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ABSTRACT
In this paper a high power helical gear pair design optimization problem is solved. It is a multi
variable, complex non linear problem with derived objective function and constraints. The objective is
to minimize the volume of the gear. The design parameters considered are module, face width, number
of teeth on drive and driven and helix angle. The various factors for sizing and strength of gear
geometry parameters are based on German Institute for Standardization (DIN) Standards. Nature
inspired algorithms, namely, Simulated Annealing (SA), Fire fly (FA) and Cuckoo Search (CS) and
MATLAB solvers fmincon, GA are used. Simulation results are analysed and compared with
literature.
Key words: Helical gear reducer design, DIN Standards, optimization, metaheuristics, Nature inspired
Algorithms SA, FA, CS, MATLAB solvers fmincon, GA
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1. INTRODUCTION
The function of a gear is to produce mechanical advantage. Helical gears are extensively
used in industrial and automotives power transmission systems due to relatively smooth and
silent operation, large load carrying capacity and higher operating speed. A helical gear pair is
shown in Figure 1.

Figure 1. A helical gear pair

Gear design is a complex task since strong and often intractable interdependencies
between the design variable define its subsystems. Moreover, choice of materials is limited.
Various researches in helical gear design are: Savsani et al. [1] applied Particle Swarm
Optimization (PSO) and Simulated Annealing (SA) to find the optimal combination of design
parameters for minimum weight of a spur gear train. Wei et al. [2] developed a mathematical
optimization model considering tooth number, modulus, face width, and helix angle of
gearbox as design variables for minimum volume for motor truck gear box. They used
MATLAB Optimization tool box and Sequential Quadratic Programming (SQP) method.
Mendi et al. [3] found dimensional optimization of motion and force transmitting components
of a gearbox by GA for minimum volume. Yokota et al. [4] presented optimized weight and
space area for a gear pair considering bending strength of gear, torsional strength of shafts,
and each gear dimension. They solved this nonlinear integer programming (NIP) problem
using improved GA. Vadim [9] presented a gear box structure optimization. Buiga and Popa
[5] presented an optimal design for a single-stage helical gear unit, minimizing mass taking
into account sizing of shafts, gearing, and housing using GAs. Some researchers had
employed finite element methods to analyse gears [6, 7]. Ketan Tambolia et al [8] optimized a
heavy duty helical gear pair based on DIN Standards using PSO. Nevertheless, most of
researches referenced have not considered real time problems. Also only used less efficient
techniques are used. Therefore this work employs superior and powerful nature inspired
algorithms SA, FA and CS [11] for obtaining optimum solution.
The organisation of the paper is as follows: In Section 2, methods of solution using
Nature inspired algorithms SA, FA and CS and MATLAB solvers fmincon, GA are presented.
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In Section 3, mathematical optimization problem formulations for helical gear drive and
results analysis are presented. Finally in Section 4 conclusions are presented.

2. NATURE INSPIRED ALGORITHMS AND MATLAB SOLVERS
2. 1. Simulated Annealing (SA)
Simulated Annealing (SA) [11] was developed by Kirkpatrick, Gelatt and Vecchi in
1983. It is a trajectory-based, random search technique for global optimization. It mimics the
annealing process in material processing. SA algorithm starts with a random initial design
vector (solution) 𝑋𝑖 and high temperature 𝑇. A second design point is created at random in the
vicinity of the initial point and the difference in the function values (𝛥𝐸) at these two points
is calculated as:
𝛥𝐸 = 𝛥𝑓 = 𝑓𝑡+1 − 𝑓1 ≡ 𝑓(𝑋𝑖+1 ) − 𝑓(𝑋𝑖 )

(1)

If the new solution's objective function value is smaller, the new solution is
automatically accepted and becomes the current solution from which the search will continue.
−𝛥𝐸
Otherwise the point is accepted with a probability 𝑒 ( ⁄𝑘𝑇) where 𝑘 is the Boltzmann's
constant. This completes one iteration of the SA. Due to the probabilistic acceptance of a non
improving solution, SA can escape from local optima. At a certain temperature T
predetermined numbers of new points are tested. The algorithm is terminated when current
value of temperature is small enough or when changes in function values (𝛥𝑓) are sufficiently
small.
Simulated Annealing Algorithm
Objective function f (x), x = (x1 , ..., xp )T
Initialize initial temperature T0 and initial guess x(0)
Set ﬁnal temperature Tf and max number of iterations N
Deﬁne cooling schedule T → αT , (0 < α < 1)
while ( T > Tf and n < N )
Move randomly to new locations: xn+1 = xn + ϵ(random walk)
Calculate ∆f = fn+1 (xn+1 ) − fn (xn )
Accept the new solution if better
if not improved
Generate a random number r
Accept if p = exp [−∆f /T ] > r
end if
Update the best x∗ and f∗
n=n+1
end while
The initializing parameters and settings of SA for this research are:
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Initial temperature, T_init = 1.0; Finial stopping temperature, T_min = 1e-10; Min
value of the function, F_min = -1e+100; Maximum number of rejections, max_rej=500;
Maximum number of runs, max_run=150; Maximum number of accept, max_accept = 50;
Initial search period, initial_search=500; Boltzmann constant k = 1; Energy norm
(eg,Enorm=1e-8) Enorm=1e-5;
2. 2. Firefly Algorithm (FA)
FA was developed by Xin-She Yang at Cambridge University in 2007 [11]. There are
three idealized rules incorporated into the original Firefly algorithm (FA) : i) all fireflies are
unisex so that a firefly is attracted to all other fireflies; ii) a firefly’s attractiveness is
proportional to its brightness seen by other fireflies, and so, for any two fireflies, the dimmer
firefly is attracted by the brighter one and moves towards it, but if there are no brighter
fireflies nearby, a firefly moves randomly; and iii) the brightness of a firefly is proportional to
the value of its objective function. According to the above three rules, the degree of
attractiveness of a firefly is calculated by the following equation:
2

β = βo e−γr

(2)

where β is the degree of attractiveness of a firefly at a distance r, βo is the degree of
attractiveness of the firefly at r = 0, r is the distance between any two fireflies, and γ is a light
absorption coefficient. The distance r between firefly i and firefly j located at Xi and
Xj respectively is calculated as a Euclidean distance:
r = ‖Xi − Xj ‖ = √∑dk=1(Xi k − Xj k )

2

(3)

The movement of the dimmer firefly i towards the brighter firefly j in terms of the dimmer
one’s updated location is determined by the following equation:
1

2

Xi+1 = Xi + βo e−γr = (Xj − Xi ) + α (rand − 2)

(4)

The third term in (4) is included for the case where there is no brighter firefly than the
one being considered and rand is a random number in the range of [0, 1].
The Firefly algorithm
Objective function f (x),x = (x1 , ..., xd )T
Generate initial population of ﬁreﬂies xi (i = 1, 2, ..., n)
Light intensity Ii at xi is determined by f (xi )
Deﬁne light absorption coeﬃcient γ
while (t <Max Generation)
for i = 1 : n all n ﬁreﬂies
for j = 1 : n all n ﬁreﬂies (inner loop)
if (Ii < Ij ), Move ﬁreﬂy i towards j; end if
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Vary attractiveness with distance r via exp[−γr]
Evaluate new solutions and update light intensity
end for j
end for i
Rank the ﬁreﬂies and ﬁnd the current global best g ∗
end while
Postprocess results and visualization
FA can ﬁnd the global optima as well as the local optima simultaneously and electively
and also suitable for parallel implementation. For (FA), the values of the parameters used are:
20 ﬁreﬂies, Number of iterations = 250, α = 0.5, γ = 1 and βo = 0.2. These parameters have
been chosen after adjustment to suit for solving the problem.
2. 3. Cuckoo search Algorithm (CS)
Cuckoo search (CS) is developed in 2009 by Xin-She Yang and Suash Deb [11]. CS is
biologically inspired by the cuckoos' manner of looking for nests where they could lay eggs.
In this optimization algorithm, each nest represents a potential solution. The cuckoo
reproduction process in the algorithm is simplified by three rules:
1. Each cuckoo lays an egg in a randomly chosen nest;
2. The best nests carry over to the next generation of cuckoos;
3. The number of available host nests is fixed (limited), and the egg laid by a cuckoo is
discovered by the host bird with a probability, pa which ranges 0.1. Birds can detect only the
worst nests so that they are losing from the population.
The initial population of nests with the size, n which are randomly distributed over the
search space, is generated first. The randomly chosen initial solutions of design variables are
defined in the search space by the lower and upper boundaries. The new nest, for example ith,
is generated according to the following law,

xi t+1 = xi t + α ⊕ 𝑙𝑒𝑣𝑦𝜆

(5)

where α > 0 is the step size whose value depends on the optimization problem, and t is the
current generation. Step size is multiplied by the random numbers with Lévy's distribution,
and such random motion is called Lévy flight. Levy flight has the step-lengths distributed
according to the following probability distribution:

𝐿é𝑣𝑦~𝑢 = 𝑡 −𝜆 , 1 < 𝜆 ≤ 3

(6)

The numerical algorithm using the exponential law, was used for generation of Lévy
distribution in CS. It is recommended that the step size should be, L/100v where L is the size
of the space which is searched.
There is a danger that Lévy flight may become too "aggressive" for large values of the
step size and that new solutions may go out of the space which is searched.
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Cuckoo Search via L´vy Flightse
Objective function f (x), x = (x1 , ..., xd )T
Generate initial population of n host nests xi
while (t <Max Generation) or (stop criterion)
Get a cuckoo randomly/generate a solution by L´vy ﬂightse
and then evaluate its quality/ﬁtness Fi
Choose a nest among n (say, j) randomly
if (Fi > Fj ),
Replace j by the new solution
end
A fraction (pa ) of worse nests are abandoned
and new ones/solutions are built/generated
Keep best solutions (or nests with quality solutions)
Rank the solutions and ﬁnd the current best
end while
Post process results and visualization
Here the parameters used are: n = 25 nests, α = 1 and pa = 0.25 for implementation.
Number of host nests (or the population size n) and the probability pa are varied as: n = 5, 10,
15, 20, 30, 40, 50, 100, 150, 250, 500 and pa = 0, 0.01, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.4, and
0.5. Simulation showed n = 25 and pa = 0.25 are suitable for this problem.
2.4. Genetic Algorithm (GA)

GA is based on natural selection, the process that drives biological evolution. It can be
applied to problems in which the objective function is discontinuous, stochastic, or highly
nonlinear. It repeatedly modifies a population of individual solutions. At each step, it selects
individuals at random from the current population to be parents and uses them to produce the
children for the next generation. Over successive generations, the population ‘‘evolves’’
toward an optimal solution [10]. Table 1 shows the selected values for different parameters of
GA.
Table 1. Selected values for different parameters of GA
Parameters

Selected values

Population size

20

Initial range

0;1

Elite count

2

Cross over fraction

0.8

Generations

50
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2. 5. Fmincon
FMINCON is a function included in MATLAB's Optimization Toolbox which seeks the
minimizer of a scalar function of multiple variables, within a region specified by linear
constraints and bounds [10]. The syntax for fmincon is x_opt = fmincon ( fun, x0, A, b, Aeq,
beq, lb, ub ) where fun is the "function handle"; that is, the name of an M-file that defines the
function, preceded by an "@" sign; x0 is an initial value for the optimizer; A, b define a linear
inequality constraint A * x <= b on the solution. Aeq, beq define a linear equality constraint
Aeq * x = beq on the solution. lb, ub define bounds on the solution, lb <= x <= ub.

3. HELICAL GEAR REDUCER OPTIMUM DESIGN
A heavy duty helical gear pair is considered. Data used are: power to be transmitted =
120 kW, gear ratio = 5.18, pressure angle = 20°, helix angle = 12°, material is case hardened
steel (20MnCr5). Using Lewis equation, module is obtained as 14mm. DIN Standards [12,
13] and parameters for pinion, wheel and strength based factors are considered [8].
3. 1. Objective function
The volume of the gear train from [8] is,

𝑉=

2 𝑏(𝑍 2 +𝑍 2 )
𝜋 𝑚𝑛
1
2

4

(7)

𝑐𝑜𝑠 2 𝛽

The objective function can be written as [8]:

𝑓(𝑥) = 𝑉 = 𝑓(𝑚𝑛 , 𝑏, 𝑍1 , 𝑍2, 𝛽) = 𝑓(𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 , 𝑥5 ) =

2 𝑏(𝑍 2 +𝑍 2 )
𝜋 𝑚𝑛
1
2

4

𝑐𝑜𝑠 2 𝛽

(8)

3. 2. Design variables
Design variables are: module 𝑚𝑛 (or 𝑥1 ), face width, mm (𝑏 or 𝑥2 ), gear teeth on drive
and driven (𝑍1 or 𝑥3 ), (𝑍2 or 𝑥4 ) and helix angle, deg 𝛽 (or 𝑥5 ) . Upper and lower bounds of
design variables from [15] are: 14 ≤ 𝑚𝑛 ≤ 15 ,50 ≤ 𝑏 ≤ 250, 25 ≤ 𝑍1 ≤ 56, 130 ≤ 𝑍2 ≤
290 and 4 ≤ 𝛽 ≤ 19.5 .
3. 3. Factor of safety from pitting constraints
Pitting is a fatigue failure of a material commonly seen in gears. Pitting occurs when
fatigue cracks are initiated on the tooth surface or just below the surface. Constraints of
pitting are deduced from contact stress, elasticity, contact ratio and poison’s ratio for pinion
and wheel. They are as follows [8]:

𝑔1 (𝑥) = 1.2 −

1261.82
1
1
189.81×√
×√cos 𝑥5 ×38.251×√ ×1.14
𝜀𝛼1 +𝜀𝛼2
𝑥2
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𝑔2 (𝑥) = 1.2 −

1262.44
1
1
189.81×√
×√cos 𝑥5 ×38.251×√ ×1.14
𝜀𝛼1 +𝜀𝛼2
𝑥2

≤0

(10)

where:
𝜀𝛼1 = Transverse contact ratio for pinion
𝜀𝛼2 = Transverse contact ratio for wheel
1

(𝑥 +𝑥 )
𝑥 cos 𝑥5 3 4
𝑥3 [0.681−𝑡𝑎𝑛[cos−1 [ 1
]]]
595.94

𝜀𝛼1 =

6.28

and
(11)
1
(𝑥
)
𝑥
cos
𝑥5 3 + 𝑥4
1
−1
0.531 − 𝑡𝑎𝑛 [cos [
]]
595.94

𝑥4
𝜀𝛼2 =

[

]
6.28

3. 4. Factor of safety from tooth breakage constraint
Tooth breakage in gears arises from shock overloading and fatigue. Tooth factor of
safety from tooth breakage are deduced involving factors, namely, relative toughness, life,
size, reliability, application, dynamic load, distribution of load and helix angle for bending
stress [8].

𝑔3 (𝑥) = 1.4 − 280850

435.43

𝑔4 (𝑥) = 1.4 − 280850

519.08

0.75
𝑥 sin 𝑥5 𝑥5
×1.818×(0.25+
)×(1− 2
× )×1.255
𝑥2 𝑥1
𝜀𝛼1 +𝜀𝛼2
𝜋𝑥1
120

0.75
𝑥 sin 𝑥5 𝑥5
×1.818×(0.25+
)×(1− 2
× )×1.255
𝑥2 𝑥1
𝜀𝛼1 +𝜀𝛼2
𝜋𝑥1
120

≤0

(12)

≤0

(13)

3. 5. Number of teeth constraint
It is based on avoidance of interference. Undercutting is the result of interference. A
correct geometry is essential to optimally design the pair of helical gears [8]:
𝑔5 (𝑥) = 25 − 𝑥3 ≤ 0 , 𝑔6 (𝑥) = 𝑥3 − 56 ≤ 0

(14)

𝑔7 (𝑥) = 130 − 𝑥4 ≤ 0 , 𝑔8 (𝑥) = 𝑥4 − 290 ≤ 0

(15)
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3. 6. Face width constraint
The face width of a gear is the length of teeth in an axial plane. Constraints for
minimum and maximum face width are based on earlier computations [8].
𝑔9 (𝑥) = 50 − 𝑥2 ≤ 0 , 𝑔10 (𝑥) = 𝑥2 − 250 ≤ 0

(16)

3. 7. Helix angle constraint
The helix angle is 4° as minimum to increase load capacity and maximum 19.5° to
control the axial load and vibrations [8].
𝑔11 (𝑥) = 4 − 𝑥5 ≤ 0 , 𝑔12 (𝑥) = 𝑥5− 19.5 ≤ 0

(17)

3. 8. Standard Module constraint
Module of the helical gear pair should be limited from 14 mm to 15 mm as equation (18)
shows [8].
𝑔13 (𝑥) = 14 − 𝑥1 ≤ 0 𝑔14 (𝑥) = 𝑥1− 15 ≤ 0 ,
(18)
4. RESULTS AND DISCUSSION
Table 2 shows CS gives the best results: Module = 14 mm, face width = 50 mm, number
of teeth on drive and driven gear is 25 and 130, helix angle is 15.7° and volume = 1.3481×108
mm3. Graphs are given in Figure 2.
Table 2. Comparison of results of nature inspired algorithms and MATLAB solvers of this
work (highlighted values) and literature [8]
Algorithms/MATLAB
Solvers

Nature inspired Algorithms

MATLAB Solvers

Literature
[8]

Design parameters

SA

FA

CS

GA

Fmincon

PSO

Module, 𝑚𝑛 (mm)

14

14

14

14

14

14

Face width, 𝑏 (mm)

50

50

50

50

50

60

No of teeth on drive, 𝑍1

25

25

25

25.07

25

48

No of teeth on driven 𝑍2

130

130

130

130

130

156

18.8

12.5

15.7

18.8

12.5

8.3

1.3484

1.394

1.3481

1.3483

1.3481

2.5233

Helix Angle,
𝛽(deg)
Volume,
𝑉 (×108) (mm3)
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140
120
100
80
60
40
20
0

SA
FA
CS
GA
Fmincon

Figure 2. Graph obtained by nature inspired algorithms and MATLAB solvers of this
work for minimum volume
180
160
140
120
100
80
60
40
20
0

CS
PSO

m(mm)

b(mm)

Z1

Z2

𝛽(deg)

Vol
(×108)(mm3)

Figure 3. Comparison of optimal design variables and objective function values obtained by
CS and PSO [8]
The optimal values given by CS are compared with PSO of literature [8] as shown in
Figure 3. Percentage change values are presented in Table 3.

Table 3. Percentage change of optimal design variables and objective function values
obtained by CS with PSO [8]
Design Parameters

CS

PSO

% Change

Module, 𝑚𝑛 (mm)

14

14

0

Face width, 𝑏 (mm)

50

60

16. 7

No of teeth on drive, 𝑍1

25

48

47.9
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No of teeth on driven 𝑍2

130

156

16.7

Helix Angle, 𝛽(deg)

15.7

8.3

47.1

Volume,
𝑉 (×108) (mm3)

1.3481

2.5233

46.5

Time taken and number of iterations/function evaluations by SA, FA and CS algorithms
are 0.637s, 1.245s and 12.009s as shown in Table 4. A graph is given in Figure 4.
14
12
10
8
Time of run (seconds)

6
4
2
0
SA

FA

CS

Figure 4. Time taken by SA, FA and CS Algorithms

Table 4. Time taken and number of iterations/function evaluations by SA, FA and CS
SA

FA

CS

No.of
iterations/function
evaluations

4369

5000

100000

Time taken (seconds)

0.637

1.2415

12.009

Figure 5 shows percentage change in optimum design variables by CS and PSO. The
values are: Module = 0%, Face width = 16.7%, Number of teeth on drive and driven =
47.9%, 16.7%, Helix angle = 47.1%.
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200
150
100
50

CS

0

PSO
% Change

-50
-100

Figure 5. Percentage change of design variables and objective function by CS and PSO [8]

Fitness value

It is observed from Figure 5 that the percentage change in all optimal design values and
objective function except helix angle is positive. The percentage change for all design
parameters is significantly high. A great reduction in volume (46.5%) is seen. Figure 6 plots
the best function value in each generation versus iteration number. It is observed that at zero
generation, fitness value is 2.1*1010 mm3and it decreases upto 1.3483*108 mm3.at first
generation and then it settles there and remains constant for the next generations.

Generations
Figure 6. Fitness value Vs generations obtained by MATLAB solver GA

Figure 7 plots the vector entries of the individual with the best fitness function value in
each generation. It is also noted that MATLAB solver GA gives the optimal results as
follows: Module = 14 mm, face width = 50 mm, number of teeth on drive and driven gear =
25 and 130, helix angle is 18.7° and volume = 1.3483×108 mm3.
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Number of variables

Figure 7. Current best individual Vs number of variables obtained by MATLAB solver GA

5. CONCLUSIONS
In this paper, a heavy duty helical gear pair is optimized. Objective functions and all
constraints are well satisfied. Nature inspired algorithms SA, FA, CS and MATLAB solvers
fmincon and GA are successfully applied. The following are the important findings:
1. A great reduction in volume (46.5%) is achieved. The optimum values are: Module =
14mm, Face width = 50mm, Number of teeth on drive and driven = 25 and 130, Helix angle =
15.7° and volume = 1.3481 X 108 mm3. It is observed that except helix angle the percentage
change in all optimal design values and objective function between CS and GA are high and
positive. CS algorithm gives the best results for all design variables and objective function in
helical gear design.
2. SA, FA and CS techniques of this work are faster and computationally more efficient in the
problems considered. It also has industrial relevance, as it includes the design constraints
based on German Institute for Standardization (DIN) Standards.
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