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ABSTRACT 

Numerical calculations of the values of phase, amplitude and wave functions for the nucleon-

nucleon potential Argonne v18 are carried out using the variable phase approach. Peculiarities of the 

behavior of these functions are described for coordinates up to 7 fm and with energies of interaction 

Еlab = 1; 50; 100; 150; 250; 350 MeV. 1S0-, 1P1-, 3P0-, 3P1-, 1D2-, 3D2-, 1F3-, 3F3-, 1G4-, 3G4- 

states for the np- system are considered. The obtained graphic materials for the indicated functions can 

help to give a better and more complete quantum mechanical representation of the scattering phase and 

scattering amplitudes for the neuron-proton scattering, as well as better understand and supplement the 

data for the problem of scalar amplitude and the full cross-section of the nucleon-nucleon scattering. 
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1.  INTRODUCTION 

 

The experiment shows the values of the scattering cross-section and the energies for 

transitions, from which information about phases and amplitudes of scattering, and then 

secondly on wave functions (which are the main object of research under the standard approach) 
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are first obtained. The experimenter watches not the wave functions themselves, but their 

certain changes that are caused by the interaction process and by which these functions can be 

determined [1]. Therefore, used it is precisely such formulas that directly connect the phases 

and amplitudes of scattering with the interaction potential, and at that do not find their own 

wave functions. 

The exact solution of the scattering problem with the specific purpose of calculating phase 

shifts is possible only for individual phenomenological potentials. When using the realistic 

potentials, the scattering phase is calculated approximate. This is due to the use of physical 

approximations or numerical calculations. One method for finding phase shifts in problems for 

single-channel nucleon-nucleon scattering or for mixed states of a system of two nucleons is 

the phase-functions method (variable phase approach) [1, 2]. The methods for solving the 

Schrödinger equation for the purpose of obtaining scattering phases include the following: the 

method of successive approximations, the Born approximation, Brysk's approximation, and 

others. 

In this paper, the calculated phase shifts of neutron-proton scattering in various spin states 

for a realistic phenomenological NN- potential Argonne v18 are analyzed using the variable 

phase approach (results according to papers [3, 4]) and phase shifts from the original paper [5] 

for the same the potential. Except for phase shifts, the amplitude and wave function are 

described. 

 

 

2.  THE VARIABLE PHASE APPROACH FOR SINGLE-CHANNEL SCATTERING 

 

Let us consider the problem of scattering of a spin-free particle with energy E and the 

orbital moment l on a spherically symmetric potential V(r). The Schrödinger equation for the 

radial wave function has the form [1]: 

 

2

2

( 1)
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  ,     (1) 

 

where 
2( ) 2 ( ) /U r mV r

 - renormalized interaction potential, m - reduced mass, 
2 22 /k mE  

- wave number. 

Mathematically, the variable phase approach (VPA) is a special method for solving the 

radial Schrödinger equation (1), which is a linear differential equation of the 2nd order. This 

method is quite convenient and ordinary to obtain scattering phases, since in this method it is 

not necessary first to calculate radial wave functions in a wide area and then to find these phases 

according to their asymptotic behavior. 

The standard method for calculating scattering phases is the solution of the radial 

Schrödinger equation (1) with an asymptotic boundary condition. VPA is the transition from 

the Schrödinger equation (1) to the wave function ul(r) to the equation for the phase function 

δl(r). To do this, make such a replacement [1, 6]: 

 

 ( ) ( ) cos ( ) ( ) sin ( ) ( )l l l l l lu r A r r j kr r n kr    
.    (2) 
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Here, two new functions δl(r) and Al(r) have the contents of the corresponding scattering 

phases and the normalization constants (or amplitudes) of wave functions for scattering on a 

definite sequence of truncated potentials. Accordingly, their physical content of the functions 

δl(r) and Al(r) are called phase and amplitude functions. The term "phase function" was first 

used in the work of Morse and Allis [7]. Here jl(kr) and nl(kr) are the Riccati-Bessel functions. 

After corresponding simple mathematical substitutions, transformations and 

simplifications, the equations for phase and amplitude functions with initial conditions are 

obtained in the form [1, 6]: 

 
21

' cos sin ,  (0) 0;l l l l l lU j n
k

        
     (3) 

   
1

' cos sin sin cos ,  (0) 1.l l l l l l l l l l lA AU j n j n A
k

            
 (4) 

The phase equation (3) was first obtained by Drukariev [8], and then independently in the 

works of Bergman and Kolodzhero [9]. A separate case for equation (3) at l = 0 was used by 

Morse and Allis in the study of the S-scattering problem of slow electrons on atoms [7]. 

VPA is widely and often used in the tasks of atomic and nuclear physics. Using VPA, 

phase shifts of the nucleon-nucleon scattering can be obtained using different potentials and 

interaction models between two nucleons. 

The asymptotic behavior of the phase function for single- and two-channel nucleon-

nucleon scattering, which is determined by the form of potential, was considered in [10]. For 

the behavior of the wave function, the asymptotic behavior for the phase function is taken into 

account. The asymptotics for phase and wave functions are considered for nonsingular (weakly 

singular) and strongly singular potentials. The obtained equations for the asymptotics of the 

phase and wave functions can be applied in problems of single-channel scattering using 

concrete potentials of nucleon-nucleon interaction. 

As indicated in papers [3, 4], the phase shifts for the Argonne v18 potential for energies 

interval of 1-350 MeV were obtained by VPA. For numerical calculations, the Euler method 

and the Runge-Kutta methods of the 2-, 3-, 4-, and 5th order accuracy were used. Numerically 

obtained phase shifts are in good agreement with the results of original paper [5] for this 

potential (the deviation is not more than seven percent). The best agreement with the data of 

paper [5] is available for calculations carried out with the use of Runge-Kutta methods of the 

4th and 5th orders (the deviation is not more than two to four percent). Also, the results 

calculations of phase shiftsusing phase shift by VPA for other potential models (Nijm I, Nijm 

II [11] and CD-Bonn [12]) and for partial wave analysis [11] are also compared: the difference 

between these data is up to ten percent. 

 

 

3.  NUMERICAL CALCULATIONS 

 

The values of the phase, amplitude and wave function for 1S0-, 3P0-, 3P1- states of the 

np-system at an energy Еlab = 150 MeV for the nucleon-nucleon potential Argonne v18 are 

calculated in paper [10]. 

In this paper we will consider considerably more spin states for a neutron-proton system 

and for a wide range of energies. 
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Spin states for the neutron-proton system are represented as 2S+1LJ, where L is the 

moment of the system (the value of the orbital moment of the nucleon-nucleon system L = 

0;1;2;3;4;… correspond to S-, P-, D-, F-, G-,… state); S - spin system; J - full moment of the 

system; P = (-1)L - parity. For pp- and nn- systems, spin states will be 1S0-, 3P0-, 3P1-, 1D2-, 

3F3-, states. For np-system spin states will be 1S0-, 1P1-, 3P0-, 3P1-, 1D2-, 3D2-, states. 

Consider the isovector (I = 1) and isoscalar (I = 0) spin states for the np- system for an 

orbital moment L≤4, i.e. 1S0-, 1P1-, 3P0-, 3P1-, 1D2-, 3D2-, 1F3-, 3F3-, 1G4-, 3G4- states. 

The calculations were carried out at energies Еlab = 1; 50; 100; 150; 250; 350 MeV. The mass 

of nucleons was chosen as follows: Mp = 938.27231 MeB; Mn = 939.56563 MeB. For 

numerical calculations the Argonne v18 potential [5] is used. The Runge-Kutta method of the 

4th order accuracy is applied as a numerical method for calculations [13, 14]. 

On Figs. 1-10 shows the phase functions δl(r) calculated by VPA for the Argonne v18 

potential [9]. The phase function goes over to the asymptotic behavior, and at r>7 fm the 

scattering phase for specific spin states coincides with the calculations in [3, 4] or from the 

original paper [5]. 

The amplitude functions Al(r) for all of the above states is illustrated in Figs. 11-20. In 

contrast to the phase function, for a particular nucleon-nucleon state its amplitude function at 

different energies faster reaches its asymptotic value. 

Asymptotic values for the phase and amplitude functions at 0r   have the following 

values according to the initial conditions [1, 6] 

 

(0) 0;l 
 

(0) 1.lA 
 

 

 

 

Figure 1. Phase function for 1S0- state 
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Figure 2. Phase function for 1P1- state 

 

 

 
 

Figure 3. Phase function for 3P0- state 
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Figure 4. Phase function for 3P1- state 

 

 

 
 

Figure 5. Phase function for 1D2- state 
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Figure 6. Phase function for 3D2- state 

 

 

 
 

Figure 7. Phase function for 1F3- state 
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Figure 8. Phase function for 3F3- state 

 

 

 
 

Figure 9. Phase function for 1G4- state 
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Figure 10. Phase function for 3G4- state 

 

 

 

 

Figure 11. Amplitude function for 1S0- state 
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Figure 12. Amplitude function for 1P1- state 

 

 

 
 

Figure 13. Amplitude function for 3P0- state 
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Figure 14. Amplitude function for 3P1- state 

 

 

 
 

Figure 15. Amplitude function for 1D2- state 
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Figure 16. Amplitude function for 3D2- state 

 

 

 

 
 

Figure 17. Amplitude function for 1F3- state 
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Figure 18. Amplitude function for 3F3- state 

 

 

 
 

Figure 19. Amplitude function for 1G4- state 
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Figure 20. Amplitude function for 3G4- state 

 

 

Also shown is the wave functions ul(r) in Figs. 21-30. Wave function calculated according 

to the formula (2). Asymptotics are taken into account, depending on the shape for potential of 

the  nucleon-nucleon interaction.  

The obtained values of the wave functions ul(r) in this work for the Argonne v18 potential 

coincide well in the form with the results of work [15], where the results of calculations are 

given using the J-matrix inverse scattering formalism. The difference in results is contained in 

the normalization constants, since in [15] the value of ul(r) is given in relative units. 

As can be seen from the presented results in Figs. 21-30, the wave function will have 

different number of knots for the same spin state at different energies. Within 0-7 fm, the 

number of knots increases with an increase in energy for a single spin state. 

Note that the phase shifts in the graphs are indicated in degrees. The amplitude and wave 

functions are given in radians. It is expedient to calculate phase shifts and the parameter of 

mixing of bound states (for example, 3S1-3D1 or 3P2-3F2) for two-channel scattering, taking 

into account the asymptotics indicated in paper [10]. 

 

 

4.  CONCLUSIONS 

 

Using VPA, numerical calculations of phase δl(r), amplitude Al(r) and wave ul(r) 

functions for the nucleon-nucleon potential Argonne v18 have been carried out. 1S0-, 1P1-, 

3P0-, 3P1-, 1D2, 3D2-, 1F3-, 3F3-, 1G4-, 3G4- states for the np- system were directly 

considered. 
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Figure 21. Wave function for 1S0- state 

 

 

 
 

Figure 22. Wave function for 1P1- state 
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Figure 23. Wave function for 3P0- state 

 

 

 
 

Figure 24. Wave function for 3P1- state 
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Figure 25. Wave function for 1D2- state 

 

 

 
 

Figure 26. Wave function for 3D2- state 
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Figure 27. Wave function for 1F3- state 

 

 

 
 

Figure 28. Wave function for 3F3- state 
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Figure 29. Wave function for 1G4- state 

 

 

 
 

Figure 30. Wave function for 3G4- state 
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The obtained graphic materials can help to give a better quantum-mechanical 

representation of the scattering phase and scattering amplitudes for neuron-proton scattering. 

The results for phase, amplitude and wave functions in this paper can help to better understand 

and supplement the data for the problem of scalar amplitude and the full cross-section of the 

nucleon-nucleon scattering [16, 17]. 
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