of length such as the wavelength λ [60].
Change in regular space triggers an inverse change in the reciprocal space associated with
the regular primary space for reciprocal spaces supply different representation/view of the same
physical object. Shrinking (or enlarging) objects in the primary space appears as enlarging (or
shrinking) representations of the objects in the reciprocal space. Reciprocity changes not the
objects themselves but only their views/representations, providing thus the key for pairing of
the regular/primary space P with its respective dual reciprocal space Q in geometric and/or
abstract quasigeometric spatial structures. It is in the latter nontraditional sense that the
reciprocity will be utilized in this paper. Multispatiality and reciprocity are tied together via
paired dual reciprocal representations, which in conjunction with unrestricted division by zero
permits evaluations such as PP* = 0·∞ = 1 [44-46]. The asterisk denotes conjugation.
The term ‘inverse’ is used in two senses: as a reciprocal and as composite inverse [61] p.
76. Equating complex or hypercomplex inverse in the notation f-1(z) with reciprocal is clear
abuse of language in tacit defiance of logic, for only the numbers’ modulus is truly
multiplicatively inverted, but the angle (argument) is merely additively reversed, not inverted
[61] pp. 5,11, [62]. Under the MSR paradigm we shall use the term ‘inverse’ as a multiplicative
inverse. Although infinity is reciprocal to zero [61] p. 233, these two entities are operationally
incompatible objects.
They cannot both fit into the same operational space even if they reside in the same set.
Since complex and hypercomplex inverses involve both multiplicative and additive group
operations, they demand the new synthetic approach to mathematics. I am not criticizing any
particular book, for this evasively avoided nonsense is common to virtually all presentations of
complex analysis, but one may still wonder why such – apparently inconvenient – truths are
sidestepped instead of being at least addressed if not explained. It is presumably because these
truths might reveal an elusive abstract reality concealed behind the officially recognized
mathematical (as well as physical) reality.
The new synthetic approach to mathematics responds thus to three crises encountered in
mathematics, which the past trends of logicism, formalism, and intuitionism were unable to
overcome. Recall that these approaches to mathematics correspond to realism, nominalism, and
conceptualism, respectively [63]. Since logicism and formalism can be discarded as lacking
deep mathematical sophistication and often falling into the category of wishful thinking, only
the failure of intuitionism seems worthy of careful review, which shall be done elsewhere. For
the purpose of the present paper, we shall use mathematical intuition because it allows fast
transition toward new forms of knowledge [64]. The new synthetic approach relies on
intuitionism and constructivism, though without constrains of their contingencies. Truth in
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mathematics should be discovered via syntheses guided by experimental and/or theoretical
hints, rather than be postulated through convenient yet often arbitrary axioms.

3. REVIEW OF SOME PRACTICAL ISSUES OF WAVE MECHANICS
It is known that direct measurements of the transition frequency ν between two quantum
states whose energy difference is ∆E = ℎν are only feasible in the radio wave frequency,
microwave and submilimeter wave regions of the whole frequency spectrum. But practical
determination of the energy difference in the infrared, the visible and higher frequency regions
is based on measurements of the wavelength λ according to the formula ∆E = ℎc/λ = ℎck [65]
p. 1532. Since both, the Planck constant ℎ and the speed of light in vacuum c are constant, it
follows that the temporal frequency ν and the wavenumber k = 1/λ, i.e. “spatial frequency”
reciprocal of the wavelength, can determine the energy difference. For energy and momentum
are reciprocal [30] p. 503. In other words: Energy difference is always proportional to
frequency. Whether it is the usual temporal frequency or spatial frequency is just a matter of
practical determination. If so then the paradigm shift from SSR to MSR is not really an option
but a must, for each space should be equipped with its own uniquely denominated orthogonal
native homogeneous basis, whether it is an algebraic or a geometric one.
This theoretical hint raises thus – the conceptually curious though routinely overlooked –
question: If the wavenumber representing both: the spatial frequency as well as energy
difference has its own 3D length-based space (LBS), in which it can vary, then where is the –
corresponding to it temporal – 3D time-based space (TBS), in which also the temporal
frequency (as magnitude reciprocal to a certain elapsing time instant, or time interval 𝜏 such
that ν = 1/𝜏) can vary? There is nothing wrong with the physics or mathematics but the latter
appears somewhat incomplete until it would show where is the “temporal” geometric structure
(i.e. temporal space) in which inverted meter (as the measure of wavenumber) turns into
inverted second (cycle), a measure of temporal frequency? Since in physics these magnitudes
are interchangeable, why was former mathematics averse to the idea of multispatiality? Maybe
multispatiality might reveal something embarrassing about the mathematics.
Since elapsing time is not just an arbitrarily chosen running parameter – as both classical
physics and quantum mechanics coach us to believe – but actually an independently varying
magnitude too, then it should have its own native homespace, in which it could vary quite
independently of all the other spatial magnitudes involved. For we always float with elapsing
time no matter in which length-based spatial direction we can choose to go [66]. Clearly both
the elapsing time and the temporal frequency, as well as the wavelength that is reciprocal of the
spatial frequency, need their own homespaces each equipped with appropriately denominated
native basis, in which these magnitudes could vary quite independently of all the other variables
and parameters. Reciprocal sets of vectors are discussed in [67], [68].
This requirement for double treatment (temporal and spatial) of frequency with functional
(i.e. nondifferential/integral) changes made to energy is the physical exhibit of our proceedings
here. Function-based differential operators shall be discussed elsewhere. Synthetically
speaking, this demand is a must when it is considered from an abstract, purely mathematical
point of view, if abstract operational procedures should indeed fit/match the corresponding to
them geometric or quasigeometric structures over which the procedural operations are supposed
to be performed.
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4. THE ESSENCE OF NEW SYNTHETIC APPROACH TO MATHEMATICS
Traditional development of pure mathematics was focused on abstract representations of
mathematical objects and their relationships depicted within certain predefined sets or spaces
and described in an artificially abstract language oftentimes designed to support unifying
umbrella imposed on arbitrary operational procedures or postulated geometric structures.
This traditional approach worked fine for devising proofs of ever more sophisticated
abstract classification schemas envisaged for the objects and for anticipated relationships
existing between them. But unanticipated results of some unbiased physical experiments
revealed the need for reevaluation of the heretofore successful classification schemas. The
pinnacles of former ideas not only failed but sometimes even became obstacles on the road to
expound the curious experimental results that apparently were blowing up some of the previous
methods and ideas. Notice that in the essentially algebraic setting of category theory the term
‘structure’ is implicit and is routinely treated as a primitive concept [69]. While modifying
arguments to account for changed circumstances in new proofs seems easy, transferring
methods to new or significantly different situations can be problematic [70].
Instead of trying to find a better representation of an object defined within the allegedly
“proven” though conceptually failing old classification schemas, I shall opt for discovering a
new underlying mathematical reality based upon the mathematically inconvenient objects while
determining their features on the fly. Since there are only two basic kinds of analyses: 1) the
problem to prove, and 2) the problem to find something unknown [71], the synthetic approach
is essentially abstract mathematical analysis of the second kind. The new synthetic approach
emphasizes discovery rather than investigating features of predefined notions, for definitions
are often mere conveniently phrased existential postulates in disguise [72], [73].
Although many authors agree with the Poincaré’s conviction that all geometrical theories
are conventional and that their axioms are merely definitions in disguise, some authors are
rather uncomfortable with the fact that the – assigned by often arbitrary convention – axioms
could tacitly (mis-)define the (sought for) abstract reality (if it is to be operationally effective)
of the arbitrarily chosen geometry, sometimes pushed in defiance of the actual physical reality
we live in [74]. Perhaps there is yet another reality behind the physical reality and if so then the
heretofore ignored extra reality is mathematically just as necessary as the physical reality is.
Notice that I am not trying to postulate the extra reality into existence but am saying that our
mathematics virtually seems to support two interconnected kinds of reality at once, the actual
presence of one of which was routinely refused to be acknowledged.
It was already experimentally confirmemd that facts established by various observers
cannot coexist within a single observer-independent framework [75]; see also [76], [77]. All
this subtly implies the necessity of deploying at least virtual, if not actual, multispatiality.
Although some authors consider violations of Bell’s inequalities as a proof that quantum
mechanics is complete – see overview in [78], a complete representation in not necessarily quite
complete setting does not really mean full completeness but only relative completeness, which
would amount to incompleteness once the present setting is expanded into a new theoretical
territory. The current experimental violations of Bell’s inequalities cannot be the final proof [of
completeness, nor even of validity] of present quantum physics [79], indeed. For
comprehensive exposition of Bell’s theorem and some related issues see [80].
Although we can deduce internal properties of abstract objects, mathematics cannot make
deductions regarding existential conclusions determining the prospective appearance of the
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mathematical reality itself. Reliance on deductive proofs is only of purely internal validity.
Since proofs can be invalidated by just altering some paradigms, deductions venturing into
external nature or characteristics of mathematics can serve only as theoretical hints, requiring
thus an external experimental confirmation. No science can determine itself. This is true for
mathematical and all other theories. Disregard for this “No selfdetermination” principle is the
main reason why some mathematical theories [81] (and mathematical underpinnings of some
physical theories [82-84]) became corrupted. Therefore verification of validity of mathematical
concepts and theories should come from unbiased physical experiments.
Neither could physics itself make its own deductions regarding the existential conclusions
that supposedly define the philosophically preferred appearance of prospective nature of the
physical reality. Case in point: Extending electromagnetic theory from 2D to 3D – hence from
rotations in plane governed by the group O(2) to 3D rotations governed by the group O(3) –
produces quantization of charge from geometry, resulting in nonabelian electromagnetics [85]
p.68ff. In the latter case the nominally massless photon should have mass nonetheless [86] pp.
5,117ff, [85] pp. 44,107,123,130ff, [87], which is quite legitimate a conclusion. Postulating
massless photon because of its wavelike behavior is defeated by altering an abstract paradigm.
Electron has mass and also wavelike nature, which was experimentally confimed [88], [89].
Therefore no theory of physics should ever try to selfdetermine itself either. I have no
intent to resuscitate de Broglie’s wave mechanics but to push some of his ideas through the
obstacles that apparently stopped him. I shall not deal with former physics, neither with his
double solution nor the Bohm’s continuation of turning the de Broglie’s pilot wave theory into
a deterministic alternative to quantum theory, at least not at this time.
Since it was the set of faulty concepts of the previously underdeveloped mathematics that
doomed de Broglie’s visionary ideas in physics I shall concentrate mainly on the faulty former
mathematics. His physics will be used in the present paper as a guide to the prospective new
mathematics. However, when it comes to proper conceptual understanding of the wave-particle
duality this paper is closer to Bohr’s interpretation of the duality, who considered wave and
particle as complementary concepts, which view de Broglie adopted despite explicitly
considering it inadequate [90]. I will not cling to the de Broglie’s physical conceptualization of
his idea that he eventually downsized into his pilot-wave theory.
The essence of the new synthetic approach is the recognition that no conceptually valid
idea should be discarded right up front. Competing ideas should be synthesized with their
contradictory (or complementary and even supplementary), back then, ideas in order to gain an
unambiguous mathematical (though not really Hegelian) synthesis of those previously
contending ideas, provided all the ideas to be synthesized were at least partly valid.

5. FROM QUANTUM-RELATIVISTIC ENERGY CLASH TO WAVE MECHANICS
Wave mechanics sprang from de Broglie’s attempt to reconcile relativistic and quantummechanical energy formulas, which appeared incompatible and not relativistically invariant:
𝑚0 𝑐 2 ≠ ℎ𝜈0 ⟹ 𝑚𝑐 2 = ℎ𝜈

(1)

and seemed inconsistent on the left-hand side (LHS) since the moving particle’s rest mass m0
does not change in motion whereas the inner frequency ν0 is getting smaller due to slowing

-9-

World Scientific News 127(1) (2019) 1-55
down of the moving clocks. Here c is the speed of light in vacuum and h is the regular Planck’s
constant. De Broglie noticed, however, that the formula could become invariant in Galilean
reference frames when written as mc2 = hν if it would refer to a stationary wave of frequency
ν0 treated as inner vibration of the wave, for now the frequency ν of this wave varies just as the
mass m when the reference frame changes – compare [91] p. 18. Moreover, the LHS asserts a
fundamental inertia of energy [92], a fact that should not be ignored.
Pursuing the aforesaid idea, de Broglie reportedly showed that if the phase wave
ф(x,y,z,t)exp[2iπν(t–(z/vg))] satisfies d’Alembert equation then its amplitude ф obeys an
equation, which resembles in form, though not exactly in its gist, Klein-Gordon equation

∇2 ф −

1 𝜕2 ф
𝑐 2 𝜕𝑡 2

=−

4𝜋2 𝜈02
𝑐2

ф 𝑤ℎ𝑒𝑟𝑒 𝜈0 =

𝑚0 𝑐 2
ℎ

(2)

for a spinless wavicle moving along the z axis with group velocity vg, and then he abandoned
the whole theoretical venue [91] p. 19. Construction of wave packets as superposed plane waves
is discussed in [93] p.5ff. Since even light cannot be viewed as spinless/unpolarized in general,
Klein-Gordon and the like equations were usually regarded as not quite appropriate for
depicting spinning wavicles. Concise presentation of Klein-Gordon equation can be found in
[94], [95], and Green’s function for Klein-Gordon equation is discussed in [93] p. 296f.
Yet if the inner frequency would be treated as an imaginary interval, then the eq. (2) could
be identified with the Klein-Gordon equation, in which case the imaginary unit would have to
be regarded as quasigeometric operator; this fact suggests that in a multispatial setting a
complex equivalent of the eq. (2) could lead to a viable alternative. In fact, 6D Klein-Gordon
equation was investigated even for particles with spin [96]. The eq. (2) could be viewed as a
subtle hint indicating that previous failures under the SSR paradigm might become worthy of
reconsideration when reevaluated afresh, under the MSR paradigm though.

6. DE BROGLIE PERSUADED TO WATER-DOWN HIS DOUBLE SOLUTION IDEA
Shortly after de Broglie proposed apparent wave-particle duality, his idea was confirmed
in experiments and was further developed mathematically by Schrödinger whose equation
became workhorse of quantum mechanical applications. Why then – despite of great practical
value of the Schrödinger equation – de Broglie and some of his successors consider the
interpretation of the wave-particle duality as still an open question today? Even though valid,
the – operationally accepted but perhaps mathematically (here: structurally) misunderstood –
wave-particle duality raised questions regarding the character of the duality and the physical
nature of his idea of double solution, even for de Broglie himself.
Let us review the mathematical obstacles that led de Broglie to abandon his original idea
of interpreting the wave-particle duality through the concept of double solution, which he then
reduced/downsized to the concept of ‘pilot wave’ that was further advanced by Bohm. The pilot
field could also be interpreted as the Evans-Vigier field B(3) in which case one may replace the
usual term wave-particle with the notion ‘field-particle’ [97].
According to Majorana, light quanta are nothing but an intuitive aspect of a physical entity
that in other cases manifests itself as a wave [98], which could become virtually identified with
a multispatial approach even though he did not repel the unspoken SSR paradigm. In my
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opinion, the Majorana formulation of Maxwell’s equations [99] is perhaps their most elegant
expression that is also suggestive of conceptual necessity to shift the SSR paradigm to the MSR
one. The demand for adoption of the MSR paradigm comes not because of apparent formal
perfection of the Majorana formulation but rather despite of it, for ultimate perfection would
not permit any expansion of the perfectly formulated equations onto any prospective new/better
ideas. For their expansion into a conceptually wider, yet heterogeneous domain, seems also
necessary.
One objection against the de Broglie-Bohm causal interpretation of quantum mechanics
was that the particle does not react dynamically on the wave it is guided by, i.e. there was no
reciprocal action of the particle on its guiding wave [100] p. 26, in the interpretation that was
favored back then. This objection is valid from the standpoint of the SSR paradigm. But from
the viewpoint of the MSR paradigm the lack of interaction between the pilot wave and the
particle guided by the wave merely suggests that the pilot wave and its particle could be two
distinct views of the very same single underlying entity, namely wavicle. Recall that the de
Broglie wavelet φ is an exact localized oscillating solution of the wave equation ⧠φ = 0, which
moves like a massive particle even though it is a solution of massless wave equation [101]. For
fairly comprehensive discussion of wave-particle duality see [102], [103].
Although the general 1D equation of an abstract mathematical wave traveling along the
x direction with constant velocity v is conventionally expressed with second derivatives as
𝜕2 𝑓
𝜕𝑥 2

=

1 𝜕2 𝑓
𝑣2

𝜕𝑡 2

⟺ 𝑓𝑥𝑥 = ±

1

𝑓
𝑣 2 𝑡𝑡

(3)

it need not be in second derivatives, for if the direction is fixed or chosen then it could read
𝜕𝑓
𝜕𝑥

=±

1 𝜕𝑓
𝑣 𝜕𝑡

1

⟺ 𝑓𝑥 = ± 𝑓𝑡
𝑣

(4)

when the choice of direction does not matter anymore [104] p. 209f where the minus/plus sign
applies to wave traveling in the positive/negative x direction, respectively. Squaring is not
necessary when the direction is already predetermined. Even in Bohm’s causal interpretation
of quantum mechanics a wave equation analogous to (4) can also be written in only first
derivatives of the quantum wave function f = Ψ [105] p. 110.
Consider a single event with internal parameters as an exact localized oscillating solution
of the Schrödinger wave equation, which Barut called de Broglie wavelet φ moving like a
massive particle even though it was solution of massless wave equation, for the wave equation
can be derived from the massless wave equation ⧠φ = 0 [101]. In nonrelativistic limit the
wavelet of the form φ(x,x0,v) = Fω (x,t,x0,v)expi(kx-ωt) with k = mv/ℏ and ω = Ω+ℏk2/2m, he
has concluded that when its internal frequency Ω tends to infinity Ω→∞ then the localization
function F approaches δ function, and in the limit Ω→0 F approaches unity and we get plane
wave equation that has no longer internal parameters [101]. The wavelet can be interpreted thus
as yet another theoretical hint at the apparent need to deploy paired dual reciprocal spaces
because single-valued zero and set-valued infinity cannot unambiguously coexist in the very
same space, no matter what kind of projection mathematics might offer to accommodate their
postulated coexistence. It is because photon of high energy behaves like particle and thus can
be localized which fact even mathematicians acknowledge [237]. +@#
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Moreover, despite of being clearly of relativistic origin and experimentally confirmed,
the de Broglie idea of wave-particle duality either runs contrary to certain tenets of traditional
mathematics or may prompt us to consider altering the traditional mathematical approach to
differential geometry in particular. This hint refers to the Hilbert’s theorem which says that a
complete geometric surface with constant negative curvature (i.e. pertaining to hyperbolicity
and, as a consequence, also to special relativity) cannot be isometrically immersed in ℝ3 [106]
p. 451ff. Therefore a sphere minus a single point (pertaining to stereographic projection and
extended complex plane with a point at infinity [107], [108]) is not a complete surface, in which
case it would not be extendable [106] p. 331f. Since isometric transformations preserve inner
product and norm [109], deployment of certain paired multispatial structures seems both
desirable and unavoidable. Nonetheless, the SSR paradigm itself is not the chief source of this
– and many other – conceptual problems encountered in physics. Rather it is because of lack of
denumerable operational infinity of field variables in both mathematics and physical sciences,
which makes it impossible to accommodate it in the SSR framework, that plagues all hard
sciences [110]. Blind acceptance of the unspoken SSR paradigm effectively caused de Broglie
to abandon his idea of the underlying wave-particle entity (or wavicle as it is nowadays called)
– though not the experimentally confirmed wave-particle duality – and he replaced it with the
lesser idea of pilot wave, which he eventually abandoned too in despair, even though it can be
defended without defying the SSR paradigm, as Bohm later showed.
The mathematically perplexing double solution of original wave mechanics calls for brief
review that shall be aimed at showing that if the former SSR paradigm were shifted to the MSR
paradigm then all the allegedly fatal mathematical contradictions that once hampered de
Broglie’s reasonings would become nonissues, provided they were recast under auspices of the
multispatial umbrella of the MSR paradigm deployed with quite unrestricted division by zero,
whose lack at that time virtually pushed the aforementioned de Broglie’s ideas into oblivion.
Now let us briefly reanalyze some of his own documented or just reported doubts, from the
multispatial point of view of the new synthetic mathematics, though.
De Broglie’s most intuitive physical issue with his conceptual understanding of the waveparticle duality was that the wave amplitude diminishes as the wave spreads whereas its
associated particle must have a kind of permanence [111] pp. 226f,243f. Some authors even
went so far as to claim that matter is what is conserved (or preserved) [112]. Just contrasting
the spreading of one magnitude on one hand with the diminishing of its associated magnitude
on the other hand, is indicative of clearly reciprocal relationship between these magnitudes.
Since reciprocity is the main feature of paired spaces (each equipped with its own native
homogeneous basis) within a multispatial hyperspace, one can expect that under the MSR
paradigm this very dilemma de Broglie encountered can become nonissue. The allegedly
problematic – though realistic – feature of the wave-particle duality is perhaps the first
indication that neither wave mechanics nor quantum mechanics nor its anticipated transition
into a string/M- theory can be successfully aided by the previously developed mathematics that
is entrenched under the theoretical umbrella of the unspoken SSR paradigm.

7. NONINVERTIBLE SINGULARITY DEALT BLOW TO DOUBLE SOLUTION
At the beginning of his work Schrödinger put forward the idea that particle is a group of
waves i.e. a wave packet. Nevertheless, de Broglie realized that if it really were so then in an
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experiment like that of diffraction of an electron by a crystal, the wave packet could be
completely dispersed and destroyed [113]. Yet the electron is obviously stable. Hence perhaps
the particle is not exactly just the classical wave packet as the latter was envisaged back then,
but something else, requiring a different depiction. I intend to show that a different kind of
mathematics is needed to reconcile the two conflicting pictures of the wavicle.
De Broglie abstractly defined particle as a manifestation of energy or momentum [114].
Note the word ‘or’ present in his definition. This can be yet another subtle hint at the need for
its multispatial representation. Hence the nature of so-defined single wave-particle entity
(wavicle) needed further clarification. For fairly simple introduction to the topic see [115].
De Broglie envisioned his double solution theory, in which the quantum mechanical wave
function Ψ conventionally associated with probabilistic interpretation, is accompanied by a
certain, more physical than Ψ, wave function u() [111] p. 89ff,209ff. The theory envisaged
particle as just a singularity (in an extended wave phenomenon) [111] pp. 263,291, for the
principle of double solution asserted that to every continuous solution of the equation of
propagation of wave mechanics (ibid) there must correspond a certain singularity solution
where the coefficients a, f, are the respective amplitudes, and φ denotes phase common to both
waves. For concise explanation of the phase harmony see [116], [117]. Here ℏ = h/2π is the
reduced Planck’s constant and h is the regular Planck constant [111] p. 99f and i is the imaginary
unit. The u wave cannot be identified with the singularity depicting the particle [111] p.220.
Yet the intrinsic mass of the particle could not be – in this framework – an internal property of
the particle but would result from its interaction with the ensemble of particles of the same type
in the [presumably hidden beneath the regular quantum level] subquantic medium endowed
with a huge quantity of hidden energy [118], he claimed.
Presumed presence of a hidden subquantic level is only of an interpretational significance
that is not really necessary for the deductive reasonings to be made under the MSR paradigm,
even though the prospective presence of complementary hidden variables is an inherent feature
of differential calculus itself [119]. Unlike the supplementary hidden variables, which are
viewed as underlying nonlocal features of quantum mechanics in de Broglie-Bohm theory
[120], the complementary hidden variables were not offered for making the orthodox quantum
mechanics deterministic, but they emerged naturally from differential extensions suggested
during reconciliation and explanation of some formerly unanticipated strange experimental
results. Note that during de Broglie lifetime only the SSR paradigm was adhered to.
When he constructed Green’s function of the wave equations he envisioned for the “more
physical” – i.e. less artificial for him than Ψ() – wavefunction u(), he obtained the expression

𝑢(𝑀) = ∑𝑖

𝜖𝛹𝑖∗ (𝑄)𝛹𝑖 (𝑀)
𝑘 2 −𝑘𝑖2

(5)

where the singularity 1/r exists at the point Q defined in δ(M-Q) as the singular Dirac delta
function relative to the singularity point Q where the wave equation cannot be satisfied – see
[111] p. 22. Recall that from Green’s formula written in complex notation Cauchy’s integral
theorem (CIT) follows [121].
The operational meaning of the Cauchy’s integral formula (CIF):

∮𝐶

𝑓(𝑧)𝑑𝑧
𝑧−𝑧0
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means separation of the contour C enclosing the singular point/pole z0. Here is the contour
without the point z0, and is the extracted and separated contour about the point z0 alone [122],
[123], [124] or illustrated in [125]. As usual f(z) is a function of complex variable z. The CIF
effectively means separation of the primary domain within the contour C from the extracted
domain surrounding the singular point z0. CIF is the counterpart of the CIT with reciprocal
point/singularity virtually demanding separation of the singular point. Hence the nonsingular
contour corresponding to the SSR setting and is the extracted contour enclosing the singular
point which is turned into paired reciprocal space in the MSR setting. The sign ⦸ means that
the singular MSR part of CIF is still evaluated in the SSR setting. The need for shift from the
SSR paradigm to the MSR paradigm is thus implicit in the CIF. The MSR paradigm does not
defy complex analysis but makes it operationally viable.
In other words: if this separation facilitated by CIF would be abstracted into a higherdimensional hypercomplex domain then it could mean associating (or pairing) a secondary dual
reciprocal space with the primary hypercomplex space, in which case the imaginary unit i
becomes an algebraic interspatial operator denoted here by î, or the geometric multispatial
operator whose value is: |î| = || = |i| = √(-1). But scalar inner products are equal unity <i|i> =
<j|j> =…= 1 [126] p.2. In order to pursue and implement the hint implicit in the CIF a shift
from the SSR paradigm to the MSR paradigm is necessary for consistency of operations.
One of Green’s identities, which is also known as integration by parts formula, splits
triple integral with scalar product of two differential nabla operators into a circular double
integral minus yet another triple integral with squared nabla operator (Laplacian) [127]. Note
that differential manifold is a space without natural coordinate system, which must be defined
locally by mappings [128] and so it is not independent of the espoused paradigm. In the sense,
avoidance of relying on differential manifolds is oftentimes prudent and justifiable. By the same
token, however, too overconfident reliance on abstract differential manifolds and on settheoretical mappings can be detrimental to conceptual thinking. Thus, some differential
operators may need to be redefined afresh under auspices of the MSR paradigm.
One can see that in order to further pursue this venue of inquiry, i.e. to redeploy the eq.
(5) according to (6) in a higher-dimensional hypercomplex setting, we would have to
substantially redefine some of the differential operators, which is tremendously important and
pretty extensive yet rather tangential – with respect to our present considerations – topic. For
complex matrix representation of quaternions see [129] p.36f, the converse of which could be
perceived also as an expansion of the usual 2D complex domain into 4D quaternionic or higherdimensional hypercomplex domain.
For the time being let us continue our analysis in the traditional setting just as de Broglie
did. In stationary state the function u() must have frequency equal to that of the stationary state
considered, i.e. k must be equal to one of the ki. The coefficient of Ψi(M) is infinite except when
Ψi(Q) = 0 [111] p. 219f. For concise expositions of Green’s functions see [130-132]; an
extensive discussion of Green’s functions can be found in [133] p. 2ff; and the related issues of
symmetry and reciprocity of Green’s functions are concisely presented in [134].
The eq. (5) is essential for understanding the de Broglie’s own doubts arising from his
interpreting it under the unspoken but still silently reigning supreme SSR paradigm.
Since the singularity is situated at a point where Ψi = 0, which – according to de Broglie
– comes into fatal conflict with the conception of wavefunction u() having a mathematical
singularity for the wave should be found where the Ψ wave would be zero that is exactly at the
point where, according to the statistical meaning of |Ψi|2 , it should be impossible to find it [111]
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p. 220. Although de Broglie reasoned quite correctly – insofar as quantum mechanics is
concerned – for the probability of the particle’s presence is zero where the particle was
supposed to be found according to Born’s probability interpretation of the wavefunction Ψ. Yet
de Broglie’s mathematical inference that led him to the conclusion that the probabilistic
interpretation constitutes a fatal conflict with his idea of wave-particle duality is not really
admissible, because it is correct only under the SSR paradigm. Had he made his inference under
the MSR paradigm, he would have concluded that probability of finding the particle is equal 1,
because now ΨΨ* = 0·∞ = 1 and therefore finding the particle (or the wave) in one of the paired
dual reciprocal spaces would be sure. Notice that it was not de Broglie’s fault but rather the
abhorrent infantilism of the former pure mathematics, which still operates under the SSR
paradigm, that he blindly entrusted mathematical interpretation of his ideas.
Thus SSR-compliant reasonings forced de Broglie to abandon his idea of the physical
wave u representing a point-singularity like the usual [radial] scalar magnitude 1/r that
conventionally represents the scalar potential. Note that almost every topic ever considered in
mathematical and physical sciences until now was evaluated under the umbrella of (and/or
deduced from) the SSR paradigm. Nevertheless, what de Broglie regarded as fatal blow to his
double solution idea can become gateway to a new physics in the spirit of de Broglie (not just
in the Bohm’s continuation of de Broglie’s pilot wave theory) if it is recast under the MSR
paradigm in conjunction with unrestricted division by zero. The latter allows us to
(meaningfully) operate on infinities once they are depicted in ensembles or hyperspaces, i.e.
quasispatial structures (as opposed to just sets) of paired dual reciprocal spaces. For the
allegedly fatal conflict that virtually doomed his physical interpretation of the wavicle is only
fatal blow dealt only to the mathematics that explicitly prohibited recognition of the division
by zero. Were it not for the prohibition, his particle could be perfectly localized within the
wavicle, provided it would be recast in the MSR setting, i.e. in a pair of dual reciprocal spaces.

8. WAVE-PARTICLE DUALITY CAST IN PAIRED DUAL RECIPROCAL SPACES
It is known that the general solution to a linear nonhomogeneous differential equation
[which – in my opinion formed under the MSR paradigm – would be required for the wave
associated/paired with the particle of the single wavicle] can be decomposed into a particular
solution of nonhomogeneous equation plus a general solution of the associated homogeneous
equation; hence Green’s functions provide a method for finding particular nonhomogeneous
solutions [135]. Therefore in my opinion, the Green’s function (5) supplies theoretical hint
suggesting that the wave function Ψ and its conjugate Ψ* should be placed in separate though
associated (i.e. somehow interdependent as paired) distinct spaces, and consequently also the
conjugation is not the essentially additive conjugation (in group-theoretical parlance that is
effectively used in traditional complex analysis) but a (prospective) multiplicative interspatial
conjugation yet to be formally defined and comprehensively discussed elsewhere. We might
evade this conclusion and keep on deluding ourselves, but the abstract mathematics from which
it emerged, is unescapable, even though inconvenient to accept under the old SSR paradigm.
For it virtually prompts us to dump the SSR paradigm into trash bin of history.
Under the MSR paradigm the traditional probabilistic evaluation of |Ψi|2 ⟺ Ψ Ψ* = 1
means that if one of the wave functions Ψ (or its conjugate Ψ*) equals zero, then the other
function: Ψ* (or Ψ) should be equal to infinity for it would yield Ψ Ψ* = 0· ∞ = 1 because zero
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and infinity are mutually reciprocal according to realistic understanding of spacetime [46],
[136], that relies on Euler [137]; see [45] for actual implementation of the reciprocity. For
operationally viable infinity cannot be directly represented within the very same space with
homogeneous basis (whether algebraic or geometric) of the primary space in which the primary
zero is represented and thus can be located and depicted [44], [45], [138]. The MSR paradigm
complies thus with Born’s probabilistic interpretation of quantum mechanics.
Hence under the MSR paradigm, the zero probability would be turned into infinite
probability though within the dual reciprocal space that is paired to the apace that is assumed
as the primary space, in which case the eq. (5) would actually ensure “absolute/indisputable“
presence of the particle of the wave-particle duality pair with probability equal to one without
ever defying the probabilistic interpretation. The MSR paradigm does not call for rejecting the
orthodox Copenhagen interpretation of quantum mechanics because perception of observables
depends on their representation (i.e. the view that allows them to be detected) and the MSR
alters only the way in which what is being observed is mathematically represented.

9. LACK OF OPERATIONAL INFINITY DOOMED THE DOUBLE SOLUTION
If eq. (5) is evaluated in a single space under the unspoken and thus uncontested SSR
paradigm, then one may be inclined to use the unconventional division by zero [138] (where
zero expresses impossibility [139]), instead of the conventional Eulerian division by zero
(0/0)=1 that stems from Eulerian tradition [46], [137]. Yet what is impossible in a single space
may well be doable in paired spaces, which is clear when bases are shown explicitly. It is known
that basis of a vector space is not a unique property of the space [133] p. 36, but a property of
representation of geometric objects immersed in the space. Hence one’s predilection for using
the unconventional division by zero may be recognized as implicit preference for deployment
of the SSR paradigm, in which case no homespace is designated for the operational infinity to
dwell in.
While the conventional division by zero implies that zero and infinity are mutually
reciprocal: (1/0) = ∞, the unconventional division by zero assumes that (f(z)/0) = 0 for any
complex function f(z) and thus avoids infinity as an operational algebraic entity altogether [140146], and as such it could be helpful in absence of operationally viable infinity, i.e. under the
old unspoken SSR paradigm.
These two approaches to division by zero should not be seen as competing for superiority
because they are actually complementary – see [44], [45], [138]. Hence the choice of one over
the other is not a matter of their validity but rather that of selection (even if implicit) of the
underlying operational paradigm to be deployed for algebraic operations.
That is why various authors have shown numerous examples where the unconventional
division by zero may appear as coming handy even though some of its results are questionable
when reevaluated under the MSR paradigm. It is because of the unspoken SSR paradigm that
maintained almost statutory disregard for infinity – both operational and structural – with just
a few exceptions in analysis. Since the unconventional division by zero is not implicitly shown
as related to any particular algebraic basis, it amounts to effective mapping of infinity to zero,
which erases the conceptual distinction between these two entities that might be important for
some applications even in the SSR setting [238].
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If the notion of infinity is rejected a priori as mathematically (i.e. both algebraically and
structurally/geometrically) unrecognizable entity, then use of the unconventional division by
zero may appear as viable an option, which can be supported by numerous examples. But the
most constructive role of the unconditional division by zero is that it could also be viewed as
indicating the need to apply multispatial approach to the abstract mathematical (and physical)
reality, in which case at least two distinct and different homogeneous algebraic (or geometric)
bases are necessary [138]. The utility of the unconventional division by zero resembles that of
sentences in 2-valued logic: for a sentence A it is not that if A is any formula whatsoever then
either A or its negation ¬A is true (under the given interpretation) but only if it is an open
formula and if its universal closure is true or false [147].
To ascribe universal validity to the unconventional division by zero can lead to conceptual
mistakes, often made quite inadvertently. I do not see how the unconventional division by zero
can be helpful for evaluation of the eq. (5). In other words: there is not just one rule for division
by zero that is absolutely applicable everywhere. If for some reasons one cannot allocate
unambiguously a (geometric/structural) homespace for the operational infinity to dwell in, then
the unconventional division by zero may appear as desirable option; otherwise the conventional
division by zero may be preferred.
Recall that placing both zero and infinity within the same space is conceptually quite
inadmissible because unlike the single-valued operational zero, the reciprocal to it infinity is
actually a set-valued operational entity, and thus also structurally the infinity must be a setvalued entity in need of its own space, wherein the infinity could spread out. De Broglie, as
virtually everyone else back then, disregarded infinity as operationally feasible entity, not to
mention its geometrically viable structure, and he paid the price for the virtual rejection of
infinity by failure of his experimentally confirmed ideas. The failed localization of particle in
wave mechanics is vivid example of fiasco of the SSR paradigm and of the unconventional
division by zero. Acceptance of mathematical prejudices against infinity is detrimental to
physics. De Broglie’s interpretation of the eq. (5) reveals insanity of the unwarranted
prohibition of division by zero by decree in particular, and blind acceptance of the SSR
paradigm in general, by leading him to wrongly conclude impossibility of localization of the
particle within the wavicle.
Mathematics is mainly about forms and operations, and thus is truthless, but its objects
must not only be consistent but also realistic, i.e. procedurally operational and structurally
constructible. Yet presence of realistic operations and existence of constructible structures for
the operations to be performed on the structures should be confirmed by experimental results.
Mathematical truths cannot be established by abstract mathematical means alone. Yet the
unconventional division by zero can reveal where the mathematical truth is about to vanquish
due to unsubstantiated existential postulates or arbitrarily decreed operations. Mathematics
must not be forced into submission by decrees, for enforcing nonsenses can backfire by
producing faulty/contradictory conclusions, the acceptance of which can lead to failures.

10. UNCONVENTIONAL DIVISION BY ZERO CAN INFER FAULTY MAPPINGS
Notice that the above reasoning, conducted under the MSR paradigm that vindicates
mathematically the de Broglie’s ideas, implies that the operational/algebraic infinity hosted in
a space Q transits into zero housed in space P (i.e. within the primary space associated and
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paired with Q) according to the procedure chain: 0p · ∞ = 1 ⟹ 0p = 1/∞ ⟹ 0p →0q where the
original/primary zero 0p housed in the primary space P transits into the inverse/associated zero
0q = 1/∞ which is housed in the associated space Q that is dual reciprocal to the primary space
P. Each of these spaces is equipped with their own native homogeneous basis indicated by the
respective subscript, P with its native basis p and Q with its native basis q.
Under the – still reigning supreme even though usually unspoken – former SSR paradigm
the whole idea of infinity was treated as a merely unspecific philosophical concept whereas
under the MSR paradigm the traditionally algebraic/operational infinity gained also definite
geometric/structural representation as a gateway that leads to a dual reciprocal space from the
primary space in which the primary zero is housed [44], [45], while retaining its Eulerian
algebraic flavor as the operational inverse of zero [46], [137].
The informal implication 0 · ∞ = 1 ⟹ 0𝑝 = 0𝑝 ∙ 1 with ∞ = 1/0 could also be written
as
0𝑝 = 0𝑝 ∙ (1) = 0𝑝 ∙ (∞𝑞 ∙ 0𝑝 ) = 0𝑝 ∙ 1𝑞

(7)

where we see zero and infinity being represented in two distinct reciprocal algebraic bases p
and q native to two different paired spaces, namely the primary space P and its dual reciprocal
space Q, respectively, see [138] for examples and [46], [136], for more traditional justification
of the generic relation 0· ∞ = 1 employed above. Note that 1𝑝 = 1𝑞 = 1 is implicit there.
The dot denotes scalar multispatial multiplication involving distinct bases. While the
numbers 0 and 1 can be represented in any basis in either the space P or any other space,
including Q, the eq. (7) indicates that the number called infinity (as operational inverse of zero
– needs a distinct extra space Q that is paired with the primary space P. The paired space Q
should be equipped with a distinct and conceptually different algebraic (or geometric) basis q
in order for the infinity to be unambiguously represented. This is done because zero is singlevalued operational algebraic entity whereas the infinity is set-valued operational entity.
Therefore, even though the equations 0=1/∞ and ∞=1/0 are often accepted at their face
value, the Riemann sphere and the mapping called stereographic projection celebrated in
complex analysis [148] and used to explain infinity as a structurally viable entity, does not
really make conceptual sense, for the mapping is of one-to-many and thus it could not be
addition of a single point at infinity. One-to-many mapping is trivial but its reverse, namely
many-to-one mapping is a simplistic sink at best. For the North pole cannot be mapped onto
equatorial plane [149]. This nonsense called stereographic mapping is just pseudogeometric
oversimplification that hints again at the need for deployment of paired dual reciprocal spaces.
The eq. (yh) shows that the transition between paired spaces remains reciprocal and so it
preserves truly multiplicative inversion (as opposed to merely additive reversion of the
phase/argument combined with multiplicative inverse of the modulus, both of which are tacitly
combined in complex analysis where inverse of complex number z is mindlessly rendered as
w = z-1 which can sometimes lead to confusing misconceptions. Operationally viable
implementation of realistic conversions between zero and infinity performed on the fly in transit
between paired dual reciprocal spaces are shown by examples in [44], [45], [138]. Again, I am
not criticizing the particular textbook, for this approach is employed almost everywhere. Yet
since pairing of spaces is fairly simple, I am wondering whether there is a deeper reason for this
kind of tacit avoidance of – mathematically obvious truth – when these topics are presented to
otherwise bright adepts of mathematical complex analysis.
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11. DOUBLE SOLUTION VIRTUALLY DEMANDS THE MSR PARADIGM
Contrary to what de Broglie interpreted as alleged impossibility of presence of the particle
associated with the guiding it wave is mere an impossibility of coexistence of the particle with
the wave that is associated with the particle if the two distinct views (particle and wave) are
supposed to be represented within the very same space i.e. geometric structure. Hence the
allegedly fatal mathematical conflict from the standpoint of the former SSR paradigm became
nonissue from the point of view of the MSR paradigm, which was not known to de Broglie or
his contemporaries, for I came up with the multispatial idea after reconciling formerly
unanticipated results of some experiments [82-84], [150-152].
But this conclusion also implies that for the particle to actually exist it must be housed in
a separate space that is dual reciprocal to the space in which the wave (associated with the
particle) dwells. The de Broglie idea of wave-particle duality was conceptually admissible even
though perhaps explained not quite right in terms of physics, but the former mathematics, with
its unwarranted prohibition on division by zero, was wrong and thus he was incapable of giving
proper interpretation of the eq. (5). This particular conceptual fault of former mathematics is
due to the fact that the infamous prohibition on division by zero effectively denied a space
wherein the infinity (as operational entity inverse to zero) could be housed or just hosted and
so be explicitly represented, both structurally and procedurally/operationally.
Hence the eq. (5) virtually hints at the necessity of presence of paired dual reciprocal
spaces within multispatial hyperspace. Note that under the MSR paradigm the imaginary unit
becomes an interspatial operator and thus the complex conjugate wave function Ψ* must be
relegated to a distinct space, whereas the insistence on unrestricted division by zero implies that
the extra space shall be dual reciprocal space with respect to the primary space, which should
be equipped with definitely reciprocal native basis.
To be sure we got it right: Mathematics does not lie by itself, but faulty interpretations of
mathematical equations and formulas can lead to drawing of false conclusions even if they are
drawn quite inadvertently – see [81], [84], for instance.
Although it is well-known that multiplication of vectors by imaginary unit means rotation
by 90° – compare [153-156], De Podesta wrote (in the context of quantum mechanics) that the
mathematical terms ‘real’ and ‘imaginary’ can be used to describe many two-component
quantities, but the terms do not refer to the ‘existence’ (ontology) of the components of the
wave function [157]. That is why I treat imaginary unit also as the value of interspatial
operators: |î| = || = |i| = √(-1). Hence the algebraic and geometric interspatial operators î and,
respectively, can signify transition between spaces, not only a rotation. Even in a single space
the action of imaginary unit can be equivalent to differentiation, which yields tangent
magnitudes, even in its usual rendition as rotation by 90° in 2D plane.
Green’s functions are not aberrant. The eq. (5) defies the possibility of existence of the
particle under the SSR paradigm, which equates the whole mathematical universe to a single
space that is usually identified with a single set, even if it is an inhomogeneous set. Therefore,
under the MSR paradigm the eq. (5) defies only the coexistence of these two discrepant
representations of the underlying hypothetical entity depicted by the mutually conjugate
wavefunctions Ψ and Ψ*, which can be called wave-particle or wavicle, within the very same
geometric space or a quasispatial structure, in general.
The MSR paradigm suggests that the particle of the wave-particle dual pair (or wavicle)
could be found in a dual reciprocal space that is associated with the primary space in which the
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wavefunction Ψ is defined. The singularity point (i.e. infinity), which is regarded by de Broglie
as representing the particle, cannot dwell in the very same space where the wave of the wavicle
entity lives, as it was envisioned in his double solution theory.
Hence the often used assertion under the SSR paradigm that fields and matter are both
undulatory and simultaneously particulate [86] p. 38, can be fairly well rephrased under the
MSR paradigm as indicating that wave and particle are merely two mathematically distinct and
conceptually different views focused on the same wavicle representing both the wave and
particle within a multispatial hyperspace, whose multiple dimensions are bundled together in
3-tuples (when they are cast in orthogonal 3D homogeneous bases) within several 3D spaces.
If cast within 4D heterogeneous bases, which seem to partly overlap, however, their formal
representations would become much more convoluted because these form either (3+1)D or
(1+3)D partly overlapping quasigeometric spatial structures that correspond to 4D spacetime
(with the usual signature – – –+) and 4D timespace (with reverse signature +++–), respectively
– compare [33], [36]. This split is puzzling orthodox mathematicians [158]. Note that one can
obtain similarly intriguing split with the use of Cremona transformations [159]. The spatial
overlapping is not paradoxical if it is considered from the standpoint of the MSR paradigm.
Note that the misguided traditional acceptance of the previously unspoken (and thus never
contested) SSR paradigm is just an oversimplifying presumption. It is not based on any
nonpostulative principles.
Some paradoxes created by strict implications are presented in [160]. My preference for
using syntheses over strict implications in conjunction with formalized proofs is rooted in (and
stems from) the fact that our formal knowledge is always somewhat incomplete, even if
defensible by deductions or even confirmed by experimental evidence. The best example is the
unquestioned uncertainty principle, which is discussed in reference to laws of physics in [161].
Although I am not challenging the validity nor substance of the uncertainty principle, I have
shown [ja] that the scope of the principle can be extended onto multispatial structures where it
attains slightly different meaning, which in turn implies that string theories were not really a
failure of the “stringy” ideas of their creators – as some authors claimed – but they succumbed
due to conceptual inadequacy of former mathematics. While synthetic methods or fuzzy sets,
points, relations and functions [162] may not appeal to “strictarians”, we should not ground our
mathematical evaluations only on the present, often conceptually very incapacitated or
“constricted”, incomplete knowledge.
Relying too strictly on set-theoretical approach to spatiality, dimensionality and on the
notion of infinity in particular – as these concepts were sometimes (mis-)understood by the
great minds in the past – may sound indeed scientific, but it all too often resulted in generating
veiled misconceptions, even if inadvertently. Similarly, some reductions of mathematical
reasonings to mere formalized logical formulations spurred the overall sense of completeness
but actually they defeated most honest attempts at understanding of abstract mathematics and
especially some of its missing links to reality – such as operationally viable notion of infinity.
Nonetheless, I would recommend a review of some ideas of those theorizing past sages
yet with adequate meanings of the notions they used. For example: if the statement that “We
thus see that the problems of infinity and continuity have no essential connection with quantity,
but are due […] to characteristics depending upon number and order.” [163] p. 194, is taken at
its face value, then its meaning can become profound, provided that we accept the fact that
numbers are entities resulting from algebraic operations and that magnitudes are formed (or
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perhaps just conceived) within those geometric or quasigeometric structures that correspond to
the operational procedures to be performed over those structures.
In the latter case, we arrive at the new synthetic approach to mathematics I was compelled
to propose, whether we want it or not. The issue of ordering and the related problem usually
introduced by the axiom of choice are discussed also in [164]. If we associate the operational
infinity with zero – via mutually reciprocal relation – then the formerly abhorred infinity
becomes connected with all the other numbers as well – compare [44-46], [136].
By disallowing existential postulates, which can amount to (often quite inadvertent)
creation of nonsenses, synthetic mathematics dispels “rigorous” yet arbitrary reasonings in
mathematics, which were based upon conceptually foggy (or perhaps ethereal, if you will)
philosophical notions. Under auspices of the MSR paradigm mathematical infinity is both:
constructible structural/geometric entity as well as viable operational/algebraic concept.

12. REVIEW OF NUMBER SYSTEMS SUITABLE FOR HYPERSPACES
Pursuing the principle of synthetic approach to sciences which says that mathematical
notions should not be settled/grounded only in mathematics or physics alone, one may try to
determine them outside their proper sciences. Selection of number system suitable for
representing mathematical objects could take cues from philosophy, because it involves
infinity. Nicolas of Cusa did not say that infinite numbers actually do exist or that geometric
figures extend to infinity, but he extrapolated their properties to infinity, which he viewed as a
limit [165] and “unattainable goal” of all knowledge [166].
According to him finite line is divisible; infinite line is not; and the infinite, in which the
largest and the smallest fall together, has no parts [167]. He also believed that the actual infinity
is unity [168], which is akin to the realization that. His ideas influenced my search for meanings
of infinity. Although his views are usually interpreted either allegorically or in philosophical
terms, his perception of infinity is close to its mathematical understanding. For mathematical
infinity is relative not absolute [169]. Since I am not looking for an inspiration anymore, I will
skip review of pertinent philosophical ideas, many of which I have already discussed in some
of my previous papers and return to informal inquiry in operational/algebraic and
structural/geometric terms.
Since paired dual reciprocal 4D quasispatial structures should employ heterogeneous
(3+1)D or (1+3)D bases, one might attempt to declare the apparently 8D octonions as the
numbers that could best represent such a pair because of their nonassociativity [126] p. 11ff.
Since both gravity and noncommutative geometry are embedded as a pair of quaternions in
octonions [183] p. 308f and because of octonionic quantum gravity [183] p. 339f, octonions are
well predisposed for representing realistic multispatial structures. Also the fact that mass can
be viewed as an extra spacelike component of a higher-dimensional vector [170] is exactly
compatible with pairing of dual reciprocal spaces speaks in favor of octonions. However,
octonions, which have been developed under auspices of the previous SSR paradigm, are not
yet quite ready to be accomodated under the – not fully understood yet– MSR paradigm.
It is also tempting to assume that focusing on biquaternions or perhaps – for the time
being – concentrating on quaternions as the numbers that could support the preliminary model
for multispatial structures could be the next best choice. However, since all hypercomplex
numbers and their abstract algebraic structures emerged under the SSR paradigm, I cannot rely
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on them in MSR setting; neither on quaternions whose physical applications [171-173], are still
somewhat clumsy nor on biquaternions as these used to be algebraically presented – see [174],
[175], no matter how appealing these may seem to be.
The fact that some tend to apply hypercomplex numbers to physical applications is very
encouraging indeed, but their applicability does not necessarily ensure entirely acceptable
representations. Since in the SSR setting spaces are interchangeable with mere sets, let us focus
on less controversial representations. For quaternions basics see [176] and for their geometric
compositions see [177]. Recall that real quaternions form 4D real vector space [129] p. 9, and
therefore, from the point of view of the MSR paradigm, they could also be considered as paired
dual reciprocal spaces, rather than as just sets. The 4D quasispatial structures, which could be
deduced above from functional de Broglie/Einstein relationships, are similar to those obtained
in [45], [44] from relativistic evalations of differential operators.
One might desire an infinitesimal transformation of coordinates and so pursue a concept
analogous to Lie derivative. Lie derivative/differential of a tensor has tensor character [178] –
compare also group of Lie transformations [179]. However, such a prospective interspatial
differential would have to be somehow synchronized as it needs to affect the same object
perceived in some two dual reciprocal spaces, which feature is not yet fully developed.
Although hypercomplex number systems seem preferable for representing algebraic properties
of objects depicted in multispatial setting, at this time it would be difficult to decide which ones
are the most suitable. For now I shall stay with quaternions for Hamilton already recognized
that quaternions apparently contain inverse factors (or reciprocal quotients [180].
13. DE BROGLIE’S IDEAS STIFLED BY SINGLE SPACE REALITY PARADIGM
De Broglie realized that a particle’s momentum, and hence its scalar velocity (i.e. speed)
v, is inversely proportional to the wavelength λ and directly proportional to frequency ν

v = ν/λ

(8)

neither of which is directly representable as variable in the usual 3D Euclidean length-based
space (LBS) equipped with a native homogeneous 3D algebraic basis denominated in meters.
Notice that the relation (8) is of clearly reciprocal nature.
This is because temporal frequency is expressed and measured in inverse seconds (or
cycles) and wavelength (i.e. the spatial or length-based frequency) is expressed and measured
in inverse meters. Hence neither is wavelength directly representable in the usual geometric
space whose algebraic basis is denominated in meters nor can temporal frequency be directly
representable in the space whose algebraic basis is denominated in seconds.
Thus, the spatial frequency λ could only vary as an inverse spatial parameter and the
temporal frequency ν could only vary as an inverse temporal parameter, if the operational
universe of mathematics is equated with a single space as it was conceived in the unspoken (and
thus unquestioned) SSR paradigm.
In other words: In the LBS – which is the primary space P here – both the temporal
frequency and the spatial frequency (or inverse wavelength) can be represented only indirectly
as functional parameters, not as independently varying variables as they were treated.
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The reader averse to subtler mathematics may compare [181] p. 139ff for functional
explanations of electron waves. By function-based equations I mean those involving “heavy”
differential operations whereas functional equations tend to avoid differentials and rely on
integrals, except in definitions or prototypes such as the eq. (9) posted below.
In the present paper I shall try to restrict myself to mainly functional reasonings because
differentiation performed within multispatial structures of hyperspaces requires significant
changes of differential operators, which shall be done elsewhere. Though my approach is not
preferable, usually gatekeepers to scientific publications would tend to reject reworking of
differential operators under the pretense that there is no need for that. Hence here is the need.
The eq. (8) can also be legitimately written in equivalent terms of simple differentials as

v=

ds
dt

=

dν
dλ

(9)

if the parameters λ,ν, also could be allowed to vary in their own homespaces, each of which
should be equipped with a native basis denominated in units capable of direct representation of
the parameters turned into variables that can vary quite independently of all the other variables
and parameters involved. Notice that every magnitude (be it variable or parameter) can be
represented indirectly in any space, sometimes after conversion to units compatible to those in
which the native basis of the given space is denominated. But in the latter case the homogeneity
of the extended basis (whether it is algebraic or geometric or quasigeometric) may no longer be
maintained. The issue is not impossibility of formal representation but the desire to maintain
paired homogeneous representations in two distinct and different bases.
Although the eq. (9) is operationally valid, the corresponding to it geometric structure is
conceptually flawed from the synthetic point of view in the sense that the parameters – when
turned into variables – are homeless, for they have no space in which they could vary quite
independently of all the other variables and parameters.
There was nothing wrong with the experimentally confirmed de Broglie’s idea of waveparticle duality. The main reason that caused him to relinquish his idea of double solution is
inadequate former mathematics and some not quite appropriate reasonings based upon the
faulty traditional mathematics.
Neither he nor his detractors who caused him to abandon his original proposal of double
solution (which he replaced with watered down idea of the pilot wave that was further
developed by Bohm) understood the mathematics underlying the equations he has written but
was not always able to properly analyze in conceptual terms.
The theory found itself in a situation analogous to the present perception of string theories,
which is sometimes seen by some authors as utter failure, because its champions were unable
to overcome their apparently unsurmountable mathematical and conceptual obstacles [182].
But a multispatial extension of uncertainty principle makes the main stringy obstacle a nonissue
[45].
If a lesson is to be learned from the unfortunate fate of de Broglie’s abandoned ideas, then
perhaps we should allow the development of new mathematical ideas rather than to keep on
suppressing them while endorsing pointless digging into irrelevant issues of only historical
importance but of no significant ingress into advancement of physical sciences. To keep the –
experimentally confirmed – ideas of de Broglie afloat one clearly needs the MSR paradigm.
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14. SINGLE SPACE REALITY INFERS UNLOCALIZED MASSLESS PARTICLES
Attention: most symbols used in this section follow the standard naming convention of
differential geometry where κ,τ, for example, denote curvature and torsion, respectively.
There is no simple equivalent of angular momentum and angular energy because angular
momentum, being an axial vector cannot form the space part of a 4-vector [86] p. 13, for it is
impossible by fundamental geometry, to produce a polar vector in Euclidean space from a
vector product of two polar or two axial vectors [86] p. 35. Hence localization of massless
particles is not defined or possible [86] p. 13, which is certainly true under the previous SSR
paradigm. For reasonings made under the – unspoken as it were – SSR paradigm preclude
depicting photon as pointlike particle because its mass would be infinitely great as Born has
already inferred in [181] p. 73.
For reasonings under the – unspoken as it were – SSR paradigm preclude depicting
photon as pointlike particle because its mass would be infinitely great as Born inferred in [181]
on p. 73. Notice that this particular conclusion seems reasonable under the umbrella of single
space reality that is espoused by most scientists and encapsulated in the SSR paradigm, not
because pointlike objects are impossible to conceive but because reciprocal of zero, which is
infinity [46], cannot be meaningfully depicted within the same space as zero, even though the
latter impossibility is not always acknowledged. Besides, evaluations of infinities are not
absolute but depend on the algebraic or geometric basis in which these entities are considered.
In other words: because there was no place for infinity to be unambiguously allocated in the
same space wherein its mutually inverse pointlike objects reside, then it is said that we allegedly
cannot depict the pointlike objects as points, which is clearly illogical a reasoning.
Does this Born’s conclusion mean that we should forget forever about the quite legitimate
desire to achieve such a localization at all or is its alleged impossibility contingent upon some
yet unrecognized mathematical features? Recall that nonlocalizability of energy in a region of
spacetime is a kind of uncertainty relation [183] p. 243. Yet although reasonable extension of
the uncertainty principle, which then turns into an indeterminacy principle, could be
implemented in paired dual reciprocal spaces [45], this extension requires deployment of the
MSR paradigm. For under the MSR paradigm localization of geometric or quasigeometric
objects is not constrained, neither by the particle’s mass nor by its simplified depiction as an
abstract mathematical point.
d𝐫
ds
Since the velocity is 𝐯 = dt then for unit speed v = |𝐯| = | dt | = 1 the conventional
Frenet formulas are used to evaluate the frame (e1,e2,e3) determined by the trihedron (T,N,B)
that moves along the trajectory curve pointed at by the radius r, we get the following equations

∑n

∂en
∂s

= vM

(10)

where the local speed v is measured along the trajectory curve s and M is the Frenet matrix
form of derivatives of three unit vectors: tangent T, principal normal N, and binormal B:
𝑻′ =

𝜅𝑵

𝑵′ = −𝜿𝑻
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𝑩′ =

−𝝉𝑵

(13)

with unit speed in 3D Euclidean space. Here κ is the principal normal curvature and τ is the
torsion (i.e. the other, binormal curvature) of the curve [184] p. 20f; see also the Frenet matrix
with v1 on p. 28f. Note that n = 1,2,3 correspond to the sequence indicated by the Frenet
trihedron (T,N,B) and thus each derivative T’,N’,B’, is determined by single row of the Frenet
matrix M. Here ds denotes the differential of arclength along the curved path identified with
trajectory and t is the elapsing time parameter. Note that the Frenet matrix is skewsymmetric
and thus is indicative of twisting motion of the trihedron that moves along the path curve (and
thus can be twisting with the moving trihedron) that the moving along it particle also follows.
Generalizing the Frenet matrix for a curve α with respect to any unit vectors G(t), H(t)
perpendicular to the tangent unit vector T(t) of the Darboux vector 𝛚 = ω1 𝑻 + ω2 𝑮 + ω3 𝑯
along the path we obtain the following Darboux matrix, compare [184] p. 21, [185] pp. 26ff,52:
𝑻′ =

ω3 𝑮

𝑮′ = −ω3 𝑻
𝑯′ =

ω2 𝑻

−ω2 𝑯

(14)

ω1 𝑯

(15)

−ω1 𝑮

(16)

where T’ = ωT, G’ = ωG, H’ = ωH, and H = TG. For our purpose it is also important
that the unit vectors of the Frenet trihedron (T,N,B) and the Darboux trihedron (T,G,H) are
clearly associated with speed/velocity (first derivative), curvature (second derivative), and
torsion (third derivative) of the function that describes motion of the respective trihedron [186],
[184].
Frenet and Darboux matrices suggest need for an extra longitudinal (i.e. nontwisting with
the twisting trihedron) diagonal line element, which must be located on a diagonal in order to
ensure localization. Yet to be nontwisting, the extra line element must be placed in another
space because it cannot sit in the empty/zero-diagonal within the twisting trihedron matrices.
For the Frenet and Darboux trihedrons that move along the trajectory are kind of localized but
on the path/curve, not at a point, as localization in space is usually understood.
The latter conclusion is easy to understand in electromagnetics, where the magnetic vector
B – not to be confused with the above binormal unit vector B in (12) and (13) that is also
conventionally depicted as bold B – is entirely transverse according to Maxwell’s equations,
whereas the electric vector E has both transverse and longitudinal parts, the latter depending on
the scalar potential φ such that EL = –∇φ while the transverse electric part depends on time
derivative of the vector potential – compare [187].
How the arclength parameters s,t, relate to the position/pointer vector r that points to the
trajectory and is usually expressed in the rectangular coordinates x,y,z, in terms of differential
calculus are shown in [188], [189] in very simple differential and geometric setting. The
Darboux matrix also hints at the possibility that its prospective further generalization into higher
dimensions may require not only structural/synthetic extension (because there seems to be
nowhere else to go if the 3D space should preserve the orthogonality of its geometric
dimensions) but also an expansion of the range of the Frenet/Darboux operations far beyond
their proper domain, for the prospective expansion could be both operational and structural.
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While ‘extension’ usually implies an addition made within the given domain of the
operations, ‘expansion’ conveys the message that the desired addition should come from
somewhere on the outside of the domain, because there is nowhere to extend it in 3D space due
to its 3D orthogonality. Note that I am not saying that it is impossible to make transition from
3D to 4D operations, but that comparison of the Frenet operational matrix form with the
Darboux matrix form suggest that range of the geometric operations could only be reasonably
extended at the cost of expanding it into an extra operational domain lying somewhere else,
outside of the 3D operational domain in which both Frenet and Darboux frames dwell.
The approach closest to the MSR paradigm is described in [190] where the [elapsed time]
derivatives of {t,p,b} are conveniently expressed in terms of general Darboux’s vector ω as:
ω=t+p+b

(17)

with time derivative da/dt = ω  a where a is any vector rigidly attached to the trihedron moving
along the given trajectory curve so that we can write symbolically d/ds = dx in [190].
As one can see, neither the Frenet matrix nor the Darboux matrix contains nonzero line
element ∑ 𝑥𝑗𝑗 placed along the diagonal interval, the lack of which is the abstract mathematical
reason for the aforesaid impossibility of localization (at a point) when only axial elements are
available. For zero-line element is either skewsymmetric covariant tensor field or a differential
1-form [191]. Note that physics usually ignores the fact that tensors are not really full-fledged
differential operators even though they appear as if they were. For tensors are not determined
by the process of taking derivatives of certain other quantities (which is a local process), but
rather through evaluation of known quantities at single points [185] p. 239; they are thus “poor
man’s” differential operators only pretending to appear as if they really were differential
operators, which – routinely unmentioned – fact often created confusion.
Hence the most viable formal or abstract mathematical precondition for the possibility of
localization would be recasting the inverse magnitudes that appear in the eq. (8) in a separate
space whose native basis should be dual reciprocal to the native basis of the LBS and thus
permitting presence of a nonzero diagonal line element. Being mutually reciprocal, zero and
infinity can be deployed for transfer from one of these paired spaces to the other [45], [44].
Similar conclusion might be reached from concurrence of purely traditional indicators of
the necessity of pairing of dual reciprocal spaces. For if wave tensors are complex tensors as it
was expounded in [192], and because the longitudinal Evans-Vigier field B(3) [86], [87], could
be interpreted as the de Broglie pilot field [97], then the 3D representation of the B(3) field in
conjunction with the overall complex representation would exceed the usual three dimensions
allocated for the wave.
Hence the imaginary unit should have been interpreted as complex interspatial operator
relating two paired 3D spaces within a 4D spatial structure because the attempted 6D
quasispatial structure would have to be squeezed into a 4D quasispatial structure due to
algebraic restrictions virtually imposed on geometric structures by Abel and Galois [33], [36].
Although quasigeometric 6D structures can be unambiguously constructed, higher than 4D
realistic (i.e. constructible) single geometric spaces cannot exist if orthogonality of all
dimensions has to be maintained.
One cannot construct simple (homogeneous) nD space for n>3 orthogonal dimensions
nor a heterogeneous nD space for n > 4. Higher than 4th dimensions require multispatiality in
order to be implemented – see ibid.
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One can realize by now that this abstract mathematical precondition for localization is
comparable to the de Broglie’s original proposal of double solution in which the primary
quantum-mechanical wave function Ψ is conceived as being associated with the physical wave
u whose singularity was supposed to represent the particle of the wavicle. Though not quite
equivalent, for there is no compelling reason for the wave to actually guide the particle
associated with the wave – as de Broglie envisioned it – or vice versa (i.e. the particle dragging
the wave with it), the new synthetic mathematics required to implement the precondition also
demands deployment of quite unrestricted algebraic operation of division by zero. The detail
that actual geometric process of constructing paired reciprocal spaces is contingent upon
unrestricted division by zero is not an option but a must though tacitly ignored in the past.

15. WAVE-PARTICLE DUALITY DEMANDS PAIRED RECIROCAL STRUCTURES
If  is a representation cast in 3D Euclidean set-theoretical real numbers space ℝ – which
in geometric context is usually written as ℝ3 – that represents the inverse mapping r→(1/r) of a
scalar interval r which is length-based (i.e. distance), then if set-theoretical space that is
equipped with real-valued basis ⟬ R ⟭ maps the scalar interval r onto the point 1/r residing in a
set-theoretical space ℝ-1 equipped with real-valued reciprocal basis ⟬ ʁ ⟭ whose value is just the
inverse interval, then, since spaces can be identified by their bases, the representation is:
1

1

𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖𝑛  P(⟬ʀ⟭r) ⩴ 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛  Q(⟬ʁ = R ⟭ r )

(18)

where the double substitution symbol ⩴ indicates here both: the substitution of value of
the variable r as well as transition with conversion from the native basis on the left-hand side
(LHS) of the primary space P to the native basis associated with the dual reciprocal space Q
standing on the RHS, which has foreign basis with respect to that of the primary space on the
LHS [45].
The prototype formula (18) is essential for comparisons of intervals r with points
described in the form 1/r being reciprocals of intervals, which are quite different kinds of
objects, regardless of whether they are algebraic or geometric entities. It also justifies the
necessary pairing of primary spaces with their dual reciprocal spaces, i.e. secondary spaces.
The unspoken single-space reality (SSR) paradigm appears thus as a consequence of lack of
recognition of the prototype formula (18) in former mathematics.
Nevertheless, the prototype formula (18) actually depicts a mutually reciprocal technique.
Hence if the given primary space P contains points (or pulses) then its secondary dual reciprocal
space Q should contain intervals and vice versa. Hence the prototype formula (18) can also be
alternatively called multispatial pairing formula. Traditional abstract pairing of quaternions is
shown in [193].
The upside-down symbol ʁ emphasizes the fact that the basis (and the space) standing on
the RHS of the formula (18) is reciprocal to the primary space R (and its proper native basis)
that stands on the LHS of (18). Notice that the intervals (or line segments) on the LHS of (18)
are conceptually different entities than the points on the RHS. Even single-valued numbers
cannot always be fully identified with their values, which are mere attributes of the abstract
operational entities called numbers, which is contrary to what Georg Cantor presumed [45].
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By the way, just looking at the formula (18) that equates an interval with a point, one can
see that the traditional mathematics with its quite unwarranted prohibition on division by zero
is a breeding place for various conceptual nonsenses, one of which was the tacitly condoned
SSR paradigm. For to equate objects of different kind, such as intervals and points, one needs
a pair of two distinct and separate spaces, in which the two discrepant entities could be housed.
One does not need “heavy” mathematical training to see how illogical the placement of two
incompatible objects within the same space was, and then attempting to consider them on the
same footing. This inconsistency is just one tip of the proverbial iceberg of nonsenses and
contradictions floating freely on the surface of the allegedly “rigorous” reasonings in the
abstract sea of notions whose existence was simply postulated in former mathematics, often
arbitrarily and sometimes quite inadvertently. That is why the new synthetic approach to
mathematics avoids axioms and definitions, which often are just existential postulates in
disguise that tacitly introduce objects which either cannot exist at all or cannot coexist with
some other objects that are known to exist. Existential postulates are inadmissible.
Abstract geometric/quasigeometric representations are neither functions nor mappings for
they only point to (or represent) the very same geometrical object viewed from inside of each
of their respective spaces. In former mathematics the inverse mapping r→(1/r) is considered as
a function that maps r onto its reciprocal, which is not entirely wrong, but it misses the fact that
the interval r, which is denominated in meters [m], the yardstick against which lengths are
measured, does not really belong in the same space as its inverse 1/r, whose basis is
denominated in inversed meters [1/m], i.e. lengthcycles (spatial frequency) or lengthpoints.
This mixup created conceptual confusion in physical sciences, not only because it is
wrong but also because it was refused to be recognized as problematic by gatekeepers (i.e.
editors and referees) of scientific publications. The refusal to allow rectification of this and
some other mathematical flaws suggests that perhaps there were also some other than meritorial
reasons for suppressions of valid scientific ideas in the past.
It is acknowledged that the term ‘conjugate’ in reference to complex function is different
than the same term when it is used in refence to complex numbers [194] p. 90. Nevertheless,
the reciprocal transformation w = 1/z is not really reciprocal, because it is also additive (with
respect to the angle/argument) rather than be doubly multiplicative mapping with respect to
both modulus and angle. For complex conjugation reverses phase while inversing modulus 1/r
[194] p. 305 (and thus is a product of inversion with respect to unit circle followed by reflection
in the real axis [194] p. 306) even though reciprocity often alludes to absolutely multiplicative
mapping, especially when it appears as in this deceptively evasive notation.
Then to cover up the deception it is usually being postulated that an ideal point of infinity
is adjoining the complex plane [194] p. 308. Yet the ideal point at infinity ∞ is not really a
single-valued point like 0 but actually is a set-valued point. Identifying a single-valued point
with an abstract set-valued point is a farce, which the formerly prohibited division by zero was
supposed to cover up, rather than to justify. This insane cover-up is indefensible; neither
operationally nor structurally. I am not singling out this particular book, for the deception is
widespread throughout complex analysis and is pretty common to all traditional presentations
of the topic. The issue and its consequences shall be further discussed elsewhere for this and
related nonsenses obstruct conceptual reasonings in mathematics and physical sciences.
Writing the functional eq. (8) de Broglie has virtually suggested that the differential
function-based eq, (9) equated the usual operational derivative ds/dt of the (respective spatial
and temporal) intervals s and t to the structural (i.e. geometric) derivative dν/dλ (that
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corresponds to the operational derivative) of inverse intervals, i.e. pointlike variables
representing the respective temporal pulse/cycle ν = 1/t and the “spatial” pulse/cycle λ=1/s and
for waves in particular λ = 1/k where k = |k| is the wavenumber, scalar and vector, respectively.
Thus, without denying the operational validity of the eq. (9) we shall be able to represent also
an alternate scalar velocity/speed υ structurally in a dual reciprocal space Q per eq. (18):

 P(⟬ʀ⟭r): v =

ds
dt

=

dν
dλ

1

1

𝑑𝒱

𝑑𝒮

⟹  Q (⟬ʁ = ⟭ ) : 𝜐 =
=
⟹ |v ∙ 𝜐| = 1 (19)
R r
𝑑𝛬
𝑑𝒯

where 𝒱 = 1/ν is the alternate interval corresponding to temporal frequency ν, Λ = 1/λ is the
alternate interval corresponding to the spatial frequency (or wavelength) λ, 𝒮 = 1/s is the
alternate spatial pulse that corresponds to the trajectory interval s, and 𝒯 = 1/t is the pointlike
alternate temporal pulse that corresponds to the usual elapsing time interval t. The scalar
velocity (speed) v in the primary basis ʀ and the alternate speed υ in the inverse basis ʁ are
reciprocal (i.e. multiplicatively inverse). The light dot ‘·’ denotes interspatial scalar
multiplication performed across paired dual reciprocal spaces, each of which equipped with
homogeneous but quite distinct algebraic or geometric bases.
The magnitudes (i.e. either variables or parameters) highlighted in green signify
lengthlike intervals whereas those highlighted in red signify pointlike pulses akin to temporal
cycles. The differentials placed in numerators are usually predisposed to represent
independently varying magnitudes/variables depicted in the native basis of the given 3D space
whereas the magnitudes shown in denominators are more likely to represent either running
parameters depicted in a foreign basis of the given 3D space or within a separate 1D furled
secondary space associated with the primary 3D space. The color-coding of magnitudes is not
essential.
Alternate secondary intervals 𝒱, Λ dwell in distinct alternate 3D space Q, which is dual
reciprocal to the primary 3D space P that is being paired with the space Q. Alternate 1D
pointlike/pulselike magnitudes 𝒮, 𝒯 correspond to the intervallike magnitudes s and t living in
the primary 3D space P, dwell in a distinct 1D space Q that is paired with the 3D space P
alternatively represented also as parameters in the secondary/alternate 3D space Q. While
pairing of spaces requires either (3+1)D = 4D or (1+3)D = 4D dimensionality, partial overlaying
of spaces retains the same dimensionality, (3+1D = 4D ⟶ 4D = (1+3)D. Total overlaying of
spaces would be either 1D⟶1D or 3D⟶3D or some other abstract dimensionality.
If the 1D space Q and the 3D space P compose a certain 4D quasispatial structure ST,
when it is arranged as a multispatial pair of combined 4D signature (– – –+), then the combined
pair resembles spacetime with a 4D heterogeneous basis. Notice that the 1D space Q is not a
slice of the 3D space P but a 1D dual reciprocal space to the 3D space P with which it is being
paired – see [44], [45], [138] for more details on pairings of multispatial structures and [33],
[36] for an abstract introduction to overlapping quasispatial structures.
It is recognized that not only the value of angular momentum but even the value of linear
momentum of particle is periodic manifestation too, so that the eq. (9) can be rewritten as

v=

ds
dt

=

dν
dλ

⟹ p=
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which indicates that linear momentum is reciprocal with respect to wavelength λ [195]. Here
the Planck constant is rendered as h = 2πℏ which is suggestive of periodicity and p = |p| where
p = mv and v = |v| with m being the mass. For the time being the scalar functionals shall suffice.
The formula (20) could also be written in terms of energy and elapsing time interval as

E = 2πℏν =

2πℏ
τ

(21)

where energy E is proportional to frequency ν and reciprocal to elapsing time intervals τ = 1/ν.
Thus the functionals (9), (20) and (21) conceived under the SSR paradigm comply with
the multispatial prototype formula (19) that emerged under the MSR paradigm. Hence the
paradigm shift from SSR to MSR needs not be postulated for its possibility is already implicit
in formulas developed under the SSR paradigm, even though the shift’s feasibility was not
always recognized in the past. De Broglie’s wave mechanics is thus compatible with the MSR
paradigm.
The above functionals can be interpolated and imply also the following relations
2πℏ = pλ = Eτ ⟹ pν = Ek ⟹ p𝛎 = E𝐤

(22)

in accordance with the prototype formula (19). Recall that k = 1/λ is the scalar value of the
wavenumber vector k. Notice that the – purposely chosen as 1D scalar functional relation
pν = Ek obtained above – should also emerge from a certain prospective 3D vectorial equation
pv = Ek

(23)

whose LHS may at first glance appear as not inadmissible, but it could be problematic from the
standpoint of the former SSR paradigm, for the – spatial even though formally still unassigned
above – algebraic basis of the linear momentum p and the (inverse/reciprocal temporal)
vectorial basis required for the frequency ν are incompatible. Yet under the MSR paradigm it
actually is nonissue.
Similar apparent incompatibility affects the RHS of the formula (23) for the temporal
algebraic basis of the scalar energy E seems incompatible with the (inverse spatial) vectorial
basis associated with the wavenumber vector k, if the latter is considered within the usual spatial
reference frame (x,y,z). Hence, if the formula (23) is to remain mathematically correct, then it
should be evaluated within some two paired 3D structures immersed within a 4D hyperspace,
regardless of whether they may be of geometric or quasigeometric nature. In other words:
reconciliation of the aforesaid incompatibilities evidently demands shift to the MSR paradigm.
The chain of implications (22) suggests that vectorlike frequency interval should exist in
addition to scalarlike temporal frequency, if the equations of wave mechanics should be
backward compatible with the functional equations (i.e. equations rendered in terms of
functionals/integrals rather than differentials) that de Broglie already came up with, but the
mathematics at his disposal was not adequate back then to support his intuitively correct ideas.
In other words: Transition from purely algebraic mathematics to geometric mathematical
operations suggested the necessity of the structural relationship (23). Yet if our mathematics
should remain operationally correct, the operations must be fully determined with reference to
algebraic and geometric bases involved. For synthesized operations should fit the structures
they are supposed to operate on and vice versa.
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Note that postulating existence of unrealistic (i.e. impossible to construct) geometric or
quasigeometric structures does not make sense; neither makes sense proposing operations that
could not be unambiguously performed.
However, if the prospective new quasispatial structure imposed by the quasigeometric
functional relationship (23) should be actually and realistically constructed – as opposed to just
talking about it (which would be “construction in the mind” rather than in reality) or just writing
about it (which would be a “construction on paper” that may not be feasible to be
unambiguously implemented in the actual physical reality) – so that it could be unmistakably
operated on, then there should exist an extra 3D space equipped with its own homogeneous yet
separate native basis that is distinct and different than the native basis in which the linear
momentum vector is natively (i.e. directly) represented. Even without mentioning bases
explicitly, traditional quantum mechanics uses reciprocal representations of position and
momentum, though still under the SSR paradigm [196].
Hence the 3D temporal frequency interval vector v should have its own space wherein it
could dwell and vary quite independently of all the other 3D variables and in particular, varying
independently of the varying 3D wavenumber vector k.
Some authors claim that de Broglie came up with the idea that any moving body must be
accompanied by a nonmaterial wave of wavelength λ = h/p (in absence of a field) was to some
extent the consequence of his trying to reconcile relativity and quantum postulate; thus if a
mathematical relation is established between first components of two 4-vectors then there is no
real reason why we should restrict the relationship to only one component [197] p.31, which
can be called unfurling principle. Since 4D spacetime is just a quasispatial structure equipped
with (3+1)D heterogenous (3D spatial and 1D temporal) basis, then the unfurling can also be
applied to two paired 3D spaces equipped with different bases.
If this line of reasoning is acceptable then from υ = const I can also imply the following
𝑑𝒱 = 𝜐𝑑𝛬 ⟹ ∫ 𝑑𝒱 = ∫ 𝜐𝑑𝛬 ⟹ 𝒱 = 𝜐𝛬 + 𝑐𝑜𝑛𝑠𝑡

(24)

and, given the implications (19), the functional equation (22) could be further evaluated to
𝑑𝒱

𝑑𝒮

{p𝛎 = E𝐤 & 𝜐 = 𝑑𝛬 = 𝑑𝒯 } ⟹ p𝛎 = mv · 𝜐 · 𝛬 = m · 𝛬 = mK ⟹ mk

(25)

where k = 1/λ and K = 1/Λ is the multispatial counterpart of the scalar wavenumber k. Note
that the de Broglie’s wave accompanying its particle is a phase wave impossible to be separated
from the motion of the particle [197] p. 30. To me, this impossibility of separation is a subtle
theoretical hint that the wave and particle may just be two diverse pictures shown in quite
distinct yet mutually paired dual reciprocal spaces, each of which hosts different view of the
same underlying wave-particle entity dubbed wavicle.
Notice that formal inference in the prototype formula (19) proceeds in reverse order:
P{(ds/dt) = (dν/dλ)} ⟹ Q{(d𝒱/dΛ) = (d𝒮/d𝒯)}

(26)

which in an informal notation may be rendered as the following sequence of dual mappings:
s→ν ⟹ λ→τ if it is depicted in the SSR setting. If accepted at their face value, this line of
reasoning may appear provocative and so can also be the consequences thereof, including the
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chain of implications (25). Let us review some practical issues first, before addressing the
apparent conceptual controversy, which pops up only under the SSR paradigm, however.

16. CAN INVERSE METER TURNS INTO SECOND AND CYCLE INTO METER?
The eq. (25) and the prototype formula (19) may appear as somewhat controversial from
the standpoint of the former unspoken SSR paradigm. As a matter of fact, Mugur-Schächter has
already realized that the striking similarity of abstract formal representations of scalar value of
linear momentum and of energy in the two elementary functional relationships
p = hk = h/λ, E = hν = h/T where k = 1/λ and ν = 1/T

(27)

poses a riddle that should be solved prior to any attempt at grand unification of physics [198].
Besides, functional energy formulas comprising the frequency of light wave do not transform
like energy formulas that comprise the frequency of corpuscular wave [198] p. 542. These are
good examples of convergence of scientific knowledge [199].
The latter fact hints at the necessity to split the heterogeneous basis into some two dual
reciprocal homogeneous bases. Moreover, the unquestionably valid formulas (27) relating
spatial and temporal frequencies (namely the reciprocals k,ν) to their respective periods (namely
the intervals λ,T = τ), could also be perceived as theoretical hints subtly suggesting that the dual
reciprocal spaces should be paired with their respective primary spaces. Notice that the relations
(27) are not restricted to only particulate matter, for even in electromagnetic theory the
momentum manifests itself as radiation pressure [200]. Recall that indeterminacy principle also
hints at definitely reciprocal relationship between determination of momentum and position and
so it indicates that perhaps position and momentum are not really complete description of the
particles involved [201].
De Broglie already wondered how to reconcile the corpuscular structure of light with the
fact that in the phenomena of interference and diffraction the luminous energy is distributed as
square of the supposed luminous vibration at each point, which can boil down to functional
analogy of the momentum and energy, or perhaps even more fundamental analogy between the
wavelength λ of the light wave and its period interval T = τ [202].
If the hypothetical chain of formulas (25) is united with the unquestionably valid formulas
(27) in the spirit of the prototype formula (19) then one could propose the following pairings
p→E ⟹ k→ν ⟹ λ→T

(28)

which again suggest that the same wavicle might be perceived as a single physical entity
depicted in some sets of two mutually paired dual reciprocal spaces in two mathematical
representations. Yet the essentially 3D magnitudes must also fit 4D quasispatial structures.
Recall that in 4D spacetime the wave can also be expressed in the traditional notation as
ω

E

E

exp(𝐤𝐫 − ωt) ⇒ 𝐊 = [𝐤, c ] ⇒ 𝐏 = [c2 𝐜, c ] = ℏ𝐊

(29)

where P and K are 4-vectors that correspond to the 3-vectors p and k, respectively, and the c
denotes velocity of light in its 3-vector form of the scalar speed of light c in vacuum [203]
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p. 422. Yet K is the [spatial, i.e. lengthlike] frequency 4-vector and P is the corresponding to it
momentum 4-vector, E = hν = ℏω is the energy of the wave/photon that is expressed in terms
of the scalar temporal frequency ν, and the Planck constant ℏ = h/2𝜋 is reduced quantum of
action [203] p.422. Note that, in order to comply with the angular velocity that is specified as
an angle per elapsing time, the wave vector should be scalarly multiplied by the radius vector r
that points to the wave curve. The other curiosity is the vectorial character of the velocity of
light c, which makes the vectorial notation of the formulas (29) to appear also operationally
consistent, even though the scalar speed of light in vacuum is supposed to be the same in all
spatial directions per special relativity. But the latter curiosity clearly corroborates also the LHS
of the functional mappings (28).
Notice that the physical action is conventionally interpreted as either energy times time
(E⨀T) or as linear momentum times length (p⨀λ) or as angular momentum times angle (L⨀θ)
[196] p. 51. The eqs. (27) and the resulting from them relations are nothing new and are
indisputable in both classical and quantum mechanics. What seems remarkable, however – as
Mugur-Schächter has pointed out – is that the three formal mathematical representations of the
same action appear in their own reference frames (spatial and temporal, or lengthlike and
timelike, respectively) and that the frames are analogous as if each of them is cast (or immersed)
in a separate geometrical setting. Yet the special-relativistic relations (29) suggest that both the
lengthlike and timelike setting could be depicted as being ‘spatial’ in a geometric sense of the
latter term.
Thus, both the lengthlike – usually referred to as spatial – and the temporal settings could
either be shown as unfurled in a 3D basis of the primary space or as furled in a 1D basis of the
secondary space that is paired with the chosen 3D primary space.

17. RELATING 3D ELLIPTIC EQUATIONS TO 4D HYPERBOLIC ONES
Let us consider approach once discussed by Hadamard. Though the 3D Laplace equation

∇2 𝑢 =

𝜕2 𝑢

𝜕2 𝑢

𝜕2 𝑢

𝜕𝑥

𝜕𝑦

𝜕𝑧 2

+
2

+
2

=0

(30)

which is elliptic equation, has unique solution when for points that lie within the given volume
the values of the function are given at every point of the boundary surface enclosing the volume,
i.e. for Dirichlet problem. But the equation cannot be uniquely solved for the 3D function
u(x,y,z) with Cauchy’s problem (i.e. when values are given for both the given function u(y,z)
= φ(y,z) and for its derivative (∂u/∂x) = ψ(y,z) for the plane x = 0) [204] p. 4f.
Yet the Cauchy’s problem is solvable for the 4D hyperbolic equation of spherical waves
𝜕2 𝑢

𝜕2 𝑢

𝜕2 𝑢

𝜕2 𝑢

𝜕𝑥

𝜕𝑦

𝜕𝑧

𝜕𝑡 2

+
2

+
2

−
2

=0

(31)

where the function u(x,y,z,t) now includes also steadily elapsing time parameter t [204] p. 8.
If considered together, the eqs. (30) and (31) provide a subtle theoretical hint that perhaps
a single 3D Euclidean space is insufficient for complete description of changing 3D geometric
object. Since derivative/differential designates any change, no matter how elaborately
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evaluated, the change apparently requires an extra running parameter, such as steadily or
variably elapsing time. Nevertheless, if the time parameter is supposed to be independently
varying as well, then where the elapsing time parameter – if it is varying independently of the
variables (x,y,z) constituting the 3D primary space – could actually reside?
Note that the hyperbolic eq. (31) for a wave function P(x,y,z,t) = 0 can also be written as
𝜕𝑃 2

𝜕𝑃 2

𝜕𝑃 2

1

𝜕𝑃 2

(𝜕𝑥 ) + (𝜕𝑥 ) + (𝜕𝑥 ) − 𝑐 2 ( 𝜕𝑡 ) = 0

(32)

which is a partial differential equation of the first order [204] p. 10. Here the parameter c is the
speed of light in vacuum as usual. Hadamard then wrote that “It must be verified by the function
P. When this holds, P(x,y,z,t) = 0 is said to be characteristic of the given equation” and declared
that for the eq. (31) such characteristics exist (i.e. they are real) [204] p. 10. Abstract geometric
structures and algebraic structures are compared in 4D setting in [205] and in reference to
reciprocity relations of spacetime in [206].
Notice that although the term ‘real’ in mathematics means the opposite to ‘imaginary’ as
the latter term is understood in complex analysis, both terms can refer to realistic objects. It is
because the SSR paradigm originally disregarded existence of alternative representations that
the term ‘imaginary’ was coined. Consistency of algebraic operations has virtually compelled
some mathematicians to provisionally accept the MSR paradigm, which they at first resisted
and thus declared the “undesirable” – yet operationally unavoidable – reality existing beyond
the reach of the SSR paradigm as imaginary, even though they could not really regard it as
being just as realistic as the ‘real’ mathematical realm.
The custom of opposing real and imaginary numbers, in which the existence of the latter
magnitudes was sometimes considered as being somewhat unreal, ceases to be meritless and
can again become meritorious under the MSR paradigm, provided nonexistence of an object in
the primary space would automatically imply its “real” existence within the secondary space
associated with the primary one.
For the eq. (32) resembles zero-valued classical Lagrangian density of a scalar field P,
which in turn satisfies simplified wave equation (v = 1)
𝜕2 𝑃
𝜕𝑡 2

= ∇2 𝑃(𝑥, 𝑦, 𝑧)

(33)

that is used in the development of the ontological interpretation of bosonic fields considered in
nonrelativistic setting of the De Broglie-Bohm’s alternative to the conventional quantum
mechanics [105] p. 239.
This venue of inquiry shall be further explored elsewhere for the causal interpretation
pursues wave function equipped with both the classical scalar potential and a certain extra
quantum potential, the presence of the latter would only unnecessarily complicate matters at
this point. In other words: Although I endorse the causal interpretation not because it aims at
making quantum mechanics more determinate but rather because it virtually supports
multispatiality without ever stating that support explicitly, I shall be focusing in the present
paper on formal mathematical deductions.
Moreover, since no wavelength or frequency is present explicitly in traditional approach
to geometrical mechanics [207], the purely mathematical alternative to making physics of
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abstract fields consistent with conceptual mathematics seems to be taking a multispatial
approach to representation of basically mathematical objects such as potentials, necessary.
Although neither Hadamard nor anybody else, for that matter, (to the best of my
knowledge, of course) ever considered the possibility that elliptical and hyperbolic features
could be seen as complementary, then it is conceivable – since we are dealing with spherical
waves – that the elliptical and hyperbolic features should be somehow tied together in a
prospective expanded mathematical realm. Such an expansion would not be just a certain
superposed linear extension, but rather a superimposed umbrella of abstract multispatial
hyperspace. It would require adding an extra space associated with the primary space in which
the function P(x,y,z,t) could be represented in two abstract homogeneous 3D orthogonal bases
rather than in a single heterogeneous 4D basis so that the signatures of these spaces would
always be definite and thus quite unambiguous.
Although the use of the letter P to identify both the unfurled primary space and the wave
function in the Hadamard’s rendition in eq. (32) is accidental, the designation ‘P’ is indeed too
convenient to forfeit it. The need for having an extra space is virtually supported also by the
Hilbert’s theorem which states that a complete analytic surface, free from singularities, with
constant negative Gaussian curvature cannot exist in 3D Euclidean space [208]. Yet they can
actually exist in four dimensions, which require either (3+1)D or (1+3)D quasispatial geometric
structures, that can be identified with either 4D spacetime or 4D timespace as a counterpart of
the former, provided their bases are heterogeneous.
Recapitulation: The conceptual importance of this expose of Hadamard is that usually we
tend to avoid nonlinear expressions, which is frequently done in order to maintain the linearity
that permits us to superpose solutions of the resulting equations in question. However, a finite
superposition of plane waves is insufficient to obtain a localized function if one wants a
superposition of uncountably many plane waves with different momenta k [196] p. 57. Hence,
we may face a different, altered perception of linearity under the prospective MSR paradigm,
whose deployment admits paired reciprocal spaces. Linearity could simplify some issues also
under the MSR paradigm for it can ensconce unchanged frequency of harmonic vibrations in
situations involving time-independent parameters [209].

18. THE LINE ELEMENT IN 4D SPACETIME AND IN OVERLAID 4D TIMESPACE
Let us consider two overlaid 4D quasispatial structures, each containing two primary 3D
spaces arranged as paired dual reciprocal spaces representing an abstract yet physically
meaningful vacuum field. Since the field’s potential energy could neither be created nor
annihilated by simply altering some abstract mathematical basis of the space in which the
energy is being expressed, changing the operators used to represent the energy within the given
geometric structures can affects the structures but not their substance, which is potential energy.
If the physics is correct, then this reasoning implies that the two distinct quasispatial 4D
structures should be overlaid upon each other.
The overlay is thus asymmetric because the dimensionality of realistic single geometric
space cannot exceed 4D per Abel and Galois [33], [36]. As for dimensionality of those abstract
sets that are not geometric structures, the restriction is irrelevant, for orthogonality of abstract
nD algebraic structures is often immaterial for n>4.
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By analogy to the prototype formula (18) and since the equality of furled 1D parameters
(paired with their unfurled primary 3D variables) could be inferred as being uniquely
identifiable indeed, I dare to conjecture the following interspatial overlay prototype schema:
1

⃗ 2 ⟬ʀ⟭| ⟹ 𝑝𝑜𝑖𝑛𝑡: |⍫2 ⟬ʁ⟭ | ⟺ 𝑝𝑜𝑖𝑛𝑡: |⍫2 |⟬Λ⟭ ⟸ 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙: |∇
⃗ 2 ⟬𝒯⟭|
𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙: |∇
r

(34)

which is the formal equivalence of furling of 3D intervals into the 1D space comprising dual
reciprocal points. It corresponds to 3D intervals and unfurling (of the dual reciprocal 1D points
into their 3D intervals). The squared prototype schema is shown in terms of paired differential
operators: 3D primary (for unfurling) and 1D secondary (for furling), namely ⃗∇ or ∇ and ⍫
respectively.
Although it seems impossible, at least at this time, to determine the formal relationship
existing between the 3D unfurled representations that characterize intervals (i.e. line segments
in orthogonal straight-linear setting), if the preservation of lengths of intervals (i.e. isometry) is
supposed to hold true, the 1D furled representations that involve points (i.e. zero-dimensional
geometric entities) appears as holding the key to procedural equivalence of the differential
operations: (3D⟹1D) ⟺ (1D⟸3D) shown in (34). Note that our standard of judgment in (34)
is admittedly lower because (34) is just a prototype schema, not an exact calculational formula.
For the reader which may be confused as to how differential of 0D point can yield 1D result,
recall that our point actually represents dual reciprocal variable (i.e. the inverse 1/r of an interval
r), in which case this particular operation of differentiation raises the geometric dimensionality
in reverse order (i.e. downwards) as in d(1/r) = –(1/r2) so that it really maps 0D⟶1D when it
comes to the object’s dimensions or in terms of differential forms. The curious failure of
Lagrange resolvents method (mentioned in [33]) is consistent with this peculiar mapping. That
failure in conjunction with tacitly suppressed – even though not contested on merit –
inconvenient achievements of Abel and Galois prompted me to come up with the idea of pairing
of dual reciprocal spaces.

19. REPRESENTATION OF LENGTH-BASED LINE ELEMENT IN 4D SPACETIME
Yet in quest for truth, the convenience of simplifications must not become our overriding
objective. Since reciprocity in conjunction with unrestricted division by zero demands at least
an operational role for infinity, even in the SSR setting we cannot restrict ourselves to ancient
confines of the dogmas that are entrenched in traditional mathematics. Yet because de Broglie
developed his idea of wave-particle duality under the SSR paradigm, we should forget for now
about possible interspatial ramifications and adopt only the traditional special-relativistic
approach, mainly for the sake of making our upcoming comparisons backward compatible.
In geometric vector notation in 4D spacetime (ST), the squared regular line element ds is
2

2

2

⃗ 2 + (i⍫)2 ⇒ (𝑑𝑠)2 = (𝑋𝑑𝑥) + (𝑌
⃗ 𝑑𝑦) + (𝑍𝑑𝑧) + (𝑖𝑖𝑐𝑑𝑡)2
⍔2 ≔ ∇

(35)

with unit vectors marked by arrows in the 3D reference frame that has, beside the variables
x,y,z, of the 3D LBS also the – assumed as steadily elapsing – time parameter t that is rendered
as cdt in the 4D ST – compare [ja].
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Notice that the imaginary unit i appears twice: once as unit vector 𝑖 of the furled time cdt
in the 4D formation and again as the scalar imaginary unit î playing the role of operator
indicating that the elapsing time parameter t under the furled 1D operator ⍫ is a foreign element
⃗ , 𝑍). The variables x,y,z, are subject to the
with respect to the native 3D geometric basis (𝑋, 𝑌
geometric unfurled homogeneous 3D operator ⃗∇ while the 4D symbol ⍔ denotes the
heterogeneous 4D diferential operator in the 4D ST. The essentially special-relativistic eqs. (35)
were conceived only for free space, in absence of physical fields. Special-relativistic squared
interval is discussed in the SSR setting in [210] p.17, [211].
2
2
2
⃗ ) = (𝑍) = ( 𝑖)2 = (î)2 = 𝑖 2 = −1 = |î𝑖| = |𝑖𝑖| ⟹ (𝑖𝑖𝑐𝑑𝑡)2 =
Since
(𝑋) = (𝑌
(𝑐𝑑𝑡)2 then the length-based differentials dx,dy,dy, are 3D geometric vectors rather than scalar
coefficients. Hence the apparently algebraic 4D signature (+ + + –) actually turns into the
effective 4D quasigeometric signature (– – – +) in the 4D heterogeneous quasigeometric basis
⃗ , 𝑍, 𝑖𝑖𝑐) wherein the elapsing time parameter t represents furled foreign 1D quasivector.
(𝑋, 𝑌
Here again c is the speed of light in vacuum. Notice that icdt is an imaginary/foreign scalar, but
it is supposed to represent a time interval and thus should be expressed by vector instead, for
intervals are natural vectors.
This is a minor inconsistency of the mathematics developed under the SSR paradigm –
see traditional approach to special theory of relativity [211]. The temporal term 𝑖𝑖cdt denotes
the imaginary/foreign vector. It is consistent with the multispatial prototype formula (19).
Hence algebraic value (or abstract length) of the squared line element ds in the 4D ST is
⃗ 2 + (i⍫)2 | ⇒ |(𝑑𝑠)2 | = − (𝑑𝑥)2 − (𝑑𝑦)2 − (𝑑𝑧)2 + (𝑐𝑑𝑡)2
|⍔2 | ≔ |∇

(36)

with the effective quasigeometric/algebraic signature (– – – +), just as one would expect.
The d’Alembertian operator is sometimes misdefined as just ◻ – rather than as squared
◻2 as it should be denoted given its squared evaluation – is not really a differential operator but
just value of the 4D differential operator ⍔2 that yields the 4D line element given as
◻2 s ⟷ |⍔2 𝑠| = |(𝑑𝑠)2 | = − (𝑑𝑥)2 − (𝑑𝑦)2 − (𝑑𝑧)2 + (𝑐𝑑𝑡)2 ⟷ ⃗∇2 𝑙 + ⍫2 (𝑐𝑡)

(37)

with the intent to clarify the confusion of the often confusing traditional notation. Here the
symbol ⟷ could be read as “identified with”, as opposed to the equivalence ⟺. The d𝑙2 is
⃗ 2 of the scalar value of the length-based interval 𝑙:
identfied with 3D geometric Laplacian ∇
(𝑑𝑙)2 = − (𝑑𝑥)2 − (𝑑𝑦)2 − (𝑑𝑧)2 ⟷ ⃗∇2 𝑙

(38)

with the identification shown in an algebraic form, not the conventional geometric notation.
Notice that (37) represents an interval not wave for if it would be wavelike equation then its
temporal term would have to be dt/c not cdt
The formula (37) can be tentatively rewritten in terms of the differential operators alone
◻2 s ⟷ |⍔2 𝑠| ⟷ ⃗∇2 𝑙 + ⍫2 (𝑐𝑡).
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Since intervals are magnitudes of vectors, the conventional notation disregarding the unit
vectors (j,k,l) of the local geometric basis cannot be omitted at whim. Hence the minuses are a
must because the values of the squared unit vectors yield j2 = k2 = l2 = –1. According to the
chain of eqs. (36) the eq. (38) is correct. Therefore the 3D the nabla operator ∇ and some other
differential operators must be redefined for the MSR setting, which shall be done elsewhere.
The need to treat higher-dimensional hyperspaces upon different foundation is imperative for
several reasons, the main of which is because the global existence theorem that was proven for
n>5D [212] is not valid in 3D [213].

20. REPRESENTATION OF TEMPORAL LINE ELEMENT IN 4D TIMESPACE
The idea of spatialization of time flow was entertained by many scientists in the past [214]
and is still contemplated, mainly by physicists – see [215], [216], for instance. But because of
the unspoken yet unquestioned SSR paradigm, the pursuit of the idea remains fruitless. The
MSR paradigm with unrestricted division by zero laid the proper mathematical foundations for
both structural and operational considerations of the idea. Possibility of quite unrestricted
division by zero clears the previous confusion surrounding feasibility of transition between zero
and infinity and the acceptance of multispatiality in its extra role as the possibility of dual
reciprocal representations of functions as well as geometrized functionals. If treated as
operators, the imaginary units i and 𝑖, algebraic and geometric, respectively, are independent of
bases of the spaces in which they dwell; we may use them in any space. In 4D timespace (TS),
as quasigeometric temporal analogue of the spacetime, the squared temporal line element dꞮ
(i.e. differential of a temporal vectorlike interval Ɪ) can thus be written as
2

2

2

2

⃗ 𝑑ℎ) + (𝑖𝑖(1)𝑑𝛬)
(𝑑Ɪ)2 = (𝐹 𝑑𝑓) + (𝐺 𝑑𝑔) + (𝐻
𝑐

(40)

which is analogous to eq. (35). Eq. (40) depicts 4D differential of Ɪ (“based T”) shown in the
⃗ , that is made heterogeneous by addition of the,
orthogonal 3D homogeneous basis 𝐹 , 𝐺 , 𝐻
⃗ ,) imaginary operator 𝑖 . The (dꞮ)2 is squared 4D quasitemporal line element
foreign to (𝐹 , 𝐺 , 𝐻
2
2
2
⃗ ) = −1. The scalar temporal differentials
with 3D temporal unit vectors (𝐹 ) = (𝐺 ) = (𝐻
df,dg,dh, represent spreading out temporal intervals in the homogeneous basis (f,g,h) native to
the 3D TBS within the 4D TS. Notice that the parameter Λ depicted above is foreign with
respect to the native basis (f,g,h) of the 3D TBS just as the elapsing time parameter t is foreign
to the length-based native basis (x,y,z) of the 3D LBS immersed in the 4D ST. The value (or
length/norm) of the squared temporal interval dꞮ (i.e. line element) in the 4D TS is given as
1

2

𝛬

⃗ 2 𝒯 + ⍫2
◻2 Ɪ ⟷ |⍔2 Ɪ| = |(𝑑Ɪ)2 | = −(𝑑𝑓)2 − (𝑑𝑔)2 − (𝑑ℎ)2 + (𝑐 𝑑𝛬) ⟷ ∇
𝑐

(41)

with the effective quasigeometric/algebraic signature (– – – +), just as in (36). The squared
homogeneous temporal line element d𝒯 of the 3D TBS is temporal analogue of the eq. (38)
⃗ 2𝒯
(𝑑𝒯)2 = − (𝑑𝑓)2 − (𝑑𝑔)2 − (𝑑ℎ)2 ⟷ ∇
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which is temporal counterpart of the usual geometric (or “spatial”) 3D Laplacian (38). Thus,
consistency of operations demands multispatial representations of objects depicted in
heterogeneous bases without making existential postulates. Notice that the derivations were
deduced from de Broglie/Einstein’s functionals.
The formula (41) can be tentatively rewritten in terms of the differential operators alone
𝛬

⃗ 2 𝒯 + ⍫2 ( )
◻2 Ɪ ⟷ |⍔2 Ɪ| ⟷ ∇
𝑐

(43)

where the temporal line elements (40), (41), (42), (43) resemble wavelike equation.
By comparing the above Darboux matrix to the eq. (42) in conjunction with (40) one can
conjecture that the intervals f,g,h, of the 3D TBS that is immersed in 4D TS are functionally
depending on scalar magnitudes v,κ,τ, respectively. The latter scalars belong in the usual 3D
LBS that is immersed in 4D ST. If the scalar velocity/speed is denoted by v = |v|, and κ is the
principal normal curvature and τ is torsion (or binormal curvature), then according to the
differential-geometric naming convention, the conjectured here function-based additive
dependence and its functional dependence (signified by square brackets) could be written as
2

(𝑑𝒯([v, κ, τ])) ≔ − (df[v])2 − (dg[κ])2 − (dh[τ])2 ⟷ ⃗∇2 𝒯[v, κ, τ]

(44)

which is like function-based dependence spreading in three temporal directions: tangential f (1st
derivative v), normal g (2nd derivative κ), and binormal h (3rd derivative τ) as it is concisely
explained above in section 13 and in [186]. Recall that smooth curve with κ0 is completely
determined by its curvature and torsion up to position [217]. To quickly grasp the meaning of
the formula (41) let us consider simpler Darboux vector w = τT + κB so that we can also write
𝑻̇ = 𝒘 × 𝑻

(45)

𝑵̇ = 𝒘 × 𝑵

(46)

𝑩̇ = 𝒘 × 𝑩

(47)

with dotted derivatives (with respect to either time t or arclength s) of the unit vectors T,N,B,
in a trihedron moving at unit speed along the path with Darboux vector w [218]. Notice that
function-based dependence could be more complicated (as Frenet and Darboux matrices
indicate) especially for nonunit constant or for varying speed trajectory path.
Just as the arclength function s() represents spatial trajectory curve 𝑙 in 3D LBS, the
function Ɪ() represents 4D temporal trajectory curve (depicted in terms of temporal interval 𝒯
in 3D TBS) that corresponds to the spatial trajectory curve 𝑙. The functional’s (understood here
as noun, not adjective) dependence is marked by square brackets to distinguish it from functionbased dependence, which it does not preclude, but to claim also function-based dependence I
would have to show that the latter is plausible indeed. This shall be done elsewhere as it requires
us to redefine some algebraic and differential operators.
Although the moving Frenet/Darboux frames describe kinematics of the path, they ignore
the dynamics of the given motion. Motion of hydrodynamical flow was discussed in [219] and
in quaternionic setting in [220].
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Instead of scalar curvature κ one can define also curvature vector 𝑲(𝑡) = 𝐷𝑠 𝑻(𝑡) where
T is the unit tangent vector, s is the arclength along the given path and Ds denotes the directional
derivartive along the path. By the chain rule we can write: 𝐷𝑡 𝑻(𝑡) = [𝐷𝑠 𝑻(𝑡)]𝐷𝑡 𝑠 and then
𝐷 𝑻(𝑡)
replacing 𝐷𝑡 𝑠 = 𝐷𝑡 𝑅(𝑡) we obtain 𝑲(𝑡) = |𝐷𝑡𝑅(𝑡)| = 𝐷𝑠 𝑻(𝑡) where R(t) is the radius pointing
𝑡

to the path – compare [221]. Recall that directional derivative is the rate of change of the
function Ф that describes the trajectory path with respect to the arclength along the path so that:
𝑑Ф
d𝐑
= ∇Ф • ds = ∇Ф • 𝐓 , compare [222].
ds
Hence the essentially abstract mathematical conjecture (44) obviously has undeniable
direct physical significance too. If so, then perhaps de Broglie’s wave-particle duality actually
can imply much more than even he himself ever realized.

21. INTEGRATED LINE ELEMENTS YIELD GEOMETRIZED FUNCTIONALS
For the physically relevant conjecture (44) is just the 3D component of the 4D relation
(41), which (on integration) evidently yields the equivalent of special-relativistic proper time
1

2

Ɪ = ∫√|⍔2 Ɪ| = ∫√|(𝑑Ɪ)2 | = ∫√[−(𝑑𝑓)2 − (𝑑𝑔)2 − (𝑑ℎ)2 + (𝑐 𝑑𝛬) ]

(48)

as temporal lapse of proper time Ɪ expressed in a primary temporal reference frame
though. The conjecture (48) can also be abbreviated and rewritten in terms of differential
operators as
𝛬

⃗ 2 𝒯 + ⍫2 )
Ɪ = ∫√|⍔2 Ɪ| ⟷ ∫√(∇
𝑐

(49)

even though the latter prototype formula is tentative because the nabla operator is imprecise.
The usual special-relativistic proper time is given by similar integral with 4D integrand
ʇ = ꭍ√|⍔2 𝑠| = ꭍ√|(𝑑𝑠)2 | = ꭍ√[− (𝑑𝑥)2 − (𝑑𝑦)2 − (𝑑𝑧)2 + (𝑐𝑑𝑡)2 ]

(50)

that yields the lapse of the proper time ʇ in primary time-based “spatial” reference frame though,
compare [223].
Since the letter τ ‘tau’ is already used to denote torsion, I will use the inverted ʇ to
symbolize proper time, because τ is set in the spatial reference frame (x,y,z,ct) whose spatial
part is foreign (hence virtually inverted) with respect to the native temporal reference frame
(f,g,h,Λ/c), which would normally be used for calculating temporal variables, were it not for
the fact that neither former mathematics nor physics ever recognied the need to maintain
conceptual consistency and to adopt the MSR paradigm.
The conjectured formula (50) also can be abbreviated and rewritten in terms of the two
paired differential operators as
⃗ 2 𝑙 + ⍫2 (𝑐𝑡))
ʇ = ꭍ√|⍔2 𝑠| = ꭍ√(∇
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even though the latter prototype formula is tentative due to the fact that both the 3D nabla
⃗ 2 are still too imprecisely defined even for the traditional SSR paradigm.
operators ∇ and ∇
From the formulas (41) and (44) in conjunction with the formula (48) I can conjecture
also
2

⃗ 2 𝒯[v, κ, τ]) (52)
𝒯 = ꭍ√(𝑑𝒯([v, κ, τ])) = ꭍ√(− (df[v])2 − (dg[κ])2 − (dh[τ])2 ) ⟷ ꭍ√(∇
1

2

Ɪ = ꭍ√|⍔2 Ɪ| = ꭍ√|(𝑑Ɪ)2 | = ꭍ√[−(df[v])2 − (dg[κ])2 − (dh[𝜏])2 + (𝑐 𝑑𝛬) ]

(53)

and the latter formula can also be rewritten in terms of the differential operators as follows
𝛬

⃗ 2 𝒯 + ⍫2 )
Ɪ = ꭍ√|⍔2 Ɪ| ⟷ ꭍ√(∇
𝑐

(54)

with dependence on the functionals that determine the curve [217]: speed, curvature and
torsion. The speed, curvature and torsion v,κ,τ, are separated in 3D LBS because the native
homogeneous 3D basis of the LBS is orthogonal. The reason for having them separated also in
the TBS is that we use orthogonal homogeneous native temporal basis also in the TBS. Notice
that even the (temporal) Λ, which is virtully treated as a arclengthlike parameter in the 4D TS,
should actually also be codetermined by the speed/velocity, curvature and torsion v,κ,τ, that
characterize the trajectory path, if it were depicted directly within the 3D LBS that is immersed
within the 4D ST. Although this supposition seems plausible, the dependence on v,κ,τ, is
nonetheless just a conjecture yet.
The conjectured above formulas and schemas conform to the – deduced via syntheses of
operators – special-relativistic representations (37) and (41) in compliance with the 4D formula
(35) determining the multispatial 4D differential operator ⍔. The conjectured here prototype
formulas (52), (53), (54), also hint at the need to expand the STR and suggest that the general
theory of relativity (GTR) can be extended to include artificial accelerations too.
This investigation cannot continue beyond this point, however, because intervals can be
treated as either scalars or vectors. Although some authors proposed different symbol for vector
Lplacian [224], [225], this and a few related issues need more than just assignment of a different
symbol. Most differential operators for deployment in a multispatial setting require more
finegrained definitions, which shall be accomplished elsewhere.

22. SOME COMMENTS ON DUAL RECIPROCAL REPRESENTATIONS
Although some authors believe the dogma that accelerations do not affect the time rate
accumulated by moving clocks [210] p. 27, [226], their conclusion is based on short lasting
experiments. If gravitational and artificial acceleartions can change velocity then the change of
resulting time rates could be attributed to the applied accelerations. Reconciliation of long
running experiments with atomic clocks flying around the world showed that the theoretical
dogma is untenable [227]. Moreover, since airplanes tend to fly in practically the same
gravitational potential (once they ascended to the designated altitude of their cruising path), and
after that fly at practically constant speed relative to the earth’s surface, then their accumulation
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of still varying time rates must have been influenced by accelerations induced by nonradial
effects attributed to the earth’s density [66], [82], [83], [239-241]. Moving trihedrons of Frenet
or Darboux are not restricted to spatial trajectories alone but could be applied to temporal
trajectories too. Since curvature and torsion determine curvature of trajectories/paths (and thus
also bending of the space in which these paths are immersed) – and the elapsing time as well,
when relativistic intervals are evaluated – then the aforesaid dogma is not conceptually binding.
For if something is true, it should be possible to calculate it in several ways, not just according
to the dogma, which could not even approximately explain the cause of the East-West
asymmetry dutifully recorded by the flying clocks [227].
Since the earth spins and the airplanes were flown in two opposite directions, their
kinematics was more diversified than the dynamics of the airplanes carrying the clocks. By the
way, the discrepancy known as the East-West asymmetry hinted at yet another – experimentally
discovered – nonradial effect, which also remained unexplained due to the dogma. The extra
nonradial effect of gravity reconciled also other formerly unreconciled and unanticipated
experimental results [150], which are explained also for nonspecialists in [83].
While the regular Einstein’s time retardation factor γ depends only on constant speed v
𝑣2

𝛾 = √(1 − 𝑐 2 )

(55)

with v = |v| = const [228], [229], which is also called the Lorentz factor of STR, the derived
above formulas suggest the possibility of expansion just as did some experiments [83], [227].
The fact that the prototype formulas (52), (53), (54) promise to expand the specialrelativistic time retardation factor onto constant accelerations is not unimaginable because the
formulas depend also on curvature and torsion, i.e. on the second and third derivatives of the
radius vector r pointing to the inverse, dual reciprocal temporal trajectory. Their being of an
inverse nature, however, was theoretically quite unanticipated, at least not before NewtonWigner wavefunction has been formulated [230], I guess. For, at first glance, their inverse
character might appear as contradicting the regular special-relativistic time retardation factor.
Besides, the Newton-Wigner wavefunction reveals nonlocal properties [231-233], which are
commonly considered as strange, and is also noncovariant [234].
Macroscopic systems show usual time dilation/retardation in motion such that clocks
moving at constant speed accumulate time slower by the Lorentz factor γ according to the eq.
(55). However, with the help of Newton-Wigner wavefunction Mikhail I. Shirokov showed that
the usual special-relativistic explanation of the Einstein retardation based on Lorentzian
transformations of position and time is inapplicable to quantum wave packets considered as
relativistic clocks [235]. Although his conclusion was discounted for lacking causality due to
its use of the nonlocal (i.e. allegedly unphysical) Newton-Wigner wavefunction [236],
nonlocality is natural feature under the MSR paradigm. Hence the possibility of expansion of
the traditional physics implied by the prototype formulas derived above is not uncorroborated
even though at first glance it may appear controversial.

23. CONCLUSIONS
Analyzing Green’s function involving the quantum-mechanical wave function Ψ and its
conjugate, de Broglie concluded that his idea of wave-particle duality came to fatal conflict
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with his conception of the physical wave u having singularity that represents the particle of the
wave-particle duo, for the wave function was equal to zero at the point where the particle should
be found according to probabilistic interpretation of the wave function. However, if the wave
function and its conjugate would be housed in two separate yet paired dual reciprocal spaces,
then zero in the primary space would correspond to infinity hosted in the dual reciprocal space,
which is paired with the primary space provided that we accept the reciprocal relationship
1
between zero and infinity: 0 = ∞.
Therefore, finding the particle would be ensured because the probability of finding the
particle would be equal to one (once it is normalized), provided the imaginary unit would be
understood as an interspatial operator. Hence the wave-particle duality and its consequences
make perfect sense once the de Broglie ideas are cast within the new synthetic mathematical
framework of multispatial structures instead of being considered solely under the traditional
single-space reality paradigm that de Broglie and most of his contemporaries took for granted.
The wave-particle duality has been recast mathematically as 6D wavicle depicted in two
paired 3D dual reciprocal spaces. The pairing is implemented via immersing the 3D spaces in
two 4D quasispatial structures resembling (3+1)D = 4D spacetime overlaid by (1+3)D = 4D
timespace. Algebraically, the 4D spacetime and the partly overlapping it 4D timespace can form
(4+4)D operational quasispatial structure. Whether the conjectured (4+4)D quasispatial
structure can be implemented in 8D algebraic set of octonions, and to what degree, still remains
an open question at this point.
Although some of special-relativistic functionals suggest the need to expand the special
relativity as well, this does not defy the special nor the general relativity, even though both
these theories could be expanded in the multispatial setting.
The experimentally confirmed de Broglie’s idea of wave-particle duality complies not
only with heretofore developed physics but also hints at the possibility of its expansion. It is
fair to say that due to conceptual deficiencies of traditional mathematics in general with its
insufficiently developed concept of (operational as well as structural) infinity and especially
the unwarranted prohibition on division by zero that the former wave mechanics was doomed.
The wave-particle duality of 6D = (2⨯3)D wavicle represented in two paired 4D dual reciprocal
quasispaces of a 8D = (2⨯4)D heterogeneous quasispatial structure requires an abstract
multispatial approach in order to be implemented in 4-vectors or 4D quaternions.
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